OEJJEPAJIBHOE I'OCYAAPCTBEHHOE BIO/XKETHOE OBPA30OBATEJIBHOE
YUYPEXJIEHMWE MHKIJIFO3MBHOI'O BBICIHIEI'O OBPA3OBAHN A

«MOCKOBCKHUH I'OCYJIAPCTBEHHBIIA TYMAHUTAPHO
YIKOHOMUYECKUUNU YHUBEPCUTET»

®dakynpreT [IpukaagHON MaTEeMaTHUKU U HHPOPMATUKH
Kadeapa NupopMalimoOHHBIX TEXHOJIOTUNA U MPUKIATHON MAaTEMATUKU

««YTBEpKIAIO»
3aB. kadenpoit
Xakumos P.M.

e - y

«26y aBrycra 2021 r.

DoH OLICHOYHBbIX CPEICTB
O IMCHUIIIMHE

«Inddepennmanbapie ypaBHEHH

oOpa3zoBaTebHas MporpaMMa HarpaBJICHUsS] TOATOTOBKHU
01.03.02 "Ilpuknagnas maTemaTruka U nHpopmatuka'
b1.0.12 «/lucuumniauael (MOYJIH)», 00s13aTeNIbHAsI YacTh

[Tpoduib MoaAroToBKU
BrrancnurenbHas MaTeMaTuka U HHGOPMAIIMOHHBIE TEXHOJIOTHH

KBanudukanus (cTerneHp) BHITyCKHUKA
bakamasp

®dopma oOydeHus: OUHas

Kypc 2,3 cemectp 4,5

CeptudukaTt: 041CDIB1001CAF77894D606F5F479EB1E9
Bnapeneu: Caxapuyyk EneHa CepreesHa
LewictButeneH: ¢ 26.09.2022 no 26.09.2023

[NOKYMEHT MOANUCAH
SNEKTPOHHOW MOAMVCHIO Mocksa

2021




Cocrasurens / coctasurenn: MITTOYVY., nonent xadeapsl nHGOPMAIIMOHHBIX TEXHOJIOTHUH U

OPUKIAJIHON MAaTEMATUKHA

MECTO paﬁonﬂ, 3aHUMaeMasl J10JKHOCTh

Hyuyoumze 1.B. «22» asrycra 2021 r.

MTOJIITUCH d.1.0. JlaTa

Peuenzent: MITDHY, noneHT kabeapsl MHOOPMANIMOHHBIX TEXHOJOTMH W OPUKIALHOU
MAaTEMAaTHKU

MECTO pa6OTLI, 3aHUMaeMasl J0JI>KHOCThb

Axwmenos P.D. «23» aBrycra 2021 r.

MOJIITUCH D.1N.0. JlaTa

CornacoBaHo:
Ilpeocmasumensy pabomodamens uiu 0ovedunenuss pabomooameriet

HayyHbelil corpyauuka, ®I'BY 'HIl denepanbHblii MEAUIMHCKHNA OMOMU3NYECKUI IEHTD UMEHU
A.W. bypuasssua ®MBA Poccun

(IOMWKHOCTB, MECTO PAOOTHI)

Bacmises E.B. «26» asrycra 2021 r.
MOJIITUCH D.1.0. Jara

@DoHJT OIICHOYHBIX CPEJICTB PACCMOTPEH M 0J00peH Ha 3acenanuu kadenpsl MadopmannoHHbx
TEXHOJIOTUH U NpUKIagHOW MateMaTuku  (mpotokois Ne 1 ot «26» aBrycra 2021 r.)

/3aB. xadeapoit UTullM/ [lerpynuna E.B. «26» aBrycra 2021 1.

MOIITHACH d.1.0. Jlata

I[OHOJ'IHGHI/ISI N U3MCHCHUS, BHCCCHHBIC B q)OHZ[ OLICHOYHBIX CPCACTB, YTBCPIKACHBI Ha 3aCCAAHUN

Kageapsl , MPOTOKOJI Ne OT « » 20 1.

3aBeayromuii kadenpoit / ®.N.0/

I[OHOJ'IHCHI/ISI N U3MCHCHUS, BHCCCHHBIC B (bOHII OIICHOYHBIX CPCACTB, YTBCPIKACHBI HA 3aCCAAHUN

Kadeapsl
pOTOKOJ Ne OT « » 20 1.
3aBeayromuit kadeapoit / ®.1N.0/

I[OHOJ'IHCHI/ISI N U3BMCHCHUS, BHCCCHHBIC B (I)OHJI OLICHOYHBIX CPCACTB, YTBCPIKACHBI HA 3aCCAAHUN

Kadeapsl )

MPOTOKOI Ne OT « » 20 1.

3aBenyromnmii kageapoit / ®.M.0/




Conep:xanue
MNACHOPT ®OHJA OLHEHOYHBIX CPEACTB
HNEPEYEHb OIIEHOYHBIX CPEJICTB
OIMMCAHME MMOKA3ATEJIEA U KPUTEPUEB OLIEHUBAHUSI KOMIETEHIIMIA

METOANYECKUE MATEPHUAJIbI, ONIPEJEJIAIOIIME ITPOLELY PbI
OLEHUBAHUA PE3YJBTATOB OBYUEHUS, XAPAKTEPU3YIOUX 3TAIIbI
®OPMHUPOBAHUS KOMIIETEHITAMA

MATEPHUAJIBI JJIAA TIPOBEJEHUSA TEKYIIEI'O KOHTPOJISA U
MPOMEXYTOUYHOM ATTECTAILIAU



1. MACHHOPT ®OHIA OLIEHOYHbBIX CPEACTB
no agucuuiuinie «/JAnddepennuanbubie ypaBHeHHS».

OHCHO‘IHHG cpeacrtBa COCTaBJIAKOTCA B COOTBCTCTBHU C

paboueil mporpammoit

JUCIUIUIMHBL U MPEACTaBISAIOT CO00M COBOKYIMHOCTh KOHTPOJIbHO-U3MEPHUTEIBHBIX MaTepUaioB
(TumoBbie 3amauM (3a4aHMs), KOHTPOJBHBIC PA0OOTHI, TECTHl W Jp.), MPEIHA3SHAYCHHBIX IS
U3MEPEHUS YPOBHS JOCTHKEHUS 00y4YaIOUIMMHUCS YCTAaHOBJIEHHBIX Pe3y/IbTaTOB O0yUEHUSI.

OLEeHOYHBIE

cpencTaa

HCIIOJIB3YIOTCA  IpU  MOPOBCACHHU  TCKYLICTO KOHTPOJIA

yCIIEBAEMOCTH M IPOMEKYTOYHOM aTTECTALlUU.
Tabmuna 1 - [lepedenb KomneTeHIHiA, (POPMHUPYEMBIX B IPOLIECCE OCBOCHHUSI TUCIUTUTUHEI

Koa u conepxanue

IInanupyemsie pe3ybTaThl 00y4eHHs 10 JUCHHUILINHE

KOMIIeTeHIM U (MoyJ110), XapaKTepu3ylouue 3Tanbl (GOpMUPOBAHUS
KOMIIeTeHIIii
OIIK-1. Cnoco6en | OIIK-1.1. 3HaeT 0oCHOBBI MaTeMaTHUKH, (DU3UKH, BBIYUCITUTEIBHON
MIPUMEHSATD TEXHUKH U IPOTPAMMHUPOBAHUSI.

(dyHIaMeHTalbHbIE 3HAHUS,
NOJIyueHHble B olnactu

OIIK-1.2. VYmeer pemarh CTaHAapTHBIE NpodecCHOHaIbHbIC
3a/1a4u c MIpUMEHEHHUEM €CTECTBEHHOHAYYHBIX u

MaTeMAaTU4eCKUX M  (WIn) | OOIIEHMHXCHEPHBIX 3HAHHM, METOI0OB MATEMaTHYECKOTO aHAM3a
€CTECTBEHHBIX  HAyK, ¥ | M MOJCIHUPOBAHHUS.

HCIIOJIb30BaTh 170:4 B | OIIK-1.3. Bnaneer HaBbIKAMH TEOPETUUYECKOTO u
npodeccHoHanbHON AKCIEPUMEHTAIBHOTO HCCIICTIOBAHMSI 00BEKTOB
JESITEIIbHOCTH npoeccCHoHaNBbHOM e TENbHOCTH.

OIIK-3. Cnoco6en | OIIK-3.1. 3HaeT OCHOBBI TEOPUU CUCTEM M CHCTEMHOI'O aHAJIN3a,
MPUMEHSITh U | AUCKPETHOM  MaTeMaTHUKHU,  TEOPHUH  BEPOSTHOCTEH U
MO (PHUIIIPOBATH MaTeMaTHYeCKOM  CTaTUCTHKH, METOAOB ONTHMH3ALUU U
MaTeMaTHYeCKue  MOJENHU | UCCIIeTOBaHMS orepanui, HEYeTKUX BBIUMCIICHHIH,
JUIsL  pelieHus 3aJad B | MaTEMaTHYECKOro U MMUTAIIMOHHOTO MOJIEJIMPOBAHMSL.

o0mnactu OIIK-3.2. VYMeeT mNpuUMEHATH METOABI TEOPUM CUCTEM H
npodeccuoHanbHOM CUCTEMHOIO aHaju3a, MaTeMaTH4eCKOro, CTaTUCTHYECKOro H
JeSITeIbHOCTH MMUTALMOHHOTO MOJIEJIMPOBAHUS ISl aBTOMATU3aLMHU 3a/ay

NpUHATHS ~ peumieHMd B oOnacth  mpodeccroHalbHON
JesITeIbHOCTH.
OIIK-3.3. Brnageer HaBblKaMM NPOBEICHUS HHKEHEPHBIX

pacyeToB OCHOBHBIX ITOKA3aTEJIEH pe3yJIbTaTUBHOCTH CO3AAHUS U
MIPUMEHEHUSI HH()OPMAIIMOHHBIX CUCTEM U TEXHOJIOTHH.

IIK-2. CnocobeH MOHUMATh,
COBEPIICHCTBOBATH "
MPUMEHATh  COBPEMEHHBII
MaTeMaTUYECKUM anmnapar

IK-2.1. 3HaeT OCHOBHBIE  TEOPEMBI u hopmysl
MaTeMaTH4eCKOIro aHau3a, T€OMETPHH, JTUCKPETHON
MaTeMaTHKH, Au(QepeHIuaNnbHbIX YpaBHEHUN, TEOPETHUUECKUX
OCHOB HMH(OPMATHUKH, YUCICHHBIX METOJOB, (HYHKIIMOHAIHEHOTO
aHaIMn3a.

[1IK-2.2. YMeeT NpUMEHSATh OCHOBHBIE TEOpeMbl U (HOPMYIIbI
MaTeMaTH4eCKOro aHaiu3a, reOMEeTpPHUH, JTUCKPETHON
MaTeMaTHKH, TU(GQPEpeHNaTbHBIX YPAaBHEHUH, TEOPEeTHUECKUX
OCHOB MH(OPMATUKH, YUCICHHBIX METO/IOB.

[IK-2.3. Bnameer wMeroagamu, TMpUEMaMH, airOpuTMaMu U
coco0aMy  MPUMEHEHHS COBPEMEHHOTO MaTeMaTH4YeCKOTO
anmnapara TS pelieHus 3a1a4 npohecCuOHATBHOM
JEeITEITbHOCTH.

KoneunsimMu pe3yjibTaTaMu OCBOCHUA JUCHUIIIMHBI SABJIAIOTCA C(I)OpMI/IpOBaHHBIe KOTHUTHUBHBIC
JNECKPUNTOPBl «3HATh», «YMETb», «BIAJIETh», PAaCHUCaHHbIE MO OTAEIbHBIM KOMIIETEHLHUSIM.
®opMHUpPOBAHUE JIECKPUIITOPOB MPOUCXOJUT B TEUEHHE BCETO CEMECTpa IO 3TamaMm B pamKax
KOHTAaKTHOW PabOThI, BKIIOYAIOMICH pa3udyHbIC BUILI 3aHITHH W CAMOCTOSATEIHLHON padoOTHI, C

MMPUMCHCHUCM

PAa3JIMIHBIX

bopm u METOJI0B oOyuenusi(Tabdm. 2).




Tabnua 2 - @opmupoBaHrue KOMIETEHIIUN B TPOLECCe U3YyUEHUS TUCHIUTUINHBL

1

Kon YpoBeHb WNHpukaTopsl noctiokeHus | Bun  yueOubix 3ansartuii-, | Kontponupyemsie paszaensl U TeMbl | OLieHOYHBIE CPECTBA,
KOMIIETCHIIUY | OCBOCHUS KOMIIETEHIINI paboTHI, GOPMBI U METOJBI | AUCIUILIHHBL HUCTIIOIB3YyEMBIE  TUIA
KOMIIETCHIIU I 00yueHwusl, OLIEHKH YPOBHS
CIOCOOCTBYIOLINE c(hOpMUPOBAHHOCTH
(hOopMUPOBAHUIO 51 KOMIIETEHIUU
PA3BUTHIO KOMIETEHIHIT>
OlIK-1 3Haer
OIlIK -3 Henocrarounsiii | OIIK-1.1. Cryaentr He cnocoOeH | JIeknuoHHbIE u | Pasgen 1. OcHOBHBIE MOHSTHS. Texymuid KOHTPOJIb —
IIK -2 YPOBEHb MPUMEHSTh (yHIaMeHTaNIbHBIE | IPAKTUYECKUE samsTus, | Pasgen 2. OCHOBHBIC — NOHATHS. | OIIpOC, KOHTPOJIbHAS
3HAHWSA, TIONy9eHHBIE B O0JIACTH | CAMOCTOSTEIbHAS pabota | duddepennnansHbie YPaBHEHHS | paGoTa.
MaTeMaTHUECKUX U (umm) | o0ydJaroUMXcsl, MOJTOTOBKA U | MIEPBOTO MOPSAKA.
€CTECTBEHHBIX HaYK. claya IIPOMEKYTOUHOU | Paznen 3. Juddepennnansasie
He 3Haer oOcHOB MaremaTuky, | aTTeCTallMd, HOATOTOBKA U | YpaBHEHHS N-TO MOPSIKA.
G hepeHITMATEHBIX YPaBHEHHN. clava dK3aMeHa. Pazgen 4. Heoanoponneie
mudQepeHInanbHble  ypaBHEHUST N-TO
OIIK-3.1. CtymeHT He  3HaeT nopsiaka
OCHOBHBIX TEOpUHU JIUCKPETHOM Paszpen 5. KpaeBble 3agaun.
MaTeMAaTUKH, TEOPUU BEPOSITHOCTEH Paznen 6. Cucremsl

1 MaTEeMaTHYCCKOM CTaTUCTHUKH.

IIK-2.1. Crynenr He cnocobeH
MOHUMAaTh, COBEPUICHCTBOBATh W
NPUMEHSTh COBPEMEHHBII
MareMaTHueckuil ammapar. He 3naer
OCHOBHBIX TeopeM H©  (opMyI
reOMETPUH, JIMCKPETHOU
MaTeMaTHKH, JuQQepeHITnaTbHBIX

T PepeHInATBEHBIX YPaBHEHUH.
Paznen 7 Teopus ycToiunBOCTH.
Pazmen 8. VYpaBHeHHS B YacCTHBIX
MIPOM3BOAHBIX MEPBOTO MOPSIIKA.
Pazpen 9. BapuannonHoe ucuucieHue.

! JlexumonHsle 3aHATUS, IPAKTUYECKUE 3aHATUS, TaOOPATOPHBIE 3aHATUS, CaMOCTOATENbHAS padoTa. ..
2 Heo6X0qMMO yKa3aTh aKTUBHBIE ¥ HHTEPAKTUBHBIE METOIbI 00yUeHHs (HAPUMep, MHTEPAKTUBHAS JIEKIMS, paboTa B MaJIbIX IPYIIIAX, METOIbI MO3TOBOTO MITYPMa M T.11.),
CITOCOOCTBYIOIINE PA3BUTHIO Y 00yUaONMINXCsI HABBIKOB KOMaHIHOHM pa0b0Thl, MEXIIMIHOCTHOW KOMMYHHUKAITUH, PUHSATHSI PEIIe HUH, TUIEPCKUX KAYeCTB.
3 HanmenosaHue Tembl (paszena) 6epercs us paboueii IporpaMMbl JUCLUILIMHEL
4 OrieHOYHOE CPECTBO JOKHO BRIOMPAThCS C YUETOM 3aIIAHUPOBAHHBIX PE3YJIHTATOB OCBOEHMS AUCLUILIMHEL, HAPUMED:
«3HaTh» — cobeceloBaHNE, KOJUIOKBHYM, TECT. ..
«YMeTh», «BraneTs» — MHIUBUAYATBHBIN HIIN IPYIIIOBON IPOEKT, Keiic-3a1a4a, esioBast (poieBas) urpa, mopTQoIIro.




YpaBHEHU.

bazoBbIii OIIK-1.1. CryneHr ycBoua | JlekiuoHHbIe u | Paznen 1. OcHOBHBIC TOHATHS. Tekymnii KOHTPOJIb —
YPOBEHb OCHOBHEBIE COACpKaHHUA MaT€puala, | IPaKTHYCCKHUE 3aHATHA, Paznen 2. OCHOBHBIE IIOHATHA. OIIpOC, KOHTPOJIbHAA

HO WMMeEeT HECHCTEeMaTH3MPOBAaHHBIE | CAMOCTOSITEIbHAS pabora | Juddepenunansasie YPaBHEHHS | paGota.

3HaHUsI 00 OCHOBax MaTeMaTWK M | 00y4aroIuxcs, TOATOTOBKA M | TIEPBOTO MOPSIIKA.

¢ hepeHInATbHBIX yPaBHEHHSX. crmava nmpoMexxyTouHoit | Pazmen 3. Juddepennnanpasie

aTTeCTalliy, MOArOTOBKAa M | ypaBHEHHs N-TO MOpPSAIKa.

OIIK-3.1. CryneHt YCBOMIJI | cllaya dK3aMeHa. Pazgen 4, Heoanoponnsie

OCHOBHBIE COJEp)KaHUsI MaTepHana, muddepeHuInaNbHble  ypaBHEHUsT N-TO

HO HMMEET HECHUCTEMaTH3UPOBaHHBIC nopsiiKa

3HaHUsI 00 OCHOBHBIX TEOPHUSX Paznen 5. Kpaesbie 3aaun.

JTUCKPETHON MaTeMaTHUKU, TEOPHIX Paznen 6. Cucremsl

BEPOSITHOCTE W MaTeMaTHYECKOU g dhepeHInaTbHBIX yPaBHEHUHA.

CTaTUCTUKH. Pasnen 7 Teopust yCTOMYHUBOCTH.

Pazgen 8. VYpaBHeHHs B YacTHBIX

[IK-2.1. Cty#eHT yCBOWI OCHOBHBIE MIPOU3BOJHBIX IIEPBOTO MOPSAIKA.

colep:KaHusl MaTepuaia, HO HUMEET Pazpen 9. BapuanunonHoe ucuuciaeHue.

HECUCTCMATU3NPOBAHHBIC 3HAHUA 06

OCHOBHBIX TeopeMax Hu Qopmynax

TreOMETPHH, JMCKPETHOM

MaTeMaTHKH, JIu(depeHINATEHBIX

YpaBHEHMUSIX.
Cpennuit CryneHT criocobeH caMocToATeNbHO | JIeKInoHHBIE u | Paznmen 1. OcHOBHBIE OHATHS. Texkymnii KOHTPOJIb —
YPOBEHb BBIJICJIATE TJIaBHBIE TOJOXKEHHUS B | IPAaKTUUECKHUE samsTist, | Pasgen 2. OCHOBHBIC — NOHATHS. | OIIPOC, KOHTPOJIbHAS

W3y4EeHHOM MaTepuaie. CaMOCTOSITeNTbHAs pabora | Juddepennnansasie YPaBHEHUS | paGoTa.

oOyyaromuxcs, TOATOTOBKA U | IEPBOTO HOPSIIKA.

OIIK-1.1. CryzeHT 3HaeT OCHOBHI | chada nmpoMexxyTouHolt | Paznen 3. Huddepennnanpaeie

MaTeMaTHKH, Ju(QepeHIHaIbHbIX | aTTeCTallMi, IOJAr0OTOBKA M | ypaBHEHHS N-TO MOPSIKA.

YpaBHEHUH. clla4ya dK3aMeHa. Paspen 4. Heonnoponneie

OIIK-3.1. CtymeHT 3HaeT OCHOBHBIC
TEOPUH  JMCKPETHOW MaTEMAaTHKH,
TeOpuHn BEPOSATHOCTEH a
MaTEMATUYECKON CTaTUCTHKH.

[1K-2.1. CtyneHT 3HaeT OCHOBHBIE

muddepeHInaNbHBe  ypaBHEHUsT N-TO
nopsijika

Paznen 5. KpaeBble 3a1auu.

Pa3znen 6. Cucremsl
IudepeHINAIBHBIX YPaBHEHUH.
Paznen 7 Teopust ycTOMYMBOCTH.
Pazmen 8. VYpaBHEeHHWS B YacTHBIX




TeopeMbl M (OPMYIbI TCOMETPHH,
JIUCKPETHOM MaTeMaTHKH,
TG depeHInaATbHBIX YPaBHEHHN.

MIPOU3BOIHBIX IIEPBOTO MOPSIKA.
Paznen 9. BapnannonHoe ucYuciICHUE.

Bricokuit OIIK-1.1. CtyneHT 3HaeT, MOHUMAET, | JICKITMOHHBIC u | Pasgen 1. OcHOBHBIE MOHSTHSL. Tekymuit KOHTPOJIb —
YPOBEHb BBIICTISICT TJIaBHBIE TIOJOXKEHUSI B | MPaKTUYECKHE samsitus, | Pasmen 2. OCHOBHBIC — MOHATHSA. | OmpoC, KOHTPOJIbHAS
U3YYEHHOM MaTepHajie M CIHOCOOEH | CaMOCTOSTENbHAs pabora | Jluddepennmansueie YPaBHEHUS | paGoTa.
JaTh  KpaTKyl  XapaKTepUCTUKY | 00y4aroIuxcs, HOATOTOBKA M | IIEPBOTO HOPSIKA.
OCHOBHBIM HJEsIM TPOPa0OTaHHOTO | clava npoMexxyTouHoit | Paznen 3. Juddepenunansusie
MaTepHaia JUCLUIUTUHBIL. aTTecTalliy, MOATrOTOBKA M | ypaBHEHHs N-ro HOPSIKA.
clava dK3aMeHa. Pazgen 4. Heoanoponneie
OIIK-1.1. CryaeHT 3HaeT OCHOBBI mudQepeHnInanbHble  ypaBHEHUsI N-TO
MaTeMaTHKH, Iu(pepeHINATEHBIX nopsiaKa
YpaBHEHUH. Paszpen 5. KpaeBble 3agaun.
Paznen 6. Cucremsl
OIIK-3.1. CTyneHT 3HaeT OCHOBHBIE T pepeHInATBEHBIX YPaBHEHUH.
TEOPUM  JAUCKPETHOM MaTEeMaTUKH, Pazpen 7 Teopus ycToiunBOCTH.
TEOPUU BEPOSITHOCTEN u Pazgen 8. VYpaBHEeHussT B UYACTHBIX
MaTeMaTHYeCKOM CTaTHUCTUKU. MIPOM3BOAHBIX MEPBOT0 MOPSIIKA.
Paznen 9. BapuannonHoe ucuuciaeHue.
[IK-2.1. CTyneHT 3HAeT OCHOBHbIE
TeopeMbl ¥ (POpPMyIBl T€OMETPHH,
JIUCKPETHOMN MaTEMaTHUKU,
TG hepeHITMATEHBIX YPaBHEHH.
YMmeer
bazosrIit OIIK-1.2. CrynmeHT wucneIThiBaeT | JIeKIMOHHBIE u | Pasmgen 1. OCHOBHBIE TOHITHS. Tekyumii KOHTpOJb —
YPOBEHb 3aTpyIHEHHS npu PELICHUN | IPAKTUIECKHE samsTist, | Pasgen 2. OCHOBHBIC — NOHATHS. | orIpoc, KOHTPOJIbHAS
CTaHAAPTHBIX  NPOQECCUOHANBHBIX | CAMOCTOSTEIbHAS pabora | JuddepenunansHsie YPaBHEHHS | paGoTa.
3a/a4 c MPUMEHEHUEM | 00YYalOIIMXCs, MMOATOTOBKA U | TIEPBOTO TMOPSIKA.
€CTECTBEHHOHAYYHBIX 3HAHUI. crada npoMexxyTouHoit | Paznen 3. duddepenunansusie
OIIK-3.2. CTymeHT UCHBITHIBAET | aTTECTAallMM, IOATOTOBKA U | YpaBHEHHUA N-TO HOPSIKA.
3aTPyJIHEHUs] TIpM  T[PUMEHEHHUH | cJlaya SK3aMeHa. Paznen 4, Heonnopoansie
MaTeMaTHYECKOTO armapara. nuddepeHInanbHbIe  ypaBHEHHS N-TO
nopsizKa
[IK-2.2.  CTygeHT  HUCHBITHIBAeT Paspnen 5. Kpaesble 3anaun.
3aTPYAHCHUSI TPU  TPUMCHCHHH Pazgen 6. Cucremsl
OCHOBHBIX TeopeM H  (opmyn JuQepeHInATBEHBIX YPaBHEHHUH.




TFCOMETPUH, JTIUCKPETHOM
MaTeMaTHKH ¥ Au(hepeHIHATbHBIX
YpaBHCHHSL.

Pasnen 7 Teopust yCTOMYHUBOCTH.
Pazmen 8. VYpaBHeHHWS B YaCTHBIX
MTPOM3BOAHBIX MIEPBOTO TOPSIIKA.
Paznen 9. Bapuannonnoe nucuuciaeHue.

Cpennuit OIIK-1.2. Cryment ymeer pemiath | JIeKIIMOHHBIC u | Pazgen 1. OCHOBHBIE TTOHSITHSL. Tekymuii KOHTPOJIb —
YPOBEHb CTaHAApPTHbIE  HPO(ecCHOHANIbHBIE | TPAKTUYECKUE samsTHst, | Pasgen 2. OCHOBHBIE — NOHATHS. | oIIpoC, KOHTPOJIbHAS
3a/1a4M c NPUMEHEHHEM | CAMOCTOSTENbHAS pabora | Jluddepennmansueie YPaBHEHUS | paGoTa.
€CTECTBEHHOHAYYHBIX 3HAHUM. o0yyaromuxcs, TOATOTOBKA M | TIEPBOTO MOPSIIKA.
chada nmpoMexxyTouHoit | Pazmen 3. Huddepenunanpabie
OIIK-3.2. CryaeHnt yMEET | aTTecTallud, M[OArOTOBKAa U | YpaBHEHUS N-To MOpPsAKa.
NPUMEHSTh MaTeMaTHYEeCKUi | caaya dK3aMeHa. Pa3nen 4. Heonnopoansie
amnmapar. mudQepeHnInanbHble  ypaBHEHUsI N-TO
nopsiiKa
[IK-2.2. CtyaeHT yMmeeT NpUMEHSTh Paznen 5. Kpaesbie 3aaun.
OCHOBHBIC TEOpEeMbl U  (OPMYJIBI Paznen 6. Cucremsl
TeOMETpHH, JUCKPETHOM g dhepeHInaNbHBIX YPaBHEHHH.
MaTeMaTHKH U AuQQepeHITnaTbHbIX Pazpen 7 Teopus ycToiunBOCTH.
YpaBHEHUI. Pazgen 8. VYpaBHeHHs B YacTHBIX
MPOM3BOJHBIX IEPBOIO HOPSAIKA.
Ho nomyckaer He3HauuTeIbHbIE Paznen 9. BapuannonHoe ucUHCIICHUE.
OMOKHY TIPU PEIIeHUH 3a/1aY.
Bricokuit OIIK-1.2. Cryment ymeeT pemath | JIeKIMOHHBIE u | Pazgen 1. OCHOBHBIE TIOHSTHS. Texkyumii KOHTpOJb —
YPOBEHb CTaHAApTHbIE  NpodecCHOHaNbHBIE | MPAKTUYECKUE samsTist, | Pasgen 2. OCHOBHBIC — NOHATHS. | orIpoC, KOHTPOJIbHAS
3aauu c NPUMEHEHHEM | CAMOCTOSITEIbHAS pabora | JuddepenunansHsie YPaBHEHHS | paGoTa.
€CTECTBEHHOHAYYHBIX 3HAHHM. o0yyaromuxcsi, TOATOTOBKA H | TIEPBOTO MOPSIIIKA.
caada npoMmexxyTouHout | Paznen 3. Huddepennnanpaeie
OIIK-3.2. CryneHt yMeEeT | aTTeCTaliud, IOArOTOBKA H | YPaBHEHUSA N-ro MOpPsAKa.
MPUMEHSTH MaTeMaTHYEeCKUH | caaya dK3aMeHa. Pa3nen 4. Heonnoponansie
amnmapar. T pepeHInalbHBIE  ypaBHEHUSI N-TO
[IK-2.2. CtyaeHT yMeeT NpUMEHSTh nopsiika
OCHOBHBIE TEOpPEMBI U  (OPMYIIBI Paspnen 5. Kpaesble 3agaun.
TEOMETPHUH, JIACKPETHOM Pazgen 6. Cucremsl

MaTeMaTHKH W IuddepeHInaIbHBIX
yYPaBHEHUI.

IudepeHInaNbHBIX yPaBHEHUH.
Pa3nen 7 Teopust ycToMuuBOCTH.
Pazmen 8. VYpaBHeHHWS B YaCTHBIX
MTPOM3BOJIHBIX TIEPBOT'O OPSIIKA.




Paznen 9. BapuannonHoe nucuuciaeHue.

Bianeer
bazoBbIii OIIK-1.3. Cryaentr Ha 0a3oBoM | JlekimoHHbBIE u | Paznen 1. OcHOBHBIC TOHATHS. Tekymuii KOHTPOJIb —
YpOBEHb ypOBHE BJajeeT HaBBIKAMH | IPAKTUYECKHUE samsTsl, | Pasgen 2. OCHOBHBIC — NOHATHS. | orIpoc, KOHTPOJIbHAS
TEOPETHICCKOTO U | caMOCTOSATEIbHAS pabora | uddepeHnnanpabie YPaBHEHHS | haGota.
9KCIEPUMEHTAILHOTO HCCIEN0BaHuUs | 00yJaromuxcs, IOATOTOBKA U | IIEPBOTO HOPSIIKA.
00BEKTOB npodeccuoHabHON | caada IIpOMeEKyTOuHOU | Paznen 3. Juddepenunansusie
JeSITeIbHOCTH. aTTeCTallid, MOATrOTOBKA M | YpaBHEHHs N-TO MOPSIKA.
clava dK3aMeHa. Pazgen 4. Heoanoponneie
OIIK-3.3. Crymenr Ha 0a30BOM muddepeHnranbHbple  ypaBHEHUS N-TO
YPOBHE BJIage€T HaBbIKaMH nopsaaka
MPOBEACHUSI WHXEHEPHBIX PAacueToOB Paszpen 5. KpaeBble 3agaun.
OCHOBHBIX MoKaszaTenei Pasznen 6. Cucremsl
pE3yAbTaTUBHOCTH  CO3JaHUA U T pepeHInATBEHBIX YPaBHEHUH.
NIPUMEHEHUS WHQOPMAIIMOHHBIX Pasnen 7 Teopust yCTOMYNBOCTH.
CHUCTEM U TEXHOJIOTHH. Pazgen 8. VYpaBHEeHusT B UYACTHBIX
MPOM3BOJIHBIX TIEPBOTO TOPSIKA.
[IK-2.3. Crynentr Ha 0a30BOM Pa3nen 9. BapuanuonHoe UcUnCiIeHUe.
ypoBHE BJIaJeeT METOAaMH,
pUeMamH, IropuTMaMu u
criocobaMu MIPUMEHEHUS
COBPEMEHHOT'0 MaTeMaTHYECKOTO
anmapara UL pelIeHusl  3ajaad
poecCHOHANBEHON e TENEHOCTH.
Cpennuii OIIK-1.3. Crymenr Ha cpenHeM | JIeKImOHHbBIE u | Pasmen 1. OCHOBHBIE TOHSITHS. Texymuid KOHTPOJIb —
YPOBEHb ypOoBHE BJaJeeT HaBBIKAMH | IPAKTUYECKHUE samsTist, | Pasgen 2. OCHOBHBIC — NOHATHS. | orIpoc, KOHTPOJIbHAS
TEOPETUIECKOTO U | caMOCTOsTEeNbHAS pabora | JuddepenunansHsie YPaBHEHHS | paGoTa.
OKCIICPUMECHTAJIBHOT'O HCCJIICIOBAaHUA 06yqa10u11/1xcs{, IMOAroTOBKa U | IMEPBOI0 MOpsaKa.
00BEKTOB npodeccuoHaIbHON | caaya npoMexxyTouHoit | Paznen 3. duddepenunansusie
NesITeIbHOCTH. aTTecTalliy, MOJATrOTOBKAa H | ypaBHEHUs N-ro HOpPSIKa.
clla4ya dK3aMeHa. Paspen 4. Heonnoponnsie
OIIK-3.3. CrymeHT Ha cpegHeMm T pepeHnualbHble  ypaBHEHUSI N-TO
ypOBHE BJajeeT HaBBIKAMHU nopsizKa
[IPOBEJICHMSI WHXEHEPHBIX PacuyeToB Paspnen 5. Kpaesble 3anaun.
OCHOBHBIX nokazaTenei Paznen 6. Cucremsl

PE3YJIbTAaTUBHOCTHU cOo3aaHuA u

JuQepeHInATBEHBIX YPaBHEHHUH.




MIPUMEHEHUS UHGPOPMAITMOHHBIX
CHUCTEM M TEXHOJIOTHH.

I1K-2.3.
ypOBHE
MIpHEMaMH,
criocobamu

CryneHT Ha cCpegHeM
BIazneeT METOoJIaMH,
IropuTMaMu u
MIPUMEHEHUS
COBPEMEHHOI'0 MaTeMaTH4eCcKOro
anmapara UL peleHus  3a4ad
po¢ecCUOHANBHON AEATEIBHOCTH.

Pasnen 7 Teopust yCTOMYHUBOCTH.
Pazmen 8. VYpaBHeHHWS B YaCTHBIX
MTPOM3BOAHBIX MIEPBOTO TOPSIIKA.
Paznen 9. BapuannonHoe ucuuciacHue.

Bricokuit
YPOBEHb

OIIK-1.3. CryneHT Ha BBICOKOM
YpOBHE BIIaJIceT HaBbIKAMHU
TEOPETHYECKOTO "
IKCTIEPUMEHTAIBHOTO HCCIICTOBAHUS
00BEKTOB npodeccHoHANBHON
JEATeITLHOCTH.

OIIK-3.3. CryneHT Ha BBICOKOM
YPOBHE BJIAJIEET HaBBIKAMH
MPOBEACHUSI MHXEHEPHBIX PAacueToB
OCHOBHBIX IMOKa3aTese
pe3yIbTATUBHOCTH  CO3JaHUS |
MPUMEHEHUS WH(POPMAITOHHBIX
CUCTEM M TEXHOJIOTHH.

I1K-2.3.
YpOBHE
IpUeMaMHu,
crocobamu

CTyaeHT Ha BBICOKOM
BIIajIeeT METOJIaMH,
aNropuTMamMu u
MPUMEHEHUS
COBPEMEHHOTO  MaTeMaTHYeCKOTro
ammapara Ui pelieHHs  3a1ad
po(eCCHOHATIBHOMN IEeSTEIbHOCTH.

Jlex1imoHHEBIE u
MPAKTHYECKUE 3aHATHS,
CaMOCTOSITeNTbHAS pabota
oOyJaronuxcs, MOArOTOBKa U
claya IIPOMEKYTOUHOMN
aTTeCTalldd, IIOATOTOBKA U
cllada DK3aMeHa.

Pasnen 1. OcHOBHBIE HOHATHA.

Pasnen 2. OCHOBHBIE  ITOHATHSL.
Huddepennnanbabie ypaBHEHUS
MEPBOTO MOPSIKA.

Paznen 3. HuddepeHuunanbabie
ypaBHEHUS N-TO TOPSIKA.

Pazgen 4. Heoanoponneie
mudQepeHInanbHble  ypaBHEHUsI N-TO
MopsIIKa

Paszpnen 5. KpaeBble 3agaun.

Paznen 6. Cucremsl

T PepeHInATBEHBIX YPaBHEHUH.
Paznen 7 Teopus ycToiunBOCTH.
Pazmen 8. VYpaBHeHHS B YaCTHBIX
MIPOM3BOAHBIX MEPBOTO MOPSIIKA.
Paznen 9. BapuannoHnHoe ucuucieHue.

Texkymmii KOHTpOJIb —
ONpoC, KOHTPOJIbHAA
pabora.




2. IEPEYEHb OHEHOYHBIX CPEJACTB

TaOmuna 3
No | HammenoBanue XapakTepruCTHKA OLIEHOYHOTO CPEACTBA [IpencraBnenue onenounoro cpeacrea B POC
OLICHOYHOT'O
CpelcTBa
1 | Ompoc CpencTtBo KOHTpOJIS YCBOGHHs ydeOHOro MaTepuaia TeMmbl, | Bompocsl mo Temam/pas3aenam AUCHUTITUHBI
paszena Wiy pPas3AesioB AWCHUIUIMHBI, OPTaHW30BAHHOE KaK
yuyeOHOe 3aHsATHE B BHJAE COOECeOBaHUs MpENoAaBaTens C
00yJarOIUMUCs.
2 | KonTponbHas CpencTBo NpoBEpKH YMEHUM IPUMEHSTh MOJy4YeHHbIE 3HaHUs | KOMIUIEKT KOHTPOJIbHBIX 33a/laHU 110 BapuaHTaM
pabora JUT pEeLIEHUs] 3a4a4 OIPEACIICHHOTO THUIIA 110 TEME WJIU

pasacity




3. OIMMCAHUE IMOKA3ATEJIEA U KPUTEPUEB OLIEHUBAHUA KOMIIETEHIIUA

OrneHMBaHUE PE3YJIbTATOB OOYUYEHMS MO JUCHUIUIMHE AJredpa W TeOMETpPHUs OCYIICCTBISETCS B COOTBETCTBUU C
[TooxxeHneM 0 TEKyIleM KOHTPOJIC YCTICBAEMOCTH M IPOMEKYTOYHOM aTTECTAIIN 00YIAFOIITXCS.

[TpeaycMOTpeHBI CIEAYIOIINE BUILI KOHTPOJISA: TEKYIIU KOHTPOJIb (OCYIIECTBIICHHE KOHTPOJIS BCEX BUIOB ayJIUTOPHON U
BHEAYJIUTOPHON JEATEIHHOCTH OOYYAIOIIETOCS C IENbI0 MOJTY4YEHHUs TMEPBHUYHON MH(POpPMAIMKA O XOJ€ YCBOCHHUS OTICIHHBIX
AIIEMEHTOB COJICP)KaHMS AWCIUIUIMHBI) M TPOMEKYTOYHAs aTTecTanys (OIEHWBACTCS YPOBEHb W KAadeCTBO IOATOTOBKH ITO
TUCIUILIAHE B IISJIOM).

[TokazaTenn W KpUTEpHH OICHUBAHHUS KOMIICTCHIIMHA, (OPMHUPYEMBIX B TIPOIECCE OCBOSHHUS JAaHHOW IUCITUILIMHEI,
oIMcaHbI B Ta01. 4.

Ta0mnumna 4.



Kon YpoBeHb OCBOEHUSA Nunukaropsl Kpurepuu onieHuBaHuS pe3yiabTaTOB 00yUCHUS
KOMIIETEHIIUM | KOMIIETCHIIUU JOCTHKEHHUS
KOMIIETEHIIUU
OIIK-1 3Haer
OIIK-3 HenocraTounsrit ypoBeHb OIIK-1.1. He 3naem 3nauumensHoii uacmu mamepuana Kypca, He cCHOCOOeH camoCmOosmenbHO 8blOelsiMb
[K-2 Oruenka OIlK-3.1. 2/1ABHbLE NOJIONCEHUS 8 UZYHUEHHOM MAMepUaie OUCYUNIUHb
«HEYJIOBIETBOPUTEIHHOY 1IK-2.1.
ba30Bblil ypoBEHb OIlK-1.1. 3Haem He menee 50 % ocHO8HO20 Mamepuana Kypcd, 0OHAKO UCHbIMbI8Aem 3aMpPYOHEHUs 8 €20
Orenka OI1K-3.1. npuMeHeHuu
«YOBJIETBOPUTEIHHOY I1IK-2.1.
Cpennuii ypoBeHb OIIK-1.1. 3naem ocHo8HYIO uacmb mamepuana Kypcd, Cnocoben npumMeHums UyueHHull Mamepuan Ha
Orenka OIlIK-3.1. npakmuke, UCNbIMbIEAem He3HAYUMelbHble 3ampyOHeHUs 8 peuleHul 3a0ay
«XOpOIO» 1IK-2.1.
Bricokuii ypoBeHb OIlIK-1.1. THoxkasvieaem 2nyboxoe 3HaHUe U NOHUMAHUE MAMEPUAnd, CnoCOOeH NPUMEHUMb U3VUEeHHbII
Orenka OIlK-3.1. Mamepuan Ha nPaKmuKe
COTIIMIHOY 1IK-2.1.
YMeer
BazoBelii ypoBeHb OIlIK-1.2. Ymeem eocnpoussecmu ne menee 50 % ocnosnozo mamepuana Kypca, 0OHAKO UCTIbIMbIBAEM
OIIK-3.2. 3ampyOHeHUs NPU peuleHuu NPAKmu4eckux 3a0a4
1IK-2.2.
Cpennuii ypoBeHb OIIK-1.2. Ymeem pewamv cmanoapmuvie npogeccuonanvuvie 3a0auu ¢ npumMeHeHueM NOAYYEHHbIX
OIIK-3.2. SHAHUL, UCTILIMbIBAC HE3HAYUMENbHbIE 3aMPYOHEHUsL 8 peleHUU 3a0ay
1IK-2.2.
Bericokwmii ypoBeHB OIlIK-1.2. Ymeem pewamv cmanoapmuvie npogeccuonanvhvie 3a0auu ¢ APUMEHEHUEM HNOTYYEHHBIX
OIIK-3.2. 3HAHUL, NOKA3bleaem 21yOoKoe 3HAHUEe U NOHUMAHUe Mamepuand, CnocodeH pewums 3a0ayy
1IK-2.2. npU UBMEHEHUU POPMYTUPOSKU
Bnaneer
basoBbIil ypoBeHb OIIK-1.3. Bradeem mnagvikamu meopemuueckoco U IKCHEPUMEHMANLHOZO UCCIe008aHUSL 00BEKMO8
OIIK-3.3. npogheccuonanvHoll 0esimenbHOCMU, YCEOUI OCHOBHOE COOepIICaAHUe MAMEPUANd OUCYUNIUHDL,
1IK-2.3. HO umeem npobenvl 8 YcgoeHuu mamepuaid. Hmeem HecucmemamusupogaHuvie 3HAHUSA
OCHOBHBIX PA30e108 OUCYUNTIUHDL.
Cpenuuii ypoBeHb OIlK-1.3. Braoeem mnagvikamu meopemuueckoeo U 3IKCNEPUMEHMATbHO20 UCCAE008aHUA 00BLEKMO8
OIIK-3.3. npoGeccUOHanbHOl  OesiMeNbHOCMU,  CROCOOEH — CAMOCMOSMENbHO — 8blOCAMb  2AGHLLE
1IK-2.3. nonoJICeHUsT 8 U3YueHHOM Mmamepuane. Mcnvimvleaem He3HauumenbHble 3amMpYOHeHUs 8
peuieHuu 3a0ay.
Bricokwii ypoBeHb OIlK-1.3. C60000HO 6na0eem HABLIKAMU MEOPemu4eckKo20 U IKCNEePUMEHMATbHO20 UCCAe008AHU,
OIIK-3.3. nokasvléaem 2y1yb0Koe 3HaHue U NOHUMAaHUe U3Y4eHHO20 Mamepuaid

1IK-2.3.




4. MeTroau4yeckue MaTepUaJibl, ONpeAesaonue Npoueaypbl
OLIECHUBAHUS Pe3yJabTaTOB 00y4eHHsI

3ananus B popme ompoca:

OHpOC HCIIOJIB3YCTCA AJId TEKYILICTO KOHTPOJIA YCIIEBACMOCTH 06yqa101111/1x051 110
JUCHUIINIMHE B KAUYCCTBEC IIPOBCPKU PE3YIbTATOB OCBOCHUS TCPMHUHOJIOTHH. Ka>1<z[0My CTYACHTY
BBIZIACTCS CBOM COOCTBEHHBIN, Y3KO C(HhOPMYIUPOBaHHBIN Bompoc. OTBET AOHKEH OBITh YETKUM
H KpaTKuM, COACPKAIMHUM BCE OCHOBHBIC XapaKTECPHUCTUKHN OIIMCBIBACMOI'0 IIOHATHA, MHCTHUTYTA,
KaTETrOpHUH.

KonTpoJsbhas pabora
CpencTBo npoBEpKH YMEHUM MPUMEHSITh MOJyUYE€HHbIE 3HAHUS JIJIS1 PEIICHUS 3aa4
OMPCACIICHHOI'O TUIIA I10 TCME WJIN Pa3aCTy

5. MarepuaJbl JJil NIPOBeJAeHHUs] TEKYIero KOHTPOJIsl U IPOMEKYTOYHOM

aTrecrainmmu

Pa3nes 1. OcHOBHBIE IOHATHS.

1) Omnpenenenne 0ObIKHOBEHHOTO MU (HEepeHIIMATEHOTO YPAaBHEHHUS.

2) OmnpezneneHne 4acCTHOTO M OOIIETO PEIICHHS, CBA3b MEXKIY HAMHU.

3) OO0bikHOBeHHBIE MU hepeHIaTbHbIe YPaBHEHUS [IEPBOTO MOPSIKA.

4) [Tonsitue 3amaun Komru.

5) Teopema cCyIIecTBOBaHHS M €IUHCTBEHHOCTH pEIIEHUS OOBIKHOBEHHOTO
TG depeHIMaTBEHOT0 YpaBHEHUSI IEPBOTO Mopsiika (0e3 10Ka3aTenbCTBa).

6) ['eomeTpuyeckass  UHTEpHpeTanusi  OOBIKHOBEHHOTO I depeHInaIbHOro
YpaBHEHHS TIEPBOTO TTOPSIKA.

7) YpaBHEeHHE palMOaKTUBHOTO pacnaja.

Paznea 2. {nddepenunanbHbie ypaBHEHHS NMEPBOTo MOPsiAKA.

1) OObikHOBeHHBIE  AuddepeHIManbHble  ypaBHEHHs C  pa3/ielieHHBIMH U
pa3aeAIOINUMUCS IEPEMEHHBIMH.

2) OnHOpOHBIE ypaBHEHUS IEPBOTO MOPSIKA.

3) [ToHsiTHE OPTOrOHAJIBHBIX TPAEKTOPHM.

4) Jluneiinbie muddepeHmanbHbIe ypaBHEHUS TEPBOTO TOpsAJKAa - OCHOBHBIE
CBOICTBA pEIICHNs OJHOPOAHBIX U HEOJHOPOAHBIX YPABHEHUH.

5) Meron Bapranuy Npou3BOJIbHON OCTOSHHOM.

6) YpasHenue bepnymin.

7) YpaeHenue Pukart.

8) Juddepennnanbable ypaBHEHHS B OTHBIX JU(QepeHnnaiax.

9) VYcnosue nonHoro nuddepennmana.

10)  UHTerpupyrommii MHOKHUTENb.

11)  OObikHOBeHHbIe aup(depeHInaNIbHble YpaBHCHHS IEPBOrO  IMOpSAAKAa  HE
paspelIeHHble OTHOCUTEIBHO MTPOU3BOIHOM.

12)  Peurenue nuddepeHnaIbHBIX YPaBHEHUI METOIOM BBEICHHUS ITapaMeTpa.

13)  VYpaBuenue Jlarpanxa. YpaBHenue Kiuepo.

14) [ToHsiTHE 0COOOTO pEIIeHHS.

15)  Meronsl NPHONMKEHHBIX PEUICHUH OOBIKHOBEHHBIX A depeHIHaIbHbIX
ypaBHEHUH MEPBOro MOPSAKA.

16)  Meron mocnenoBaTeNIbHBIX TPUOIHIKCHUI.



17)  Meron Ditnepa. Meron HeonpeaeIeHHBIX KOAPPHUIIMESHTOB.

Paznea 3. lu¢pdepennuanbHbie ypaBHeHHs N-T0 MOPSIAKA.

1) Jlunelinas 3aBUCHUMOCTD U HE3aBUCUMOCTh (DYHKITHH.

2) [TonsiTHe TMHEWHON 3aBUCUMOCTH U HE3aBUCUMOCTH (DYHKIIUH.

3) Onpenenurenb Bponckoro. CoiicTsa.

4) OO6b1kHOBEHHBIE AU PepeHnnanbHbIe ypaBHEHUS N-TO TOPSIIKA.

5) OO6mue nousitus. [loHSATHE YaCTHOTO M OOIIEro PEIICHHMS.

6) 3amaua Komu.

7) Teopema cyliecTBOBaHMS M €IUHCTBEHHOCTH pELIECHUS OOBIKHOBEHHOIO
Qg epeHIaIbHOro ypaBHeHUs N-To nmopsaka (0e3 10Ka3aTeNbCTBa).

8) Huddepenunansupie ypaBHEHHUS N-TO TMOPsSAKa, JOMYCKAIOIIME MOHMKEHUE
nopsiaka. Pemenue nuddepeHnaabHpIX ypaBHEHUN N-TO METOIOM BBEJCHHS ITapaMeTpa.

9) Jluneitnbie nuddepeHnuanbube ypaBHeHHs N-TO TOPSAKA.

10)  OOurue moustus. CBOWCTBRA.

11)  OpsoposHbie JuHEHHBIC AU PepeHIInaTbHbIC YPAaBHEHUS N-TO MOPSIKa.

12)  CrpykTypa 00LIero penieHusl.

13)  TlousaTtre GhyHAaMEHTAILHONW CUCTEMbI PEIICHHIA.

14)  HeoanoposHbie juHeiHbIC U HepeHInAIbHBIC YPAaBHEHUS N-TO TOPSIKA.

15)  Crpykrypa obmiero perrenus. @opmysa JInysuiist - OcTporpaackoro.

16) Opsoponnbie nuHEHHbIC auddepeHratbHbIe ypaBHEHHS N-TO MOPsSAKa C
MOCTOSTHHBIMH KO3 HUITMEHTaMH.

17)  Meron Ditnepa. [TousTre XapakTepucTUIECKOTO ypaBHEHUSL.

Pasnen 4. Heonnopoaubie nugdepennuaibible ypaBHeHHs: N-T0 MOPSAIKA.

1) Heonnopoansie nuHelHble nuddepeHnnanbHble ypaBHEHU N-T0 MOPSIKa.

2) Meroa Bapranuy Npou3BOJIbHON IOCTOSHHOM.

3) Heonnopoansle nuHeiHble aud@epeHnnanbHble ypaBHEHUs N-ro  Mopsaka ¢
MOCTOSIHHBIMU KO3 (hULIIEHTaMHU.

4) Merton HeomnpeaeneHHbIX KO3 PHUIIHEHTOB.

Paspnen 5. Kpaesble 3agaun.
1) [TonsTHE KpaeBoii 3a1a4u.
2) Pemenue kpaeBoii 3a7jauu ¢ noMoIkto GyHkuuu I'puna.

Pa3nea 6. Cucremsl nuddepeHnnanbHbIX ypaBHEHHI.

1) Cucremsl nuddepeHIanbHbIX ypaBHEHUI.

2) WuterpupoBanue cuctembl TudepeHnaTbHbIX YPaBHEHUH MyTeM CBEICHHS K
OJTHOMY YpaBHEHMIO 00JIee BEICOKOTO MOPSIKA.

3) HaxoxxaeHne uHTErpupyemMbIx KOMOWHAIHA.

4) Cucremsbl TuHEHHBIX U depeHIINaTBHBIX YPaBHEHUH.

5) TeopeMsl 0 pereHUsIX CUCTEMBI JINHEHHBIX AU(PepeHIInanbHbIX YpaBHEHUH.

6) Cucrembl nuHEHHBIX JOud@epeHIuanbHbIX ypaBHEHUH C  TOCTOSHHBIMU
KO3 pHULHEHTaMU.

Paspnen 7. Teopust ycToi4YMBOCTH.

1) Teopust yCcTOWYMBOCTH.

2) OcHoBHble oHATHS. [IpocTeiime THITBI TOYEeK TOKOS.

3) Bropoii metox A. M. JIsnyHoBa.

4) HccnenoBanue Ha yCTOMYMBOCTD TIO TIEPBOMY MPUOITHKEHUIO.

5) [Ipr3HaKu OTPUIIATEILHOCTH IEUCTBUTEIBHBIX YACTEH BCEX KOPHEW MHOTOWICHA.

6) Crnyuyaii Manoro ko3 GHuIHeHTa Npyu MPOU3BOIHON BEICIIETO MOPSAKA.



7)
8)

Y CTONYUBOCTB IIPU ITIOCTOSITHHO JIEUCTBYIOIIUX BO3MYILECHHUSX.
Teopema MankuHa 00 yCTOMYMBOCTM TPU  IOCTOSHHO  JICHCTBYIOIIMX

BO3MYIICHUAX.

Pa3nen 8. YpaBHeHuUs1 B 4aCTHBIX NPOU3BOIHBIX.

VYpaBHEeHHsI B YaCTHBIX MPOU3BOAHBIX MEPBOTo nopsiaka. OCHOBHbIE MOHATHS. JIuHelHbIe
Y KBa3WJIMHEWHbIC YPABHEHHS B YACTHBIX MIPOU3BOIHBIX MIEPBOTO MOPSIKA.

CBsi3b C BEKTOPHBIM I0JIEM. XapakTepUCTUKH. Teopema 00 001ieM perieHn ypaBHEHUS
B YaCTHBIX MTPOU3BOAHBIX IIEPBOTO MOPSIKA.

Pa3nes 9. BapnanuonHoe ucumcienme.

1)
2)
3)
4)
5)
6)
7)
8)
9)

BapurannoHnHble 3aja41 ¢ HENOABUKHBIMU I'PaHULIAMH.

Bapuanus u ee cBoiicTBa.

VYpaBHeHue Ditnepa.

Cucrema ypaBHeHUi Dilniepa.

VYpaBuenue Ditnepa—Ilyaccona.

OyHKIUOHAIBI, 3aBUCSIINE OT (DYHKIIMI HECKOJIBKUX HE3aBUCHUMBIX TIEPEMEHHBIX.
Merton Bapuanuii B 3aJja4ax ¢ NOJABM>KHBIMUA IPaHUIIAMHU.

[Ipocreiimas 3agaya ¢ NOABUKHBIMU TPAHHUIIAMU.

3ajaya ¢ NOJABM>KHBIMU IPaHULIAMU.

KonTtpomupyemsie kommerennuu: OITK-1, OITK-3, T1K-2

Oyenka KomMnemeHYyull OCyuecmesiemcs 8 COomeemcmeuu ¢ maoauyet 4.

KoHnTpoJbHble 3a1aHuA:

1. TectoBsrii Bomnpoc 1:
a) BapUaHT OTBeTa 1;
0) BapuaHT OTBeTA 2;
B) BapHUaHT OTBeTA 3;
I') BapUaHT OTBeTa 4;

2. TecToBBI# Bompoc 2:
a) BapUaHT OTBeTa 1;
0) BapuaHT OTBeTA 2;
B) BapHUaHT OoTBeTa 3;
I') BApUAHT OTBETA 4;

3. TecroBslii Bonpoc 3:
a) BapuaHT oTBeTa 1;
0) BapuaHT OTBeTA 2;
B) BapHUaHT OoTBeTa 3;
') BApHAHT OTBETA 4;

KomnuiekT 3aganuii UIsi KOHTPOJILHOI padoTsl 1o auctuiuinHe «/lnddepenimanbtele

YPaBHCHUA»

KonTtpoabnas padora Ne 1

Bapuant Nel

ypaBHeHI/ISI C pasaciadromuMuUcsd NCPpeMCHHLBIMU:

1. xydx + (x + 1)dy = 0.



2. xE =1

dt

FeoMeTpuyeckre U GU3MIECKHUE 3aAUH:

3. Haiitu KpuBble, U1 KOTOPBIX IUIOIIAbL TPEYTOJIBLHUKA, 00Pa30BaHHOIO
KacaTeJIbHOM, OPIMHATON TOUKU KacaHHs U OChIO aOCIUCC, €CTh BEIMYHMHA TIOCTOSIHHAS, PABHAS
a%?

OIHOPO/HbIE YPABHEHHUS:

4. (x + 2y)dx — xdy = 0.

5. (y + /xydx = xdy.

KonTtpouabnas pa6ora Ne 1
Bapuant Ne2
VYpaBHEeHUS ¢ pa3AeAOIIUMUCS IEPEMEHHBIMU:

1. Vy? + ldx = xydy.

2. y' = cos(y — x).

['eomeTprueckue 1 GU3NICCKUE 3aTaUH:

3. HaiiTu xpuBble, 11 KOTOPBIX CyMMa KaTETOB TPEYroJbHUKA, 00pPa30BAHHOTO
KacaTeJIbHOH, OpAMHATOM TOYKH KaCcaHUs M OChIO a0CIIMCC, €CTh BETMYMHA IOCTOSIHHAS, PaBHAsS
b?

OnHOpOAHBIE YPaBHEHUS:

4. (x —y)dx — (x+y)dy = 0.

5. xy' = {Jx2—y2+y.

KonTtpoabnas padora Ne 1

Bapuant Ne3

VYpaBHeHUS ¢ pa3AeNAOIUMUCS IEPEMEHHBIMU:

1. (x2 = 1)y" + 2xy? = 0.y(0) = 1.

2. y'—y=2x—-3.

I'eomerpuueckue U pu3NIECKUE 3a0a4u:

3. Haiitu xpuBble, 00naatonme cieayoyuM CBOUCTBOM: OTPE30K OCH abclucc,
OTCEKAEMBbIH KacaTeJIbHON 1 HOPMAJIbIO, IPOBEACHHBIMU U3 IIPOU3BOJIBHOM TOYKN KPUBOH, paBEH
2a?

OnHOpOAHBIE YpABHEHUS:

4. (y? — 2xy)dx + x%dy = 0.

5. (2x —4y+6)dx+ (x+y—3)dy =0.

KonTtpoabHnas pa6ora Ne 1

Bapuant Ne4

VYpaBHEHUSI € pa3AEIAIOIIUMUCS IEPEMEHHBIMHU:

1. y'ctgx +y =2,y(x) » 1upux — 0.

2. (x+2y)y'=1,y(0) = —-1.

I'eomerpuueckue U pU3NIECKUE 3aTa4u:

3. Haiitu kpuBbIe, y KOTOPBIX TOUKa IepeceueHue Jr000ii KacaTebHOM ¢ 0ChIO
abcrucc nmeer abcuuccy, BABOE MEHBIIYIO a0CIICChl TOUYKU KacaHue?

OnHOpOoAHBIE YPABHEHUSA:

4, 2x3y = y(2x% — y?).



5. 2x+y+ 1dx + (4x + 2y — 3)dy = 0.

KonTpoabHas padora Ne 1

Bapuant Ne5

VYpaBHeHUs ¢ pa3AeAIOIIUMUCS IEPEMEHHBIMHU:

1Ly =3yLy@=0.

2. y' =4x+2y—1.

I'eomeTpuueckue u pu3nyecKue 3a1auu:

3. HaiiTu xpusble, o0siagaroniye ciaeayronM CBOHCTBOM: €CIH uepe3 JII0OYI0 TOUKY
KPHUBOH MPOBECTH MPSAMbBIC, TapaLICIbHBIE OCSIM KOOPJIUHAT, IO BCTPEUU C 3TUM OCSIMH, TO
MJIOIA/Ih TTOJIYYEHHOTO MPAMOYTOJIbHUKA JIETUTCS KpUBOU B OTHOIIEHHE 1:27

OpHOpoHBIE ypaBHEHUS:

4, y2 4+ x%y' = xyy'.

5. x—y—-1+@y—-x+2)y' =0.

KonrpoabsHnas padora Ne 1

Bapuant Ne6

YpaBHEHUS € Pa3IEIAIOMUMUICS IEPEMEHHBIMH:

1. xy'+y=1v?%y(1) =0,5.

2. 3y%y’ + 16x = 2xy3, y(X) orpaHM4eHO IpU X — 0,

I'eomerpuueckue u GU3NIECKHE 3a0a4u:

3. 3a 30 nueit pacnanoch 50% mepBOHAYAILHOTO KOJMYECTBA PAMOAKTUBHOTO
BemiecTBa. Yepes CKoIbKo BpeMeHHU ocTaHeTcs 1% oT mepBOHAYaIbHOTO KOJINYECTBO?

OnHOpOHBIE ypaBHEHUS:

4, (x? +y?)y' = 2xy.

5. (x+4y)y' =2x+ 3y —5.

KonTtpouabnas padora Ne 1

Bapuant Ne7

YpaBHEHUS C Pa3IENAIONUMUICS TEPEMEHHBIMH:

1. 2x%yy’ +y% =2,

2. xydx + (x + 1)dy = 0.

I'eomerpuueckue U puU3NIECKUE 3a0a4u:

3. CornacHo onbiTaM. B Teuenne roga u3 kaxaoro rpamma panus pacnanaercs 0,44
Mr. Yepes CKOJIBKO JIET pacnajieTcsi OJI0BUHA UMEIOLIET0Cs KOJIM4YecTBa paans?

OnHOpOAHBIE YpABHEHUS:

4. xy' —y =xtg %
5. (y+2)dx = (2x +y — 4)dy.

KonTtpoabHnas padora Ne 1

BapuanT Ne8

VpaBHEHUSA C Pa3IENAIOIMMUCS TIEPEMEHHBIMH:
1. y' —xy? = 2xy.

2. x%y' — cos 2a = 1; y(+o0) = 97/4.



I'eomerpuueckue u GuU3NIECKHUE 3a0a4u:

3.

HaiiTu xpuBbIe, KacaTelbHBIE K KOTOPBIM B JIFOOOH TOYKE 00Pa3yloT paBHBIC yIIIbl

C MOJISIPHBIM PaUyCcOM U MOJISIPHOM OCBhIO?

OnHopoaHbie ypaBHEHUS:

4.
5.

xy' =y —xe¥/*
, +2
y =277

x+y—-1

KonTpoabHas padora Ne 1
Bapuant Ne9
VYpaBHeHHUs ¢ pa3AeaOIMUMUCS IEPEMEHHBIMHU:

1.
2.

Cseq 485 =
e’(1+ dt) =1.
xy'+y=1v?%y(1) =0,5.

I'eomerpuueckue u GuU3NIECKHUE 3a0a4H:

3.

Teno oxmagunocs 3a 10 mun ot 100° 1o 60°. TemnepaTypa OKpyKaroIiero

BO3/yxa nojjaepxkubaercs paBHoii 20°. Korga teno octeineT 10 25°7
OnHopoaHbIE ypaBHEHUS:

x+y

4, xy'—y=((x+ ])lnT.
' yrx _ yitx
5. '+ l)lnm =

KonTtpoabnas padora Ne 1

Bapuant NelO

VYpaBHeHUS ¢ pa3AeNAIOIIUMUCS IEPEMEHHBIMHU:
1. z' = 10**Z,

2. y' = BW,y(Z) = 5.

I'eomerpuueckue u pusnyeckue 3aaauu:

3.

B cocyne, conepskamuii 1 kr Boabl pu Temneparypsl 20°, omyiieH

AITIOMUHHEBBIN peaMeT ¢ maccoit 0,5 Kr, yaenbHas TemioeMkocTts 0,2 1 TemmiepaTtypa 75°.
Uepes munyTy Boja Harpesnach Ha 2°. Korja temneparypa BoJIbI ¥ peaMeTa Oy1eT OTIMYaThCs
onHa ot Apyroii Ha 1°? [ToTepssMu Teruia Ha HarpeBaHKUe coCy/a U MPOYUMHU.

OnHopoaHbIE YpABHEHUS:

4. xy' = ycosln %
5 " y+2 y—2x
' y x+1 x+1°

Konrtponsnas padora Ne2

Bapuant Nel

JIuHeiiHble ypaBHEHUS MIEPBOTO MOPSIIKA:
1. xy' — 2y = 2x*.

2. (2e¥Y —x)y' = 1.

3. xy' —2x2\[y = 4y.

VYpaBHeHU B MOJIHBIX U depeHIranax:
4, 2xydx + (x* —y?)dy = 0.



KonTtpouabnas pabora Ne2

Bapuant Ne2

JInHelHbIe ypaBHEHHUs I1IEPBOIO MOPSAAKA

1. 2x + 1y’ = 4x + 2y.

2. (sin®y + xctgy)y' = 1.

3. xy' — 2y + x°y3e* = 0.

VYpaBHeHU B ITOJIHBIX TU(epeHmranax

4, (2 — 9xy?)xdx + (4y? — 6x3)ydy = 0.

KontpoabHas padora Ne2
Bapuant Ne3
JIuHeliHble ypaBHEHUS MIEPBOrO MOPSIKA:
1. y' + ytgx = secx.
2. (2x + y)dy = ydx + 4lnydy.
X

I Xy
3. 2_’)/ —;:m.

YpaBHEHUS B MOJIHBIX TU(depeHranax:
4, e Ydx — 2y +xe™Y)dy = 0.

KonrtpoJsbHnas padora Ne2

Bapuant Ne4

JIuHelHbIe ypaBHEHHS IEPBOTO MOPSIIKA
1. (xy + e*)dx — xdy = 0.

r_ y
2. Y =05

3. y'x3siny = xy' — 2y.
VYpaBHeHUs B ONHBIX JuddepeHnmanax:
4. %dx + (y3 + Inx)dy = 0.

KonTtpoabHnas padora Ne2

Bapunant Ne5

JIuneliHple ypaBHEHUS [IEPBOTO MOPSIIKA:
1. x’y' +xy+1=0.

2. (A-2xy)y' =yly-D.

3. x%ylny — x)y' = y.
VYpaBHeHU B MOJIHBIX TUddepeHIanax:

3x2+4y? 2x3+5y
4. 2 dx — >3 dy = 0.

KonTtpoabHas pa6ora Ne2

Bapuant Ne6

JIuHeiiHbIe ypaBHEHUS MEPBOTO MOPSIKA:
1. y = x(y' — xcosx).

2. y' + 2y = y?e*.



3. x%y' + xy + x*y? = 4.
VpaBHeHHs B HOJHBIX Auddepenimanax:

4. 2x(1 +/x? —y)dx —/x?> —ydy = 0.

KonTpoabHnasi padora Ne2

Bapuant No7

JluHeiiHble ypaBHEHHS TIEPBOTO TIOPAIKA:

1. 2x(x% + y)dx = dy.

2. (x+DO +yH)=-y.

3. 3y’+y2+x£2=0.

YpaBHeHus B HOIHBIX AuddepeHnranax:

4, (1 + y2sin2x)dx — 2ycos?xdy = 0.

KonTtpoabnas pabora Ne2

Bapuant Ne8

JluneiiHple ypaBHEHHUS [IEPBOTO MOPSIIKA:
1. (xy" = Dlinx = 2y.

2. y' = y*cosx + ytgx.

3. xy' — (2x + 1)y + y? = —x2.
VpaBHeHHs B OMHBIX AuddepeHimanax:

4, 3x2(1 + Iny)dx = (Zy — ’;—3) dy.

KonTtpoabnas pabora Ne2

Bapuant Ne9

JIuHeliHble ypaBHEHUS MIEPBOTO MOPSIKA:
1. xy' + (x + 1)y = 3x%e™*.

2. xy?y' = x? +y?

3. y' —2xy +y%=5—x2
VYpaBHeHus B ONHBIX JuddepeHnmanax:

4. (Z42)dx+ oy, g

siny cos2y—1

KonTtpoabHas pa6ora Ne2

Bapuant NelO

JIuHeliHble ypaBHEHHS IEPBOTO TIOPAIKA:
1. (x +y?)dy = ydx.

2. xydy = (y? + x)dx

3. y' +2ye* —y? =e?* + e*.
VpaBHEHHS B HOJHBIX Ju(PepeHIranax:
4, (x2 +y? + x)dx + ydy = 0.

KonTtpoabnas pabora Ne3
Bapuant Nel



VYpaBHeHuUe, HEe pa3pelIeHHbIE OTHOCUTEIBLHO TPOU3BOTHOM:

1. y'?—y%=0.

2. yi+xy=y*+xy'

3. x=y3+y

4, y=xy —y"?

Pa3Hble ypaBHEHHs MEePBOro MOPAIKa:
5. xy'+x%2+xy—y=0.

KonTtpoabnas padora Ne3

Bapuant Ne2

YpaBHeHHE, HE Pa3pEIICHHBIE OTHOCUTEIBHO IIPOU3BOIHOM:
1. 8y'3 = 27y.

2. xy'(xy' +y) = 2y2.

3. x(y'?—1) =2y

4, y+xy' = 4\/7.

Pa3Hble ypaBHEHHUS IIEPBOTO MOPSAIKA:
5. 2xy' +y2 =1.

KonrtpoJabHas padora Ne3

BapuanT Ne3

VpaBHEHNE, HE Pa3PEIIEHHBIE OTHOCUTENBHO TPOU3BOIHOM:
1. (v' + 1) =27(x + y)2.

2. xy'? —=2yy' +x =0.

3. x=yJy?+1.

4, y = 2xy' —4y'3,

Pa3Hble ypaBHEHHUS TIEPBOTO TOPSIKA:

5. (ny’z — y)dx + xdy = 0.

KonTtpoabnas pabora Ne3

BapuanT Ned

VpaBHeHHUE, HE pa3pelIeHHbIE OTHOCHTEIHHO MPOU3BOHOM:
1. Yy +1)=1.

2. xy?=y@y' -1

3. y(x—-Iny)=1.

4. y=xy' —(2+y").

PasHble ypaBHEHHS IEPBOTO MOPSIKA:

5. (xy' +v)? =x2y'

KonTtpoabnas pabora Ne3

Bapuant Ne5

VYpaBHeHuUe, HE pa3pelIeHHbIE OTHOCUTEIBLHO TPOU3BOTHOM:
1. y'? —4y3 =0.

2. y'?+x=2y

3. y=y'2+2y'3.



4. Y3 +y%=xyy
Pa3Hble ypaBHEHHs TIEPBOTO TIOPSIKA:

5. y—y' =y +xy.

KonTtpoabnas padora Ne3

Bapuant Ne6

VYpaBHEHHUE, HE Pa3peLICHHBIC OTHOCUTEIILHO IPOU3BOTHOM
1L y?=4*1-y).

2. Y3+ (x+2)e¥ =0

3. y' =1In(1 +y").

4. y = xy'? —2y'3.

PasHble ypaBHEHHS IIEPBOTO TOPSIKA

5. (x+2y3)y =y.

Konrtpoabnas pabora Ne3

Bapuant Ne7/

VpaBHeH#He, He pa3pelieHHbIC OTHOCUTEIBHO TPOU3BOHOM:
1. xy'? =y.

2. y'? — 2xy' = 8x?

3. +DP=0"—-»>

4. xy'—y=1Iny'.

PasHble ypaBHEHHS MIEPBOTO TIOPSIIKA:

5. y'3 — gy =,

KonTtpoabHnas padora Ne3

BapuanT Ne8

VpaBHeHHUE, HE pa3pelIeHHbIE OTHOCHTEILHO MPOU3BOTHOM:
1. yy'3 +x = 1.

2. (xy' +3y)? = 7x

3. y= (" —1e.

4, xy'(y'+2)=y.

PasHble ypaBHEHHS TIEPBOTO TTOPSIKA:

5. x%y' = y(x+y).

KonTtpoabnas pabora Ne3

BapuanT Ne9

VpaBHeHue, He pa3pelieHHbIC OTHOCHTEBHO TIPOM3BOTHON
L Y3 +y?=yy (' +1).

2. y*P=2yy =y*(e*-1)

3 Yt — ' = 2.

4. 2y"%(y —xy') = 1.

PasHbie ypaBHEHHUS [IEPBOTO TMOPSIIKA

5. (1 + x2)dy + xydx = 0.

KonTtpoabnas pabora Ne3



BapuanTt Nel0

VYpaBHeHUE, HE pa3pELIEHHBIE OTHOCUTEIBLHO TPOU3BOIHOM:
1. 4(1—y) = (3y — 2)%y"%

2. y'(2y —y') = y3sin?x

3. y'2—y'3 =y2,

4, 2xy' —y=1Iny'".

Pa3zubie ypaBHEHUS EPBOTO MOPSAKA:

5. y?+2(x—1)y' =2y =0.

KonTpoabHas padora Ne4
Bapuant Neol

ypaBHeHI/IC, I[OHyCKaIOIJ_II/Ie IMOHHI)KCHHUC ITOPAIKA
2.1

1. x2y" = y'?,

2. 2yy"=yt+yn

3. xyV =1.

4. yy"=2xy"% y(2)=2,y'(2) = 05.

JIuneiiHple ypaBHEHHE C IOCTOSHHBIMY KO3 (HIMeHTaMu
5. y'+y' =2y =0.

KountpoabsHnas padora Ned
Bapuant Ne2
VYpaBHeHuUe, JoMyCKaroUMe NOHKEHHUE MOPSAIKa

1.1

1. 2xy'y" = y'* — 1.

2. y'"3 +xy" =2y

3. y'" = 2xy".

4, 2y'" — 3y’2 =0, y(0) =-3,¥'(0) =1,y"(0) = —1.
JIuneiiHbIe ypaBHEHHE ¢ OCTOSHHBIMU KO3 UIIMEHTaMU

5. y'+4y'+3y =0.

KonTtpouabnas pabora Neq4
Bapuant Ne3

YpaBHeHue, TOMYCKAIONINE TTIOHWKEHNE TIOPAIKA
1. y3y'" = 1.
2. y'2+y =xy".
3. xyV + 9" = e*.
2
4. x%y" —3xy' = 6% —4y, y(1) =1,y'(1) = 4.

2
JIuHeliHble ypaBHEHHE ¢ IOCTOSIHHBIMU KO3 duimentaMu
5. y'" —2y"'=0.

KonTtpoubnas paGora Ned

Bapuant No4

VYpaBHeHHe, JONYCKAIOLIHE MTOHWKEHUE TTOPsIIKa
1. y'2+2yy" =0.

2. y'+y'?=2e7V.



3. yylll + 3ylyll — O.

4, y"" =3yy’, y(0) =-2,y'(0) =0,y"(0) = 4,5.
JIuHelinble ypaBHEHUE C OCTOAHHBIME KO3 PUIMEHTAMU
5. 2y" =5y"+ 2y =0.

KonTtpouabnas padora Neq4

Bapuant Ne5

VYpaBHeHHe, OIYCKAIOLINE NOHUKEHUE OPsIKa

1. y'" = 2yy'.

2. xy"' =y" —xy".

3. y'y" =2y

4, y" cosy +y'?siny =y', y(—1) =%,y’(—1) =2.
JIuHeliHbIe ypaBHEHHUE C IOCTOSHHBIMU K03 urmenTamMu
5. y" —4y"+ 5y = 0.

Kountpoabsnas padora Ned

Bapuant Ne6

YpaBHeHHE, JONYCKAIONIHE TOHWKCHUE TTOPSIKa

1. yy" +1=y"

2. y'"? =92 41,

3. w'=y(+D.

4. yy" = 2xy'?, y(2) = 2,y'(2) = 0,5.

JIuHeliHbIe YpaBHEHHUE C TIOCTOSSHHBIMU K03 duiineHTaMu
5. y" +2y"+ 10y = 0.

Kontpoabsnas padora Ned

Bapuant Ne7

YpaBHEHHE, HOMTYCKAIONTNE IIOHWKCHHUE TTOPSIKA

1. y'"(e*+1)+y" =0.

2. y' =e”.

3. 5y""? — 3y"yV = 0.

4. 2y'" — 3y’2 =0, y(0) =-3,y'(0) =1,y"(0) = —1.
JIuHeWHbBIE YpaBHEHHE C TTOCTOSTHHBIMA KO3 QUITUSHTAMHI

5. y'+4y =0.

KonTtpouabnas pabora Neq4

Bapuant Ne8

VYpaBHeHHe, T0MyCKAOIIHe OHMKEHNE MOPSIKa

1. y'"' = y'"2

2. y" —xy" +y""3 =0.

3. vy +y'% = 1.

4, x%y" —3xy’ = %2 -4y, y(1) =1,y'(1) = 4.
JInHelHbIe ypaBHEHUE C TIOCTOSHHBIMU KO3 (QHUIUEHTAMH
5. y'"" =8y =0.



KonTtpouabnas padora Ned4

Bapuant Ne9

YpaBHeHHe, JONYCKAIOUINE TOHWKEHUE TTIOPSIJIKa

L oy =y*—y"

2. 2y'(y" +2) = xy'".

3. y'=xy'+y+1.

4, y"" =3yy', y(0) =-2,y'(0) =0,y"(0) = 4,5.
JIuneiiHble ypaBHEHHUE C IOCTOSHHBIMU K03 punmenramu

5. yV —y =0.

KonTtpouabnas paGora Ned

BapuanT Nel0

VpaBHeHHE, TOMYCKAIOIIHE TIOHWKEHHE TTOPSIIKA

1. y'" =2@" = Dctgx.

2. yt—y3y" =0,

3. xy'" =2yy' —vy'.

4, y" cosy +y'?siny =y', y(—1) =%,y’(—1) =2.
JIuHeliHble ypaBHEHHE C OCTOSIHHBIMU KO3 HUIIMEHTaMU
5. yV + 4y = 0.

KonTtpouabHnas pabora NeS

BapuanT Nel

JIunelHble ypaBHEHHMSI C TOCTOSIHHBIMU KO3 puiineHTaMu
yV + 64y = 0.

y"" —=3y"+ 2y =0.

y'+3y —4y =e 4+ xe V.

y'" — 8y’ + 20y = 5xe** sin 2x.
y'+2y"+y=0,y2)=1,y'(2) = -2.

ok wn e

KonTtpouabnas padora NeS

Bapuant Ne2

JIuHeliHble ypaBHEHHS C MOCTOSIHHBIME KO3 duimeHTaMu
y'=2y'"+y=0.

y +4y" + 3y = 0.

y" +2y' — 3y = x%e”.

y" —7y' + 10y = xe~?* cos 5x.
y'+y=4e*y(0)=4,y'(0) =-3.

Ok wheE

KonTtpouabnas pabora NeS

Bapuant Ne3

JIuHeliHble ypaBHEHHS C IOCTOSIHHBIME KO3 duimenTaMn
1. 4y" +4y"'+y=0.

2. y'" =2y — 3y =e**,

3. y" — 4y’ + 8y = e?* + sin 2x.



4. y'" —2y"+ 5y = 2xe* + e* sin 2x.
5. y" —2y"'=2e*,y(1) =-1,y'(1) = 0.

KoutpoabHnas padora Neb5

Bapuant Ne4

JIuHeiiHbIe ypaBHEHUS ¢ TOCTOSTHHBIMU K03 punmenramu
yV — 6y +9y"" = 0.

y"' +y=4xe*.

y"" — 9y = e3* cos x.

y' —2y'+y=2xe* + e*sin 2x.

y"' +2y"+ 2y =xe %, y(0) =y'(0) =0.

ok~ wn e

KountpoabsHnas padora Ne5

Bapuant Ne5

JIuHeiHbIe YpaBHEHHUS ¢ TOCTOSHHBIMU KO3 UIIECHTAMH
1. yV —10y"" +9y' = 0.

y" —y =2e* —x?

y' —=2y"'+y = 6xe*.

y" —8y' + 17y = e*(x? — 3x sinx.

y"' =y =0,y(0)=3y'(0)=-1y"(0)=1

gk~ wb

KonTtpouabHnas pabora NeS

Bapuant Ne6

JIunelHble ypaBHEHHMSI C TOCTOSSHHBIMU KO3 punineHTaMu

yV +2y" +y=0.

y" +y' — 2y =3xe*.

y"' +y = xsinx.

y"" +y' =sinx + xcosx.

y"" =3y =2y =9e**,y(0) = 0,y'(0) = —=3,y"(0) = 3.

o wbh e

KonTtpouabnas padora NeS

Bapuant Ne7

JIuneiiHble ypaBHEHHMsI C TOCTOSIHHBIMU KO3 puiineHTamu

ylll _ 3yn + 3yl —y= 0.

y" —3y" + 2y = sinx.

y" + 4y' + 4y = xe?*,

y"" —2y" +4y" — 8y = e?* sin 2x + 2x2.

y" +y" = 2cosx,y(0) = =2,y'(0) = 1,y"(0) = y"'(0) = 0.

o s e

KonTtposbHnas paGora NeS

Bapwnant Ne8

JIuHeliHble ypaBHEHHS C TOCTOSIHHBIME KO3 duimenTaMn
1. y"—=y"—y'"+y=0.

2. y" +y = 4sinx.

3. y' — 5y’ = 3x? + sin5x.



4, y"" — 60" + 8y = 5xe?* + 2e™ sinx.
5. y'+2y' +y=0,y2)=1y'(2) =-2.

KonTtpouabnas pabora NeS

Bapuant Ne9

JIuHeiHbIe YpaBHEHHUS C MOCTOSHHBIME KO3 DUIIMECHTAMH
yV —5y" + 4y = 0.
y" =5y’ + 4y = 4x%e
y"' —=2y"+ 2y =e* + xcosx.

y'+ 2y +y=x(e™ — cosx).

y" +y=4e*,y(0) =4,y'(0) =-3.

2x

ok~ wn e

KonTtpoubnas pabora NeS

Bapuant NelO

JIuHeliHbIe ypaBHEHUS ¢ TOCTOSTHHBIMU K03 punmenramu
yV + 8y’ + 16y’ = 0.

y" —=3y"+ 2y = xcosx.

y" + 6y’ + 10y = 3xe™3* — 2e3*cosx.

y'" —y" —y"+y=3e* + 5xsinx.

y'" —=2y"'=2e*,y(1)=-1,y'(1) = 0.

ok wn e

KonTtpouabnas padora Ne6
Bapuant Nel
JIuHeltHbIe CUCTEMBI C TOCTOSIHHBIMH KOA(QPHUIIMEHTaMU
1 { X=2x+y
' y =3x+4y
X=x+z-—-y
2 {y=x+y—z; A =1L1=21;=-1)

Z=2x—2z

3 {x=y+29t

' y =x+t?
2 -1 -1
4. x=Ax,A=1 0 -1
3 -1 -2

KonTtpoubHnas paGora Ne6

Bapuant Ne2
JIuHetHbIe CUCTEMBI C TOCTOSIHHBIMH KOA(PPHUIIMEHTaMU
X=x—-Yy
{y=y—4x

y=y—x+z; A =041,=21=-1)
Z=x—z
3 {Xzy—Scost
' y=2x+y

X=x—2y—z
2 {



1 -2 2
4. x=Ax,A=1 4 =2
1 5 =3

KonTpoabHas padora Ne6
Bapuant Ne3
JIuHelHbIe cCUCTEMBI C TOCTOSTHHBIMU KO3 dULIMEeHTaMU
{fc +x—-8y=0
1. .
y—x—y=0
X=2x—y+z
2 {y=x+2y—z; A =11,=2,13=3)

z=x—-y+2z
3 {J’C=3x+2y+465t
' y=x+2y
-1 -2 2
4, x=Ax,A=-2 -1 2
-3 -2 3

KonTtpoubnas pabora Ne6

Bapuant Ne4

JIuHelHbIE CUCTEMBI C TOCTOSIHHBIMH KOA(P(PHUIIMSHTAMH

XxX=x+Yy

L {y = 3y - 2x
XxX=3x—-y+z

2 {y=x+y+z;(Al=1,12=2,/13=5)
Z=4x—y+4z

3 {x =2x — 4y + 4e?
' y =2x—2y
-3 2 2
4. x=Ax,A=-3 -1 1
-1 2 0

KonTtpouabHnas pabora Ne6

Bapuant Ne5

JIuHetHbIe CUCTEMBI C TOCTOSIHHBIMH KOA(PPHUIIMEHTaMU

1 {x =x—3y

' y=3x+y

x =4y —2z—3x

2 { y=z+x ; A4 =11=21;=-1)
Z=6x—6y+5z

3 {x =4x +y—e?

y=y—2x
3 -3 1
4, XxX=Ax, A= 3 =2 2
-1 2 0

KonTpoabHas padora Ne6
Bapuant Ne6
JIuHEWHBIE CUCTEMBI C IOCTOSTHHBIMU KOA((QUITMEHTaAMH



XxX+x+5y=0
T A
y—x—y=0
X=x—-y—z
2. {y=x+y y (A =1,2,3 =14 2i0)
z=3x+z
3 {fc=2y—x+1
' y=3y—2y
2 1 -1
4 x=Ax,A=-1 0 1
1 1 0

KonTpoabHnas padora Ne6
Bapuant Ne7
JIuHeHbIE CUCTEMBI C TOCTOSTHHBIMU KO3 (UIIMEHTaMH
X=2x+y
b=4y—x
X=2x+y
|

1.

y=x+3y—2z; (A =2,1,3=3%1i)
z=2y+3z—x

3 {X=5x—3y+2€3t

' y=x+y+5et

0 1 1
4. x=Ax,A=1 0 1
2 21

KonTtpouabHnas pabora Ne6

Bapuant Ne8

JIuHeltHbIe CUCTEMBI C TOCTOSIHHBIMU KO3 pULInEeHTaMU
{55 =3x—y

1. .
y=4x—-y

{x =2x+2z—y

N

y=X+ZZ ; (/11 :1,/12,321_1.)
Z=y—2x—12z
3 {x=2x+y+et

y=-2x+2t
0 1 1
4. x=Ax,A=1 1 0
-1 0 1

KonTtpouabnas pabora Ne6
Bapuant Ne9
JIuHeltHbIe CUCTEMBI C TOCTOSIHHBIMH KOA(PPHUIIMEHTaMU
X =2y—3x
T
y=y—2x
X=4x—-y—z
2 {y=x+2y—z; (A, =2,4, =23 =3)
Z=x—-y+2z
xX=x+2y
3. {y =x —5sint



KonTpoabHas padora Ne6

Bapuant Nel0

JIuHelHbIe cCUCTEMBI C TOCTOSTHHBIMU KO3 dULIMEeHTaMU
1 {x —5x—-3y=0

y+3x+y=0
X=2x—y—2z

2. y=3x—2y—3z;, (1, =04, =4;=1)
z=2z—x+y

3 { X =2x—4y
' y =x — 3t + 3et

0 1 -1
4. x=Ax,A=1 0 -1
2 2 -3

Koutponupyemsie kommnerenuuu: OITK-1, OITK-3, I1K-2

Oyenka KomMnemeHYyull OCyuecmeisiemcs 8 COomeemcmeuu ¢ maoauyet 4.

Bomnpocsl k 3a4ery:

VYpaBHEHHUsI IEPBOTO MOPAAKA, PA3PELICHHBIE OTHOCUTEIBHO IIPOU3BOAHON.
YpaBHEHUs C pa3IeIAOIIUMUCS IIEPEMEHHBIMU U IPUBOIALINECS K HUM.
JIuneliHble ypaBHEHHs IEPBOTO NMoOpsaKa. MeTon Bapranuu oCTOSTHHOM.
VYpasuenue bepuymum. Ypasaenue Pukarru.

VYpaBHenus B noiHbeix Auddepennmanax. Heodxoammoe u 1ocTatoyHOE yCIOBHE
Olinepa. UHTErpupyromuii MHOXKUTEb.

ko

6. [TpuHIMI CKATBIX OTOOPAKEHUH.
dy
7. Teopema cyI1ecTBOBaHUS U €IMHCTBEHHOCTH PELLIEHUS yPaBHEHUS x =f (X, y).
X
8. Teopema 0 HENMPEPHIBHOM 3aBUCUMOCTH PELIECHUS OT MapaMeTpa U OT HadaJIbHbBIX
YCIOBUH.
dy
9. Oco6ble Touku. OcoOble pereHus ypaBHEHHS ax = f (X, y).
X
10.  JIuddepeHnmanbHbie ypaBHEHUS, HE pa3pelIeHHbIE OTHOCUTEIHHO MPOU3BOIHOM.

Merton BBeeHHS TapaMeTpa il YpaBHEHUN BUIA F(X, Y, y') =0.
11.  Vpasuenue Jlarpanxa, ypasuenue Kiepo.

12. Teopema cymecTBOBaHUS M €AMHCTBEHHOCTH PEIICHHUS YPAaBHEHHS F(X, Y, y') =0.
13.  OcoOble TOUKH U 0COOBIE pelIeHUs] YpaBHEHUS F(X, Y, y') =0.
14.  CaezneHue ypaBHEHHUH N-TO mopsaka K cucreme N auddepeHnnanbHbIX YpaBHEHUH

1-ro nmnopsaka. Teopema cCymiecTBOBaHMSI U €AMHCTBEHHOCTH pEIICHHUS YpaBHEHUS

y®™ = f(x, VoY e y(”‘l)).

15.  TIlpocreiimme cayyau NOHUKEHHS MOPSAKA.

16.  Jluneiinble nquddepeHnmanbHbe ypaBHEeHH N-ro nopsiaka. CBoicTBa TMHEHHOTO
oreparopa.

17.  TeopeMbl 0 pelIEHUAX JUHEHHOIO OJHOPOJHOIO YPAaBHEHMsI N-TO MOPSIKA.

DyHIaMeHTaIbHAsA CUCTEMA PEIICHUM.
18.  ®opmyna Octporpaackoro—JInyBuis.



19.  JluneiiHble OIHOPOJOHBIC YpPAaBHEHHS C MOCTOSHHBIMH K03 duumeHramu.
Pa3nuynble ciydan KOpHEH XapaKTepUCTUYECKOTO YPaBHEHHSI.

20.  VYpaBuenus Diinepa. IIpeoOpazoBanme ypaBHEHUs ODiijiepa B YpaBHEHHE C
MOCTOSTHHBIMH KO3 HUITIEHTaMH.

21. JIuHeliHbIE HEONHOPOJHBIE ypaBHEHUSA N-TO MOpsAKa. TeopeMbl O pEelIeHUsAX
JMHEHHOr0 HEOTHOPOJAHOTO YpaBHEHUSI.

22.  Meroa BapHaluy MOCTOSHHBIX.

23.  JluneliHble HEOJHOPOJHBIC YpPAaBHEHUS C TIOCTOSHHBIMH KO3 UIIHEHTaMHU.
Meton HeonpeaeneHHBIX KO3 PUITECHTOB.

24.  UarerpupoBanue auddepeHInaIbHbIX YpaBHCHMH TIPU  TIOMOIIU  PSIOB.
[Tepuonuueckue pemenus 1udHepeHInaIbHBIX YpaBHEHUH.

25. Merox Mmasioro mapaMerpa M €ro MNpUMEHEHHE B TEOPUU KBa3WJIMHEHHBIX
KOJICOaHUH.

26. KpaeBas 3agaua.

27.  Pemenue kpaeBbIX 3a1a4 MetogoM (ynkiun ['puna. CBoiictBa ¢pynkuuu ['puna.
[Toctpoenue dpynkiuu ['puna.

28.  Cucremsl g hepeHIMATEHBIX YpaBHEHUH. OcHoOBHBIE MOHSTHSL.
['eomeTrpuueckass u (u3uUeckass HHTEpIpEeTalysl pelieHus cucTeMbl auddepeHIanIbHbIX
YpaBHEHUM.

29, WHTerpupoBaHue CHCTEMBI IyTEM CBEACHUS K OJIHOMY YpaBHEHHUIO Ooliee
BBICOKOT'O TIOPSI/TKA.
30. HaxoxeHue nHTerpupyemMbix KOMOUHAIUH.

KonTtpomupyemsie kommerennuu: OITK-1, OITK-3, T1K-2

Oyenka KomMnemeHYyull OCyuecmeaisiemcs 8 COomeemcmeuu ¢ maoauyet 4.

Bonpocsl k 3k3ameny:

YpaBHEHMS IEPBOTO MOPS/IKA, Pa3pPEIIEHHBIE OTHOCUTEIBHO IIPOU3BOAHOM.
VYpaBHeHUs ¢ pa3fesioUMUCs TEPEMEHHBIMU U TPUBOIALINECS K HUM.
JIuneiinble ypaBHEHMsI IEPBOTO NMopsiika. MeTox Bapraliiy MOCTOSHHOM.
VYpaBuenue bepnymn. YpaBHenue Pukarru.

VYpaBHeHus B noaHbIx Auddepennnanax. Heobxonumoe u J0CTaTOUHOE YCIOBUE
Oilinepa. nTerpupyromumii MHOXXUTEb.

AR A

6. [TpuHIMI cKATBIX OTOOPAXKEHUH.
dy
7. Teopema CymiecTBOBaHUS M €JMHCTBEHHOCTH PEIICHHS YPAaBHEHHS i = f (X, y).
X
8. Teopema o HeNMpPepHIBHOW 3aBUCUMOCTH PELICHHS OT IMapaMeTpa u OT HadaIbHBIX
YCJIOBUM.
dy
9. OcoOsbie Touku. OcoOble penieHns ypaBHEHUS i = f (X, y).
X
10.  duddepenuunanbHble ypaBHEHUS, HE pa3pelIeHHbIe OTHOCUTEIbHO MPOU3BOAHOM.

Merton BBeZieHUS TapameTpa Il ypaBHEHUH BUIA F(X, Y, y') =0.
11. VYpasuenue Jlarpanxka, ypasaenue Kiepo.

12. Teopema cyliecTBOBaHUS U €IMHCTBEHHOCTH PEIICHUs] yPaBHEHUS F(X, Y, y') =0.
13. OcoOble TOUKH U 0COOBIC PEIICHUS] YPaBHEHUS F(X, Y, y') =0.
14.  Caegenue ypaBHEHHUH N-ro mopsika K cucreMe N nuddepeHanbHbIX ypaBHEHUN

l-ro nmnopsaka. Teopema cCymiecTBOBaHMSI M €OUHCTBEHHOCTH PpELICHHUS] YpaBHEHHUS

y" = f(x, Y, y',...,y(”’l’).

15.  Ilpocreiimme cayyan MOHUKEHUS MTOPSIIKA.



16.  Jluneiinble nuddepeHnmanbable ypaBHeHHS N-ro nopsiaka. CBoicTBa TMHEHHOTO
orepaTopa.

17.  Teopembl O pemIEHUSX JIUHEHHOTO OJHOPOJHOTO YpaBHEHHsS N-TO TOPSIKA.
DyHIaMeHTaIbHAsA CUCTEMA PEIICHUM.

18.  ®opmyna Ocrporpaackoro—JInyBumis.

19.  JluneliHble OJHOPOJHBIC YpPAaBHEHUS C TOCTOSIHHBIMH KO3 (UIIMCHTAMH.
Paznuunble ciyyan KOPHEN XapaKTepUCTUYECKOIO YPaBHEHUS.

20. VYpaBuenus DOiinepa. I[IpeoOpa3oBanue ypaBHEHHS Dijepa B ypaBHEHHE C
NOCTOSIHHBIMU K03 punmenramu.

21.  JluHeliHble HEOIHOPOJHBIE YpaBHEHUA N-r0 MopsAaka. Teopembl O pelIeHUSIX
JMHEWHOTO HEOJHOPOAHOTO YPAaBHEHHS.

22. MeTton Bapualuy MOCTOSTHHBIX.

23.  JluHeiliHBIE HEOJHOPOAHBIC YPaBHEHUS C IOCTOSHHBIMH K03 duumenramu.

Merton HeonpeaeneHHbIX KO3 PHUIHEHTOB.
24.  HuterpupoBanue udQepeHnaIbHbIX YpaBHEHHH TpU  TIOMOIIM  PSIOB.
[Tepuonuueckue pemenus auddepeHInalIbHbIX YpaBHEHU.

25. Merox Maioro mapamerpa M €ro NPUMEHEHHE B TEOPUU KBAa3HIMHEHHBIX
KoJIeOaHUH.

26.  KpaeBas 3agaua.

27.  Pemenue kpaeBbIX 3aj1a4 MetoaoM (pyHkuun ['puna. CoiictBa ¢pynkuuu ['puna.
[Toctpoenne ¢pynkuuu I'puna.

28.  Cucremsl b hepeHIaTbHBIX YpaBHEHUH. OcHoOBHbIE MOHSTHSL.
['eomerpuueckass W (u3myueckass WHTEPHpPETAlMs peIIeHUs CUCTeMbl audQepeHnrnanbHbIX
YpPaBHEHUU.

29.  HuTerpupoBaHWE CHCTEMBI ITyT€M CBEACHHS K OJIHOMY YypaBHEHHIO Oolee
BBICOKOTO MOpSAKA.

30.  HaxoxaeHne MHTETPUPYEMBIX KOMOMHAITHIA.

31.  Cucrembl JuHEHHBIX JU(QepeHIHaTbHbIX ypaBHEHUH. TeopeMbl O pelIeHUsX
CHCTEMBI JIMHEHHBIX MU PepeHIINaTbHBIX YPaBHEHUH.

32. Mertoa Bapualvy MOCTOSTHHBIX.

33.  Cucrempl JnUHEWHBIX IU(GGEPEHIUATBHBIX YpPaBHEHHH C  MMOCTOSHHBIMH
ko3 dunrentamu. Paznuunble cirydan KOpHel XapakTepUCTHUECKOTO YpaBHEHHUS.

34.  OmnpexneneHne yCTOMUYUBOCTH PEUICHUS CUCTEMBI MU (HEepeHITNATBFHBIX YpaBHEHUI
1o JIAmyHoBy.

35.  OmnpezneneHne aCUMITOTUYECKON YCTOHYMBOCTH. ToOUKa MOKOS.

36.  IIpocreiimme TUIIBI TOUEK TOKOSI.

37.  Bropoii meron JlsmyHoBa. Teopema JlsmyHoBa 00 ycroitumBoctu. Teopema
JIsmyHOBa 00 aCHMOTOTHYECKONW YCTOWYMBOCTH.

38.  Teopema YeraeBa 0 HEYCTOWYHBOCTH.

39.  MHccnenoBaHue Ha yCTOHYHMBOCTH IO MEPBOMY IPUOINKEHUIO.

40.  Teopema JIsmyHOBa 00 MCCIICIOBAHHUH IT0 IIEPBOMY TIPHOIFIKEHUTO.

41.  Ilpu3HaKH OTPULIATEIILHOCTH JEHCTBUTENBHBIX YacTe BCeX KOPHEW MHOTOYJICHA.
Teopema ['ypBuna.

42.  Cnyyaiif Manoro ko3¢ ¢uienTa npu Nporu3BOAHOM BBICIIETO MOPSIKA.

43.  OmpeneneHue YCTOHYMBOCTH TPH TIOCTOSHHO JEHCTBYIOIIUX BO3MYIICHHUSIX.
Teopema MainkuHa.

44.  Teopema KoBaneBckoii O CyIIECTBOBAaHMM M €IMHCTBEHHOCTH pEIICHUS
YPaBHEHHSI B YACTHBIX NPOU3BOHBIX.

45.  JluHeliHble OJHOPOAHBIE U KBA3WIMHEHHBIC YPAaBHEHUS B YACTHBIX NPOU3BOIHBIX
IIEPBOTO NOpsKa. XapaKTEPUCTUKU YPaBHEHUM.

< oz
46.  Teopema 00 00IIEM pEIICHUH YPaBHEHHUSI Z X, (Xl, Xy yeres X, )— =0.



47. OnHOpOIHBIE U HEOTHOPOIHBIE YPAaBHEHHS B YACTHBIX MPOU3BOIHBIX OT (PYHKIUU
N IEpEMEHHBIX.

48. Bapuanmonnoe uicuncnenue. Bapuanus pyHKIIMOHANIA U €€ CBOMCTBA.

49.  OcHoBHas TeopeMa BapHallHOHHOTO UCYUCIICHUS.

50.  OcHoBHas leMMa BapHALlMOHHOTO HCYHCIICHHUS.

51.  Ilpocreiimas 3a1aya BapUAMOHHOTO UCYUCIICHUS C HEMOBUKHBIMU I'PAHUIIAMHU.
VYpaBuenue Ditnepa.

52. [Ipocreiinye ciiydyan HHTETPUPYEMOCTH YpaBHEHUs Dijepa.

X
53. DyHKIIMOHATIBI  BUJA IF(X, yl,yz,...,yn,y'l,...,y'n)dx. CucremMa ypaBHEHHI
Xo
Ditnepa.
54, DyHKIUOHABI, 3aBUCAIIME OT IPOU3BOJIHBIX 00Jiee BBICOKOTO TMOpSAKA —
X
j F (X, Y,y e, Y™ )dx. VYpaBuenue Ditnepa—Ilyaccona.

Xo

55. DYHKIIMOHAIBI, 3aBUCAIINE OT (PYHKIIUH HECKOIBKUX HE3aBUCHMBIX MEPEMEHHBIX
07 oz
— ” F| X,¥,z,—,— |dxdy . YpaBaenue OcTporpaackoro.
5 ox Y
56. [pocreiimas 3aza4a c IIOIBYKHBIMA IpaHUIIAMH. Venosue
TPaHCBEPCATBHOCTHU. Y CIOBHE TPAHCBEPCAIBHOCTH.
57. Bapuanmonnass ~ 3agavya  Ha  yCJOBHBIA  dkcTpemyMm.  CBs3u  Buza

¢(X’ yl’ yz’---y yn):O.

Xy

58. Teopema 00 »5KcTpemyMe (YHKIHOHANA IF(X, yl,yz,...,yn,yi,...,y;])dx npu

Xo
HAJINYUH YCIOBUH @, (X, Yis Yoreens yn): 0 (i=12,...m; m<n).
59.  HMsonmepumerpuueckas 3aaaya.

Kontponupyemsie kommnerenuuu: OITK-1, OITK-3, T1K-2

Oyenka KomMnemeHYyull 0Cyuecmeisiemcs 8 COomeemcmaeuu ¢ maoauyet 4.

Metoaunyeckue marepuajbl K Kypey «luddepeHunanbHbie ypaBHEHUD)

JAudppepennmnaibabie ypaBHEeHHS NEPBOro MOPsAKa.
1. ITonsitne 1 depeHHATBLHOIO0 YPABHECHHS.
Onpeoenenue. JludpdepeHManbHBIM  yYpaBHEHHEM N-TO  TOpSAAKa  Ha3bIBaeTCA
COOTHOLICHUE BUJA

F(xy;y;...y™)=0 (1.1)

MEKILy He3aBHCHMBIM IIEPEMEHHBIM X, ero GyHKumeil y n nponssoxusmvu Y, Y”,..., Y™,
OyHkua Yy = (p(X) HazbIBaeTcs penieHueM auddepennuanbaoro ypasHenus (1.1), ecnu
nocre 3amenst y Ha @(X), y'Ha ¢'(X), ..., y™ Ha (p(”)(x) — YpaBHEHHE MPEBPAIIACTCS B

CHpaBEAIIUBOE TOXKIECTBO.
JuddepenunansHoe ypaBHeHue |-ro mopsiaka uMeeT BUI:

F(x;y;y')=0 (1.2)



Huddepenunansuoe ypaBuenue |-ro mopsiaka (1.2), paspemieHHOE OTHOCUTENBHO Y’

3aIMKChIBACTCS B BUJIE:
y'="f(xy) (13)
u Ha3pBaeTcs auddepeHUMANTBHBIM  ypaBHeHHeM | mopsaka, pa3pemieHHBIM
OTHOCHUTEJIBHO MPOU3BOIHOM.
I'padpuk  pemenus auddepeHnnanbHOr0  ypaBHEHUs OyleM  Has3bIBaTh
WHTErPAILHON KPUBOM.

2. luddepeHunaibHoe ypaBHEeHHE PAAHOAKTHBHOIO pacnaja.

3aodaua. 3a 30 nueir pacnanocs 50 % nepBOHAYAIBHOTO KOJIMYECTBA PaJMOAKTUBHOIO
BelecTBa. Yepes ckoJIbKko HeW ocTaHeTcs | % BeniecTBa OT IepBOHAYAIBHOTO KOJIMYECTBA?

Pewenue. 3akoH PaauOAKTHBHOTO pacmaja: KOJMYECTBO PAJUOAKTUBHOTO BEIECTBA,
pacrnajaromerocss 3a €IUHHUILy BPEMEHHU, MPOIMOPIHMOHAIBHO KOJMYECTBY 3TOrO BEIECTBA,
HMMEIOIIIETOCS B pacCMaTPUBAEMBbIII MOMEHT.

O6o03naunM vepes Q(t) KoMuecTBO pajOaKTHBHOTO BEIIECCTBA B MOMEHT BpeMEHH t.

3a mpomexxyTok BpeMeHu OT t 10 t + At pacmamaeTcsi KOTUYECTBO BEIIECTBA PABHOE, C
onHoi ctoponsl — Q(t + At) — Q(t), ¢ mpyroii CTOpOHBI, COrJIaCHO 3aKOHY PaHOAKTHBHOIO
pacmama — KkQ(t')At, rme t'e (t;t +At), kK — xoodpduimeHT IpOmopHHOHATBHOCTH.
CrnenoBaTenbHO, UMEEM PABEHCTBO:

Q(t +At) - Q) ~ — kQ(t')At,

%0054

QUt+AY-Q) _ | 1
* ~ -kQ(t").

Cumrast pynkimoo Q(t) muddepenuupyemorn u mepexons K mpereny npu At — 0,
noxyauM nuddepeHnuaibHoe ypaBHEHHE

dQ(t)
gt kQ(t)
NN
Q'(t) =—kQ(t)
Pemenuem nonyueHHoro n1u¢depeHInanTbHOr0 ypaBHEHUs SABISIETCS (PYHKLUS:
Qt)=C-e™.

[Tpu t = 0 umeem: Q0)=C = QO — MepBOHAYAITHPHOE KOJUYECTBO BEIIECTBA.

CJ'ICI[OB&TGJ'IBHO, pacnan paanoaKTHUBHOT'O BEIICCTBA OITMUCHIBACT (bYHKHHHZ
—kt
Q(t) = Qo e ..

[To ycnoButo 3a1a4m UMeeM:
1
Q(t) |t:30 - EQO

I
1 _ —kt _ -30k
EQO = Qoe ‘I:SO - Qo "€

nim

T.C.



30k =1In 2.
CieqoBaTeIbHO:
k = i In2;
30

Taxum 06p8.30M, IMOJIY4YHIIN:
In2

Q(t) = Q.e * ;

1
Ocraochk HaliTH Takoii MoMeHT BpeMenu t korma Q(t) = m Q.-
Nmeewm:
1 In2, In2

1 6 _0e ™ — _In100=_"%¢
100 = Qe ¥ = 30

._30In100 _60In10 _ 60-2,303
n2  In2 0693

Takum oOpazoMm, 1 % OT HepBOHAYATBLHOTO BEIISCTBA OCTAHETCS MPUMEpHO yepe3 199

~ 199.

THEH.

Omeem: 199 nHem.

W3 paccmarpuBaeMoro npumepa BUIHO, YTO AU(PepeHInaIbHOMY YPaBHEHHIO BUAA

y'=—ky

YIOBJIECTBOPSIIOT OYE€Hb MHOTO (PYHKIIHIA, 2 IMCHHO ()YHKITHH BHJIa

y =ce ™.

B Teopun auddepeHnnaibHbIX YpaBHEHUH BEUHBIM TEOPETHUYECKUM BOTIPOCOM SIBIISIETCS
BOIPOC O TOM, HACKOJBKO MHOTO penieHuid umeeT auddepeHanibHoe ypaBHEHHUE.
OkaspiBaeTcsi, 4T0 Kaxjaoe auddepeHnanbHOe ypaBHEHHE HMeeT OECKOHEYHOE MHOXKECTBO
pEelIeHui, W TO3TOMY MPUXOJUTCA CTAaBUTh BOMNPOC HE O YHCIE PEIIeHUH TaHHOIO
nudepeHIalIbHOTO0 YPaBHEHHS, @ O TOM, KaK MOXXHO OMHCAaTh COBOKYITHOCTh BCEX pEeIIEHUMN
nanHoro auddepeHnnansHoro ypaBHeHus. OTBET Ha 3TOT BOIPOC JIA€T TEOpeMa CYIIeCTBOBaHUS
Y €IMHCTBEHHOCTH pelieHus mudpepeHInaibHOr0 ypaBHEHHUS.

3. Teopema cymecTBOBAHMA M €JUHCTBCHHOCTH pemieHus AuddepeHnnanbHOro
YPaBHeHHs NepBoro nopsaka. 3agaya Kommu.

Teopema (0 cywiecmeosanuu u eOUHCMEEHHOCMU peuleHus OuggepenyuanvbHo2o
YPAaGHeHUA nepeo2o nopaoka).

[Iycts

y'=f(xy) (13)
g depeHInaTbHOe YpaBHEHNE IEPBOTO MOPSIKA.

Iycrs Gpymknus f = (X;y) 3a1aHa Ha HEKOTOPOM OTKpPEITOM MHOKecTBe D mmockoctu R”.
of
[Mycte pynkuun f(X;y) u ay(X; y)e C(D)..

Tornma:
1) V(Xy:Y,)eD cymectsyer pemenue Yy = @(x)ypasnenus (1.3), ynoBneTsopsiomiee

YCIIOBHIO:
(P(Xo ) =Y



2) ecnu ABa peuieHus Y = go(X) uy= l//(X) ypaBHenus (1.3) coBmamaer xoTs Obl AJis
OJHOIO 3HaueHus X = X,, T.. €Cln (0(X0)= z//(xo), TO 3TU PEUICHHs TOXKJIECTBEHHO PaBHBI AJIs

BCEX TEX 3HAYCHUH MEPEMEHHOTO X, JIJIsl KOTOPhIX OHU 00a OIpe/IeNIeHbI.
['eomeTpuueckoe copep:kaHue TEOPEMBI 3aKJIIOYACTCS B TOM, YTO 4epe3 KKy TOUKY

(XO; Yo ) € D mpoxoauT oHa ¥ TOJILKO OJTHA MHTErpalibHast KpuBas ypaBHeHus (1.3).
WuTerpanbpHas KpuBas — rpaduk pemeHus y = (p(X) ypaBHeHus (1.3).
3aoaua Kowwu. Ilycte nano nuddepenumansHoe ypaBHenue | nmopsaka y' = f(X;y).
IMycts hynkmus f (x;y) onpenenena B o6nactu D € R?, (Xo; yo)e D;
Pemute 3anauy Komm nns ypaBHenus (1.3), 3HauuT HaliTH QyHKUMIO Y = @(X) TaKyto,

4TO!
a) y = @(x) — pewenue ypasuenus (1.3);

6) ¢(Xy) =Y,-
Venosue Y, = @(X,) — Oyaem Ha3bIBaTh HAYaJIbHBIM YCIOBHEM.
Onpeodenenue (oouee peurenue ougpepenyuanvhozo ypasuenusn | nopsaoka).
[Iycth
y'=1t(xy) - (13)
nmuddepenmansHoe ypaBHeHue, riae dynkims f(X;y) onpenenena B obmactn D e R?;
GyHKIUIO Y = (p(X; C) OyzneMm HasbIBaTh OOIIMM pelieHrneM ypaBHeHus (1.3), ecnu:
a) Ve ¢yuxuus Y = go(X; C) pemieHue ypaBHeHus (1.3);
0) V(XO; yo)e D e, : (p(XO;CO)z Yo, T.€. 1L KaXJ0# Touku (X,;Y,) € D 3c,: rpaduk

byHkuuu Yy = (p(X; CO) HPOXOJUT Yepe3 TOUKY ( X,; Yo );
Onpeoenenue (wacmmnozo pewtenusn ougpgpepenyuanvrozo ypasuenus | nopsaoka).
Pemenue ypaBuenus (1.3)

y= (/’(X; Co)

npoxoJsiiee yepes Touky ( X,;Y,) € D Ha3bIBaeTCs €ro YacTHBIM PEIICHHEM.

4. TI'eomerpuueckass uHTepnperanus Au@depeHuranbHOI0 YpaBHEHHs IMEpPBOro
nopsaKa.
Pacemorpum auddepennmansuoe ypaBuenue | mopsiaka
y' = f(xy), (1.3)
rae ¢pynkuus f(X;y) onpenenena B o6mactu D € R®. Dto ypaBHEeHHMe 3a1aeT B KakIOil

touke (X;y) obnactu D 3Hauenue yrimoBoro koddduimenTa kacaTeIbHOW K IPOXOIAIIEMY Yepe3
3Ty TOuKy rpaduky pemenus ypaBuenus (1.3). T.e. ansa kaxmoit Touku (X;Y) MOKHO BBIYUCIHUTD

d .
IIPOU3BOJHYIO d—y CrnenoarenbHo, nupdepenuuansioe ypaBHeHue (1.3) B kaxaoil Touke
X
obsactu D 3amaeT HamnpaBiieHHe KacaTelbHOM, onpeensieMoe 3HaueHueM f(X;y).
MHOXECTBO TaKWX HAMpaBICHUH 00pa3ylOT Mojie HampaBieHH auddepeHInaibHOro
ypaBHenus (1.3).



CrnenoBaTenpbHO, HaxoxAeHUE pemieHus auddepeHmaipHoro ypaBHenus (1.3)
3aKJIIOYAETCs B HAXOXKJICHUM KPUBOHM, HA3bIBAEMOM WHTETPAJIbHOM KpPUBOM, HaIpaBICHUS
KacaTeJIbHOM K KOTOPOU B Ka)KJIOM TOYKE COBIAJAET C HAIIPABICHUEM ITOJIS.

Ilpumep 4.1. y' = Y
X

d . . .
Nwmeem: d_y = X. B kaxmo# Touke, omiimunoi ot Touku (0;0), yrioBoit koddduimeHt
X X
KAacaTeJbHOM K HCKOMOW HWHTErPAJIbHOM KPUBOM pPABEH OTHOULICHUIO X; T.€. COBIIANACT C
X

YIJIOBBIM KO3((PUIIMEHTOM MPSIMOiA, HAITPABJICHHON M3 Hayalla KOOPAWHAT B Ty ke TOUKY (X,Y).
O4eBHIHO, YTO UHTETPAIIbHBIMU KPUBBIMU B JJaHHOM ciy4yae OyayT MpsiMble Y=CX,T.K.
HaIlpaBJIEHUE ITUX MPSAMBIX BCIOJy COBIIAJIa€T C HAIIPABICHUEM IIOJIA.

5. JTuddepenuunaibubie ypaBHeHust Buaa Yy’ = f(x).
Paccmotpum nuddepennmanbHoe ypaBHEHHE
y'= f(x) (5.1)
B atom mpocreiiiem ciiydae, Kak ciaeayeT U3 Kypca UHTErpajibHOro UCUMCIICHUS, o0Iee
peuienue ypaBHeHus (5.1) 3anuceiBaeTcs B BUJE:

y =J' f(x)dx+C, (5.2)
KOTOPOC COACPIKUT NPOU3BOJIbLHYIO ITIOCTOAHHYIO C. Ecnu n3BecTHO HavaIbHOE YCJIOBHE
Y(%)= Yo,
TO COOTBCTCTBYIOIICC YaCTHOC PCIICHUEC UMCCT BU/:
Xy
y=y, + LO f (x)dx. (5.3)

6. {uddepeHunanbHbie ypaBHEHUS C pa3/ieIeHHbIMH NepeMeHHbIMU.
Onpeodenenue. lnddepeHnmansHoe ypaBHeHUE BUA!
fz(y)dy =f; (X)dX (6.1)
Ha3bIBaeTCs MU depeHInalIbHBIM YPaBHEHUEM C Pa3/IeIeHHBIMU TIEPEMEHHBIMU.
[Tycts Gyukumn f; (X) u f, (y) — HenpepbiBHbIE QyHKIMH. [Ipeanonoxum, yto GyHKIUSA
y(X) sBseTcs pemenneM ypaBHeHus (6.1). Torna npu moactanoBke GyHKImU Y(X) B ypaBHEHHE
(6.1), momy4YrM TOXKAECTBO, UHTETPUPYS KOTOPOE MOTYUHM:

[ f.(y)dy = [ f,(x)dx+C, (6.2)
rae C - mpou3BOIbHAs TTOCTOSHHASL.
Ilpumep 6.1. Pemim ypaBHenue: xdx+ ydy =0.

Nmeewm:
2 2

X
jxdx+_|'ydy=C:7+y?=C =x*+y*=2C,

— CEMENCTBO OKPYKHOCTEH C IIEHTPOM B Hauajie KOOPJMHAT.



7. InddepeHnuaibHbie ypaBHEHHS ¢ Pa3IesIlOIMMMHUCS epeMeHHbIMU.
Huddepenunanbupie ypaBHEHUS BUAA:
y'=f,(x)- £,(y) (7.)
Ha3bIBAIOTCS TU(GepeHINATbHBIME YPAaBHEHUSMH C Pa3AeIsIOIIUMUCS TePEMEHHBIMU.
VYpaBHenus (7.1) MOKHO MPUBECTU K YPaBHEHUIO C pa3elICHHbIMU [IEPEMEHHBIMH, & UMEHHO K
BUY:
101, 0y)
dx 7 7
WIH

1

()

3aMeTI/IM, 4TO IIpu OCICHHUH Ha (bYHKI_II/IIO f2 (y) MOJXHO IOTEPATh YaCTHOC PCIICHUC, a

dy = f,(x)-dx

MMEHHO perenue Y = Y(X) npu kotopom dynkuus f, (y) oOpaiaercsi B HyJb, a eciu (QpyHKIus
f, (y) pa3pbIBHAsI, TO BO3MOJKHO TTOSIBJICHHE JINIITHUX PEIICHUH.

Ilpumep 7.1. Petium ypaBHEHUE: X(1+ y? )dX - y(1+ X’ )dy =0.
ydy  xdx

Umeem: X(l+ yz)dX= Y(1+ Xz)dy = 1+y2 1+x

2

= In(1+ y2)= In(1+ x2)+C =

(1+ yz): C(1+ xz).

8. IlonsiTHe OPTOrOHAJIBHBIX TPACKTOPHI.
Onpeodenenue. OpPTOTOHWIBHBIMU TPACKTOPHUSMH 33JaHHOTO CEMEWCTBAa KPHUBBIX
HAa3bIBAIOTCA JIMHHUU, IICPECCKAOINUEC JIMHUN JaHHOT'O ceMelcTBa noa npsAMbIM YTJIOM.

Ipumep 8.1. Haiiem opTOroHaIbHEIE TPAGKTOPUHU ceMeiicTBa mapabon Y = ax”’.
Vrnossie koaddurmentst — K, u K, , KacaTenpHbIX K KPUBBIM JAHHOTO CEMEHCTBA U K

HCKOMBIM OPTOTrOHAJIBHBIM TPACKTOPHUAM IOOJIKHBI B Ka)KI[OI\/'I TOYKEC YAOBJICTBOPATH YCJIIOBHIO
OpPTOIrOHAJIbHOCTHU:

Y
X2

o 2
I[HSI CEMCUCTBA napa60J1 y=ax ", T.K. a= , HAXOOHUM:

k1=2ax=2-l2-x=ﬂ.
X X

CJ'ICI[OB&TGJ'IBHO, ILI/I(I)(bepeHLII/IaHLHOC YpaBHCHHUEC HUCKOMBIX OPTOTOHAJIBHBIX TpaCKTopI/Iﬁ
HUMECT BUA:

, X
y__2_y’

nim
dy X

i

2ydy +xdx=0.



HHTerpupys Moay4eHHOe YPaBHEHUE, TOTYUUM:
2
X 2 2
—+y =C
> y

— CEMEICTBO DJIJIMIICOB.

9. Iuddepennuanbubie ypapHenus suaa y' = f (ax + by).

Paccmotpum nuddepennunanbHoe ypaBHEHUE BUIA:

ﬂ: f (ax+by), (9.2)
dx
rae a u b — nocrosHHbie BenmuuuHbl. YpaBHeHue (9.1) 3aMeHOM nepeMeHHOM
z=ax+ by
npeoOpas3yeTcsi B ypaBHEHHE C pa3IeIIONIIMHCS TIEPEMEHHBIMU.
JIeliCTBUTENBHO:
9 _ a+b dy
dx dx
U
gz =a+b-f(x)
dx
I
dz
= —dx
a+b-f(z)

— ypaBHEHHUE C pa3/ieJICHHBIMH [TEPEMEHHBIMHU.
Ilpumep 9.1. Pemium ypaBHeHuE: y' = 2X+ Y.

CrnenaeM 3aMeHy IEPEMEHHOM:

Z=2xty
Torna nomyuunm:
: : dz dz
7’'=2+y = —=2+1=> ——=AdXx= InR+z)=x+C=> 2+z=e"=
dx 2+12
z=e""-2.
YuutsiBas 3aMCHY, MIOJIYUUM:
y=e"""-2x-2.

10. 3aga4ya 0 KOHIEHTPALMH.

3aoaua. B cocyn, copepxamuii 10 JUTpOB 4YMCTOM BOABI, HENPEPHIBHO IOCTYMAET
pacTBOp CO CKOPOCTHIO 2 JIUTPA B MUHYTY, B KaKJOM JINTpe KOTOporo coaepxkurcs 0,3 Kr comu.
[Toctynaromumii B cocy1 pacTBOp NEPEMEIINBAETCS C BOJIOM, M CMECh BBITEKAET U3 COCYZA C TOU
e cKopocThio. CKOJIBKO coiu OyZIeT B cocyie 4epe3 5 MUHYT?

Pewenue. Ilycts y(t) KOIMYECTBO COJIM B COCYAE B MOMEHT BpeMeHH t. Paccmorpum

BPEMEHHOMN MHTEpBaJ (t; t+ At] .



y(t)

3a Bpemss At B cocyn mocrymaer 0,3-2- At Kr cojH, a BHITEKAeT — BT 2- At xr. conu,

rae t' e (t;t+At).
C.HeI[OBaTeJIBHO, MOKHO HalmucaTtb, 4TO
y(t + At) — y(t) = 0,6At —0,2y(t")At,

nimn

YA =0 L o6-02y(t).
At
Ilepexons x mpezeny B nocieaneM pasenctse npu At — 0, momyunm:
y'() =06-02y(t).
HOqueHHoe YpaBHCHHEC ABJISACTCA YPABHCHUCM C PA3ACIAOIMIUMHCA IICPEMCHHBIMU.
P%Heﬂﬂﬂ IMEPEMCHHBIC U UHTCIPUPYS TOJTYUCHHOC YPAaBHCHUC, ITIOJTYyYHUM!

0,6?—y0,2y =dt= % =-0,2dt = In(y—-3) =-0,2t = y=3+Ce ™%,
VYuuTeIBas Ha4aJIbHOE YCIOBUE
y(0) =0,
MOJTYYUM:
c=-3.
CrnenoBarenbsHO,
y=3-3"*,

IIpu t = 5 momyyaem:
y(5) =3-3e™ =19xkr.
Omeem. Yepes 5 MunyT B cocyze Oyzaet 1,9 xr comnu.

11. Onnopoanbie tu¢¢epeHnANbHbIC YPABHEHHS NIEPBOIo MOPSAKA.
Onpeoenenue. Oyuxuus f (X; y) Ha3bIBACTCSI OTHOPOIHOM (PYHKITHEH MEePBOTO MOPSIKA,

ecmn f(txty)= f(x;y).
X+

Hpumep 11.1. Oynxuus f (X; y)= OJIHOPO/HAS (PYHKIIMS IEPBOTO MOPSAIKA.

:tx+ty:t(x+y):x+y:f(x_y)
tx—ty t(x-y) x-y e
x> —xy+y?
X%+ Xy + Y2

Tleiictaurensro: f (tx;ty)

Ipumep 11.2. Oyuxuus f (X; y) = OJIHOpOAHAS (PYHKIIHMS BTOPOTO MOPSAKA.

t2x% —t’xy +t?y? tz(x2 — Xy + yz)
t°x® +t2xy +t%y? tz(x2 + XY+ y2)

= f(x;y).

NeiicrBurensuo: f (tX; ty) =

3ameuanue. Ecnu f (X; y) OJHOPOIHAS (DYHKIIUS IEPBOTO TOpsiaKa, To f (X; y): f (1; X)
X

X+Yy
Ipumep 11.3. Paccmorpum pyuakuuio f (X; y) =—.

X—y



Umeem — f(x;y)=

X(l-i'y] 1+X
x+y_ U x)_ x:f(l.yj_
Y

X=y x[l—y] "
X

X
Onpeoenenue. luddepeHnmanpHoe ypaBHEHHE IEPBOTO TOPSIKA
! .
y'="f(xy) (13)
HA3bIBAETCS OJHOPOAHBIM AU depeHInaNIbHBIM YPAaBHEHHEM IIE€PBOTO TOPsIKA, €CIn
Gyukmust f (X, y) SIBJIIETCS OJTHOPOAHOM (YHKIIMEH epBOro mopsiaka.
VYuureiBas 3aMedanue, ypaBHeHue (1.3) MoxHO 3anucarh B BUJE
y = flzY (1.3)
X
Jnst pemieHust ogHOpoaHOTO AU epeHInanbHOTO YpaBHEHHS TIEPBOTO MOPSIKA BBEIEM
HOBYIO (DYHKIIHIO:

,_Y
X

WIn

y =2X
Torga

y'=7'x+12
[loncraBnss B ypaBHenue (1.3'), nonyuum:
2x+2=f(L2)
WA
2'x=f(Lz)-z (11.1)

[TonyueHHOE ypaBHEHHE SIBISIETCS YpPaBHEHHEM IEPBOrO IMOpsIKa C pa3lessiolIUMUCA
NEPEMEHHBIMH.

Paznensis  mepeMeHHble,  y4YMThIBass ~ OCOOEGHHOCTH  pEIICHUS  ypaBHEHHUA  C
pa3essIoIMMUCS TepeMeHHbIMU, HaiaeMm peuieHue ypaBHeHus (11.1). CaenaB obOpaTHyro
3aMeHy, HaiiieM pemieHue ypaBHenus (1.3).

ITpumep 11.4. Pemum ypaBHeHue: Yy’ = y +1g y :
X X
Tak kak ypaBHEHUE SIBISETCS OJHOPOAHBIM UG (depeHIINATBHBIM YpaBHEHHEM EPBOTO
MOPsJKA, CAECIAB 3aMEHY y_ Z,Unu Y = ZXIOIYYUM:
X
dz sin z C0Sz dx
y':l+tgl = IX+z=7z+1tgz = ZI'x=tgz = —-X= = —dz=—m
X X dx C0Sz sin z X

sinz=0 = InfsinzZ|=I[x[+C u z=7k = siNz=Cx u z=mc = sinL=Cx u L=z«
X X
= sin Y = Cx
X

y

u Y =mx. Tak KaKk penienre Y = zx nojtydaercs u3 pemenus Sin = =Cx npu C =0
X

TO 00IIlee pelIeHUe 3aJaHHOTO YPaBHEHUS SBIISETCA (QYHKIHS Sin Y _cx.
X



Omeem. Sin Y_ Cx.
X

Paccmorpum ypaBHEHHE

y - {m} (112)
a,x+b,y+c,
1) Ecmm mzx 0o Y= f(K‘). PemieHreM TMOJy4EHHOTO ypaBHEHHUS
a,Xx+b,y+c,

ssisiercst pyukiys Y = f (K') X+cC.

2) Ecimm mpsimeie 8, X+b,y+c¢, =0 u a,Xx+b,y+C, =0 nepecekarorcsi, To ypaBHeHHE
(11.2) npuBoaMTCA K OAHOPOJHOMY IIyTE€M IIEpPEHOCA Hayala KOOPAMHAT B TOUKY IEPECEUECHMUS
npsmeix &, X+by+c, =0wu a,x+b,y+c, =0.

Ilpumep 11.5. Periim ypaBHEHHUE:

,  X=y+1
CX+y-3
Haiinem Touky nepeceuenust npsiMpix X-y+1=0 u X+y—3=0.

HMmeewm:
X-y+1=0 X—y=-1 x=1
j— o
X+y—-3=0 X+y=3 y=2

CnenaeM 3aMeHy NIEpEMEHHBIX:

X = X+1,
y=Y+2.
Torna
dy X+1-Y-2+1
dX X +1+Y+2-3
NN
@ _X=v (11.3)
dX X+Y

[TonydyeHHoe ypaBHEHUE SBISETCS OMHOPOIHBIM U depeHInanbHbBIM ypaBHEHUEM
MEepPBOTO MOpPsJIKA.

Cnenaem 3ameny Y=zX. Torma Y'=2z+ Xz'u nocie moacraHoBku B ypaBHenue (11.3),
MOJIYYUM:

z+Xz'=X_XZ.
X + Xz
Urax
_ _ 1-2 1-z-z-12°
z+Xz’:X Xz = Xz’+z:1—Z = Xt'=—"—--z7="—
X + Xz 1+2z 1+7z 1+z
dz 7P +2z2-1
dXx z+1
22+1 dz:—d—x u z2°+2z-1=0 = lIn‘zz+22—].‘:—ln|x|+C U
2°+2z-1 X 2



zz+22—1:)((:—2 u z=-1+J2 = :(—22+2§—1=% u §:—1i\/§ =
Y2+2YX -X2=Cn

Y = (-1£+/2)- X = (y-2) +2(x-1)y-2)-(x-1)°* =C u
(Y-2) = (-1£42)-(x-1) =

Y2 +2xy— X2 —2X—6y+7=C u (y-2) = (-1++/2) - (x-1).

Omeem. Yy +2Xy— x> —2Xx—6y+7=Cu (y—2) = (-1£/2) - (x-1).

3) Ecin mpsimeie @, X+by+c, =0 u a,x+b,y+c, =0 mapamiensusr, To a,X+hb,y=

k(@ x+hby), re.
¢ ax+by+c _ ax+by+c _
a,x+b,y+c, x(a,x+by)+c,

HOJ'Iy‘lI/IJ'II/I YpaBHCHHUC BHUA:

y' = f(ax+by),
KOTOPOE SBIIETCS YPABHEHUEM C Pa3/eIAIOIIUMUCS IEPEMEHHBIMH.
Ilpumep 11.6. Peuium ypaBHEeHUE:
, 2X+y+1
A+ 2y -3
Tak xak
2x+y+1  (2x+y)+1
AX+2y-3 2(2x+Yy)-3

CnenaeM 3aMeHy
2X+y=z W y=27—2X.

Torma y’'=z'—2 u ypaBHEHUE NIPUMET BUJ:

o z+1_
2z2-3
Nmeem
pogo 2t o2l o 5225 o dz S 22-8 ) sy
22-3 22-3 22-3 dx 2z-3 z-1
z=1>
3

2 —idz:5_|-dx u z=1 = 2z-hz-1]=5x+C u z=1 =
2(2x+y)—In[2x+y-1=5x+C

m2x+y=1= (2y-x)—-In2x+y-1=C u 2x+y-1=0.

Omeem. (2y—X)—|n|2X+ y—:ﬂzc u2x+y-1=0.

12. JIuneiinbie 1uddpepeHunaIbHbIe YPABHEHHS NIEPBOT0 MOPSIAKA.
Onpeoenenue. JluddepennmansHoe ypaBHEHHE TIEPBOTO MOPSIIKA BUA!

y'+ p(x)y =q(x), (12.1)



rae p(X) u g(X) HekoTophle (GYHKIHMH MEPEeMEHHOW X, OyaeM Ha3bIBaTh JHHEHHBIM
Qg epeHIaIbHBIM YpaBHEHHEM MIEPBOTO MOPSIKA.
Ecnu q(X)=0, To ypaBuenue (12.1) Ha3pIBaeTCS JIMHEHHBIM OJJHOPOHBIM ypaBHEHUEM
y'+p(x)y=0, (12.2)
KoTopoe  sBhsierca  auddepeHIMaNbHBIM  YpaBHEHHEM € pa3AeisIONIMMUCS
MEePEMEHHBIMH.
PaznenuB nepemennsie, pemum ypaBHenue (12.2). Mmeem:

a_ —p(x)y = a_ —p(x)dx = Injy| = —j p(x)dx+C =
dx y

p(x)dx

y=Ce_I

OyHK1WA, 3a1aHHast paBeHCTBOM (12.3), siBisieTcst pemenueM ypaBuenus (12.2).

(12.3)

Hna pemenus ypaBuenust (12.1) npumMeHMM MeTOJ BapHallMd POU3BOJIBHOIO
noctosiHHoro. Pemenne ypaBuenus (12.1) Oyaem uckatb B BUJE:

y = C(x)e M (12.3)
Haiigem y':

y' = cre 1P, C(x)e_jp(x)dx

(12.4)
st onpenenenus pyaknuu C(x), GyHKIUIO y(X), 3a1aHHyI0 paBeHcTBOM (12.3), u
dyukuuo Y'(X), 3anannyto paBeHcTBoM (12.4), moactaBuM B ypaBHenue (12.1). Mmeem:

(p(x)+ p)ICe T = g =

(=p(x))

(x)dx

c'(e " v e

C’(x)e_jp(x)dx =q(x)=>C'(x) = q(x)ejp(x)dx :
Taxum oOpa3oMm, nuMmeeM:
c) = q(e! " ax + ¢ (12.5)
[ToacraBnsas nonyuenHoe 3HaueHue C(x) B (12.3), momydnm:
y = efI P+ J'q(x)ef "% ax) (12.6)

Takum o6pazom, perenue ypasuenus (12.1) 3amaercsa Gpopmymnoit (12.6).

Ilpumep 12.1. Pemim ypaBHeHue: Yy’ — 1 y =x%.
X

3neck p(x) = 1 u ((X) = x*. CliejoBaTenBHO:
X

X3

. N 2
y=e e (C+_|‘x2ej <) = e (C+.|.x2e"”‘x‘dx) :x(C+.|.x2 -ldx):x(C+X—):Cx+—.
X 2 2

X3
Omeem. Y = CX+ PR

13. YpaBHenue bepnyJiu.
Onpeoenenue. YpaBHeHUE BUIA



y'+ p(x)y = q(x)y" (13.1)
HAa3bIBACTCS ypaBHEHUEM bepHyrum.
Ecmu  n=0, 1o 510 MuHeliHOE nuddepeHnmanbHoe ypaBHEHHUE IIEPBOTO HOPSIKA.
Ecin N =1, 310 ypaBHeHue ¢ pa3aensiomuMKICs IEPEMEHHBIMU.

IIpu N#0u N #1 pasnenum 06e yactu ypasrenus (13.1) na y". Tomyunm:

P00 =4 (132)

y

BBenem HOBYIO ITEPEMEHHYIO:

Torna:

=7y "=z (Y ") == U-ny "y =1
y y' 1-n
[Toacrasnsiem B ypaBHenue (13.2), monydum:
24 p(0z = q(x)
1-n
WA
z'+(1-n)p(x)z =A-n)a(x)
[TonydyeHHOE ypaBHEHHE SBJISAETCS JIMHEHHBIM au((epeHInaIbHBIM  ypaBHEHHEM
HEpBOrO IMopsijika. PaspeninB ypaBHEHHE OTHOCHUTENBHO (DYHKIMH Z(X) M y4HTHIBAs 3aMEHY,
Haxo UM GYHKIHO Y(X).

Ilpumep 13.1. Petium ypaBHeHue: y' — y_x
2X 2y
Nmeewm:
2
y’_iyzx_.i’ n= —1’
2X 2y
WA
2yy!__ y2 — X2
Cnenas 3amMeHy
z=y?
Torpa
Z'=2y-y
[Tonyuum:
7'-=z=x.

N3 npumepa 12.1 nomydaem oTBeT:

XZ
z:yZ:x(C+?).

2

Omeem. y* = X(C + X?)



14. YpaBHenue Pukkaru.
Onpeoenenue. YpaBHeHHUE BUIa

y'+p()y+a(x)y’* = f(x) (14.)
Oyzem Ha3bIBaTh ypaBHEHHEM Pukkatu.
ITpu f(X) = 0 — umeem ypaBuenue bepayim.
B ob6mem Bujge ypaBHeHHe PukaTTH HE pemraeTcs, HO MOXKHO 3aMEHOW IEpPEeMEHHOM

npeobpa3oBath B ypaBHeHHE bepHyIuIH, ecii H3BECTHO OAHO YacTHOe pemeHue Y =Y, (X).

Paccmorpum dyukimio Z = y(X) — Y, (X) , rae y(X) petuenne ypasHerust (14.1).
Tornma
y=z+Y,uy =2'+(y,)

[ToncraBnss B ypaBuenue (14.1) cienyer:

2'+(y,) + POz +Y,) +a()(Z +Y,)" = T (X)

' +(y,) + P(X)Z+ p(X)Y, +9()z* +20(X)zy, +A(X)(y,)* = f(X)

YuursiBast, 4to GyHKUMS Y, (X) siBisiercs pemenneM ypapHerust (14.1), noaydnm

z'+(p(X) +24(X)y,)z = —q(x)z’ (14.2)

[MosnyueHHOE ypaBHEHHUE SIBISIETCS ypaBHeHHEM bepHyun oTHOCHTENbHO (yHKIHH Z(X) C

IIpumep 14.1. Penum ypapuenue: y' —y? = —3.

X 2
Nmeewm:

p(X) =0, q(X) = -1, f(x)= Xi

1
Jlerko mpoBepuTh, uTo GyHKIMA Y, (X) = — ABIAETCA PELICHUEM 3aJaHHOTO YPaBHEHUS.
X

JlelicTBUTENBHO,

BBenem HOBYIO QyHKIHIO:
1
z2(x) = y(xX) - =
X
1501051
1
y(x) = z(x) + s

IloacraBiss B YpaBHCHHE, ITOJTYUNM:

, 1 1 2 ;1 1 1 2 , 2
- -+ =-S5 -1 -2 S =S - 1=170
X X X X X X X X
Paszmenum Ha 72
iz_g.lzl
7 X z

[lonydyeHHoe ypaBHEHHE SBISETCS ypaBHEHHEM bepHymuM, KOTOopoe pemaercs ¢

IIOMOIIBIO 3aMCHBI:



u(x):%.

Torna:

’
1

1 _ _ : _ z
S=u=zt=u= () =us -2 =u's S =u
z z

[ToxcraBnss B ypaBHEHUE

MIOJIYYHUM:

_[24x 24 3
—u'—gu =1l= u'+zu =-1l=u=e e (C—Ie o dx) =e’2'”X(C_J.ez'”XdX) =i2(C—X—).
X X X 3

Takum o6pazom:

C x 3-x
u= — = = 7
X 3X
T.x.
1
Z —_— —
u
TO UMCEM..
S
3Cc-x°
CnenoBartenbHO,
y- 3x° L1
3C-x* «x
3x? 1
o LY = —.
meem Y= ae e T x

15. IndpepenunaibHbie ypaBHEHHS B NMOJHBIX JH(pdepeHnnanax.
Onpeoenenue. I1ycts nano nuddepeHnraibHOe ypaBHEHUE
M (X, y)dx+ N(x, y)dy =0 (15.1)
Ecniu neBas wyacte nauddepenumanbHoro ypaBHeHus (15.1) sBisercs mNOJHBIM
muddepennmranom Hekotopoit pynkuuu U (X, y), T.€.
dU = M(x, y)dx+ N(x, y)dy
To ypaBHeHue (15.1) Has3biBaeTcs audQepeHIHaTIbHBIM YpaBHEHHMEM B  IIOJIHBIX
muddepeHnmanax.
B stom ciyuyae nuddepennuanbHoe ypaBHenue (15.1) MoxxHO 3anucaTh B BUJE:
du(x,y)=0.
Ecnu ¢pynkius y = y(X) sBisercs perienrneM ypasaerus (15.1), To
du(x,y(x)) =0
U, CJIeI0BAaTENbHO, (PYHKIUS
U((x,y(x))=C,
rne C — nocTosiHHAs, ABIseTCs OOIIMM perieHneM ypasHeHus (15.1).
Ilpumep 15.1. Petium ypaBuenue: ydx + xdy =0.



VYpaBHeHue B moaHbIX quddepennnanax, T.K.
ydx+ xdy = d(xy) .

CraenoarenbHo, QyHkimst Xy=C sBnsieTcs 0OIIMM pelIeHreM 331aHHOTO ypaBHEHHUS.

Teopema. ]Jlns Ttoro uToOBl neBas 4yacTh ypaBHeHHs (15.1) sBismace MONHBIM
HEOOXOOMMO U JOCTATOYHO, 4YTOOBI

maddepenmanom Hekoroporr ¢yHkmmm  U(X,Y),

BBIIIOJIHAJINCH YCJIOBHA:

oM oN

y ox

Hokazamenvcmeo. Heooxonumocts. Ilycts Gpynxuus U (X, y) Takosa, uTo
dU =M (x, y)dx+ N(x, y)dy.

C nmpyroit cropoHbl, To ompeneneHuio aupdepeHnuana yHKIUN IBYX MEePEeMEHHBIX

HMEEM:
du = de+£dy
OX 19)4
CrnenoBarenbsHO,
ouU ouU
M(x,y)=—:;N(X,y)=—.
(x,y) = (x,¥) &
C nmpyroii cTOpOHBI
o°U oM 0°U _oN

= " =—.
oxoy oy oyox  OX
B cuiy He3aBHCMMOCTM CMEIIAaHHOM IIPOM3BOAHOW BTOPOrO MOpsAAKAa OT TMOpsIKa

T depeHIMpPOBaHUs, UIMEEM:

ROV
X0y  Oyox
T.C.
oM _ ON
oy

oM ON
[TokaxkeM, uro MOKHO HahTH ¢yHKIHIO U(XY)

Hocraroynocts. IlycTs E 5
X

Takyto, uro dU = M (x, y)dx+ N(x, y)dy.
Beibepem ¢ynkuuio U(X,y) Tak, 4ToObI

Y _mxy)

OX

T.C.

U(x,y) = [M(x y)dx+g(y)

rae ¢(y)Ipon3BoJibHas (PYHKIUS IEPEMEHHOM .

Omnpenenum pyHKuHIO0 @(Y)TaK, YTOOBI BBIMOIHIIOCH YCIOBHE

QzN(x,y).

oy

Nmeewm:



oJ

o 6Jij(x y)dx+¢'(y) jg(x y)dx+¢'(y) f—(x y)dx+p'(y) =
=N ¥) =N, ) +¢'(y) = N(x,y),
T.C.
?'(¥) = N(%, ).

CnenoBarteibHO,

y
o(y) = [N(x, y)dy+C.
Yo
Takum 06pa3om, MOTyUUIIH:

U (x, y):iM(x,y)dx+.y[N(xO,y)dy+C

Xo Yo
Teopema ooxa3zana.
Ilpumep 15.2. Periim ypaBHEHHUE:

(3x? +6xy*)dx + (6x°y +4y*)dy =0.
B 3TOM ypaBHEHUHM
M (X, y) = 3x* + 6xy?,
N(x,y) =6x>y +4y°.
Tak kak

oM
—=12Xy n N =12xy
OX

oy

TO YpaBHEHHME SIBJIICTCSI ypaBHEHUEM B MOJIHBIX AU epeHnanax.
Nmeewm:

N _ 3x% +6xy?,
X

ou 2 3
— =6x"y+4y".
oy

NHTerpupys nepBoe ypaBHEHHE IMOJTYYEHHON CUCTEMBI 110 IEPEMEHHOM X, MOyUNM:

U(x,y) =x*+3x°y* + o(y)

Hns onpenenenuss QyHKIUM ¢(Yy) BOCIOJIB3YeMCS BTOPHIM YPaBHEHHEM CHCTEMBI.

ITonmyuynm:

P _6x?y + gi(y) =6x7y + 4y",

oy
AR 01

'(y) =4y°,
OTKyJa
o(y)=y".

CnenoBatenbHO,

U(x y)=x>+3x*y* +y*.
Takum 06pazom, ob1Iee pereHue 3aJaHHOTO YPaBHEHUSI UMEET BU/I;

x®+3x*y? +y*=C



16. JAnddepennuanbubie YPaBHEHUs B MOJIHBIX auddepenuunanax.
HHuTerpupyrommii MHOKHUTEIb.

B HekoTOpBIX citydasx, Korja JieBas 4acTb ypaBHEHHUS

M (x, y)dx+ N(x,y)dy =0 (15.1)

HE SIBJISICTCS TONHBIM AWQQPEpeHIINaTIoM HEKOTOPOW (YHKIMH, JIETKO MOA00paTh
byHKIHo W(X,Y), MOCIe YMHOKEHHS Ha KOTOPYIO, JieBas 4acTh ypaBHeHus (15.1) npesparaercs
B NOJTHBIN qudepennmart:

dU= u Mdx + p Ndy.

Takas ¢ynkuust p(X,y) Ha3bIBACTCSl HWHTETPUPYIOLUIUM MHOXKHUTENIEM. 3aMEeTHM, 4YTO
YMHOXXCHHE HAa UHTETPUPYIOIIUNA MHOXKHUTENb [(X,Y) MOXKEM IMPUBECTU K IMOSBICHUIO JIMIITHUX
YaCTHBIX PEIICHH, 0OPAIIAIONINX 3TOT MHOKHUTEIb B HYJIb.

B oOuiem ciydae a1 HaX0KJI€HUSI MHTETPUPYIOILIEr0 MHOXKHUTENS HAa/l0 M10100paTh XOTH
OBl OJIHO HE PAaBHOE TOKJECTBEHHO HYJIIO PELLIEHUE YPABHEHMSI B YACTHBIX MPOU3BOIHBIX:

2=,
oy OX
T.K.
N_ M
ox oy
To umeem:
0 0 oN M
—|ny~M——|ny~N:——a— (16.1)
oy OX ox oy

B oOmem cnyuyae perieHHe 3TOr0 ypaBHEHHS B YaCTHBIX IPOU3BOJHBIX SIBIISAETCS
3ajgaueil He Oosiee MPOCTOM, YeM pelleHrne camoro ypaBHeHHs. OJHaKO B HEKOTOPBIX CIydasx
noa00p 4acTHOro peuleHus ypaBHeHus (16.1) He npencTaBiseT 3aTpyJHEHUH.

CuyMras, 4TO MHTETPUPYIOIIUN MHOXHUTENb SBIAETCS (QYHKUUEH TONBKO OJHOTO
apryMeHTa, HalpuMep, ABJIseTcs (PyHKLUUEH TOJBKO OT X WJIU TOJBKO OT y, WIM TOJBKO OT X+,

MM TONBKO X + Y, MOXKHO yxe 6e3 Tpyaa pemnts ypasHenue (16.1) ¥ ykasaTh yclOBHS, HpH

KOTOPOM HWHTEIPUPYIOIIUN MHOMHTEIb CYHIECTBYET. T€M CaMbIM BBIIEISAIOTCS KJIACChI
YpaBHEHUH, JJI1 KOTOPBIX MHTETPUPYIOIIUN MHOKHUTEIb JIETKO MOKET ObITh HalJIEH.

Ilpumep 16.1. Haiinem ycinoBus, IpU KOTOPBIX YpPaBHEHUE
Mdx+ Ndy =0

MMEET MHTEIPUPYIOIIMN MHOXKUTEIb, 3aBUCAIIMNA TOJBKO OT NEPEMEHHOM X, T.€.

p=p(x).
VYpasuenue (16.1) npumer Bua:

CnenoBateibHO,

nim



5-5)
u(x) =Cexp I%dx . (16.2)

MoxHo cuutats C = 1.
oM oN . o
Ecin E—a— N 3aBUCUT TOJIBKO OT IEPEMEHHOH X, TO HWHTETPUPYIOIIHI
X

MHOHUTENb, 3aBUCAIIMNA TOJBKO OT IEPEMEHHOW X, CyIecTByeT M paBeH (16.2), uHaue
MHTEIPUPYIOLIETO MHOXKUTENS BUAA £ = 1(X) HE CyLIECTBYET.

Ilpumep 16.2. Paccmorpum nuHelHOe AuddepeHraIbHoe YpaBHEHUE TEPBOTO
nopsiaka. [lokakeM, 94TO y 3TOr0 ypaBHEHUS €CTh WHTCTPUPYIONIHA MHOKUTENb, 3aBUCSIIANA OT
nepemMeHHou X. Utak, umeem:

Y, px)y = Q)
dx
NJIn
[P(X)y —Q(x)Jdx +dy =0.
3nece M(X,y) = P(x)y —Q(x) u N(x,y) =1.

Nmeewm:
oM ON

OX
oy ox P(x),
N
CJIICA0BATCIILHO, I/IHTCI‘pI/Ip}/IOH_[I/Iﬁ MHOXKHUTCJIb UMCCT BHU

£(x) = exp [ P(x)dx.
YMHOXkast Ha UHTETPUPYIOLIUN MHOKUTEIb YPAaBHEHUE

[Py -Q(x]dx-+dy =0,
TOJTYYUM:
P(X)y —Q(x)}- ol P gy ejp(x)dxdy =0.
[TonyyeHHOEe ypaBHEHHE SBISICTCS YpPaBHEHHWEM B TOJHBIX Auddepernuanax. s
HaxoxaeHus pyakiuu U(X,Y), nMeeM:

ouU P(x)dx
T = pay-Quo}el™,
OX
8_U :e_[P(x)dx.
oy
W3 BTOpOro ypaBHEHHUs OJTYYEHHOM CUCTEMBI HUMEEM:
P(x)dx P (x)dx
U y) = [ dy =el ™y 4 (0.
[loncraBnss momyueHHoe 3HaueHue ¢yHkuuu U(X,y) B mepBoe ypaBHEHHE CHCTEMBI,
HOJTyYHM:
oU P(x)dx , P(x)dx P(x)dx
& =" R y+ /00 = Pel ™y - Qe ",

nJIn



0'(x) = -Q(el "

U
) jp(x)dx

() =-[Q(x

CrenmoBartenbsHO,

P (x)dx P(x)dx
Uxy) ="y~ [Quoel " ax
Hcxons n3 Buaa o0IIero peneHus
u(x,y)=C

noJryyaeM o01ee pelieHre JMHEHHOTo nuddepeHuanbHOro ypaBHEHUS IEpBOTo MOpsaKa

jp(x)dx(c JQ( e jp(x)dxd X).

17. JuddepenuuajbHbie ypaBHeHHs] TEPBOro MOPSiAKA He pa3pelleHHbIe
OTHOCUTEJIbHO MPOU3BOIHOI.
Juddepennnanbiable ypaBHEHHUs IMEPBOrO MOPsAKAa HE pa3pelleHHble OTHOCUTEIBHO
MIPOU3BOHOM, UMEIOT BU/I:
F(x,y,y)=0 (1.2)

Ilpumep 17.1.

()" = (x+y)y' +xy=0.
Pa3peinas 3a1aHHOE YpaBHEHNE KaK KBAIPATHOE OTHOCHTENBHO Y, TOTyqHM:

y'=xumy =y.
[TonydeHHbIe ypaBHEHHS] UMEIOT PEIlIeHUs

2

y=%+c u y=Ce",

KOTOPBIE SBIISIFOTCS PEIICHUSIMU 33IaHHOTO YPABHEHHSL.

VYpasaenue (1.2) MOXKeT ObITh PELICHO MTyTEM pa3pellieHus] YpaBHEHNS OTHOCUTENBHO Y’
M peIlIeHns] MONyYeHHBIX Tpu 3ToM ypaBHenuit Y’ = f.(X,¥),(i=12...), yxke pasperieHHbIX
OTHOCHUTEJIBHO Mpou3BoaHOM. OHAKO naneko He Bceraa ypaBHenue (1.2) merko paspemraercs
OTHOCHTENBHO Y’ , emé peke MoaydeHHble mpu 3ToM ypaBHenus Buma Y = f,(X,y),(i=12...)
JIETKO PEMIAIOTCS, OATOMY YacTO MPHUXOUTCS MHTETPUPOBaTh ypaBHeHus Buaa (1.2) wHbIME
METOIaMH.

PaccmoTpuM HEKOTOpBIE ClTydan.
1. Vpasuenwue (1.2) umeer BUn:
F(y)=0, (17.1)
IPUYEM CYLIECTBYET, IO KpaliHel Mepe, OJJMH AeHCTBUTEIBHBIN KOpeHb Yy’ =D 3TOro ypaBHEeHUS.
T.x. ypaBHenue (17.1) He conepxuT x u y, To b = const. CinenosatensHo, y' = b.
WuTerpupys nociaennee ypaBHeHUE, MOIydaeM
y-C
.

y=bx+C =b=

T.x. b sBnsercs pemennem ypaBuenus: F(b) =0, momydaem



obmee pemenue ypasuenus (17.1).
Ilpumep 17.2. Pemuum ypaBHEHHE:
y'? +3y'+2=0.

W3 BBIIIE CKa3aHHOTO CIEAYET, YTO
2
(_y—cj +3(y_c}+2=o
X X
2. Ypasuenwue (1.2) umeer BUa:
F(x,y)=0 (17.2)

PaccmoTpuM 4acTHBIM cilydaid 3TOTO ypaBHEHHS, a UMEHHO CIlly4ail, KOrja ypaBHEHHE
(17.2) MOXHO pa3pemuTb OTHOCUTEIBHO X, T.€. 3aIIUCATh B BUJIE:

oO111ee perieHue.

x=f(y).
Brenem napamerp
y'=t
Torma
x=f(t).
CnenoBarteibHO,

dy =y'dx=t- f'(t)dt

WIH
y = jt- f'(t)dt.
Taxum oOpazoMm, pyHKIUSA
x = f(t),
y= j t-f (t)dt
SBIISIETCS PEUICHUEM 3aIaHHOTO YpaBHEHHUSI.
Ilpumep 17.3. Peuium ypaBHEHHE:
x=(y) -y'-1.
Brenem mapametp
y' =t
Torma
x=t>-t-1.
CnenoBateibHO,

dy =t- f'(t)dt = t(3t* —1)dt
NI

3t

4 2

Taxum 00pa3oM, MONTYYMIIM peLIeHHEe 33aHHOTO YPAaBHEHHS B TapaMeTpruieckoi hopme



NI

x=t3—-t-1,

y=§t“—1t2 +C.
4 2

Ilpumep 17.4. Pemium ypaBHEHUE:
Xy1+y? =y

T
=tgt,ite| ——;— |.
y-tate(- 55

Xy1+tg%t =tgt = x| 12t =tgt = x =sint.
Cos

CnenoBarteibHO,

Brenem nmapametp

Torna

dy = y'dx =tgt - costdt = sin tdt

y = Isintdt =—cost+C.

Taxum oOpazom, MOTYyUMIIH pElICHNE 3aJaHHOTO YpaBHEHHUS B NTapaMeTpruiecKoi dopme:

X =sint,
y =—cost +C.

W3 mocnenHei CHCTEMBI JIETKO MOTYYUTh
x*+(y-C)* =1.
3. VYpaBuenwue (1.2) umeer Bux:
F(y,y)=0 (17.3)
PaccMoTpuM uacTHBIH Ciiydail 3TOrO ypaBHEHHs, a UMEHHO CiIydail KOrja ypaBHEHHE

(17.3) MOXHO pa3penInTh OTHOCUTENBHO Y, T.€. 3aIUCaTh B BHUJIE:

N

y="1().
Beeaem napamerp
y' =t
Torma
y=f(t).
CrnemoBaTenabHO,

ax= - L0 g

f'(t)
X=|——=dt.
1=
Ilpumep 17.5. Petinm ypaBHEHHE:
y _ 1



NI

nin

OTKyJa

Brenem nmapametp

T
=tgt,te| ——;— |.
y-tate(- 2% ]

Torga
> 1 T
y=41+tgt = ﬁ’t € (_EEJ
CrenmoBartensHO,
dx =d—¥ =(— 12 -(—sint)j-idt S
y cos“t tgt cost
X = Ldt +C.
cost
Taxum 00pa3oM, MONyYnIIH pelIeHne 33JaHHOTO YPAaBHEHHS B TapaMeTpHIecKoi hopme:
X= Ldt +C,
cost
1
y= cost
4. PaccMoTpuM oOmIuii cioyyaii.
F(x,y,y)=0. (1.2)
a) Ilyctb ypaBHeHue (1.2) pa3peminMo OTHOCUTENBHO ), T.€. UMEET BUL:
y="Ff(xy" (17.4)
Bsenem napamerpsl
X=Xy =p.
Torpa
y=f(xp).
CnenoBartenbHO,
dy _of ot dp
dx ox op dx
of of dp
p="+——",
ox op dx
v(x p,C)=0.
Taxum oGpazom, MOTYyUHIH:
{co(x, p.C)=0,
y=f(xp).
0) ITyctb ypaBHeHue (1.2) pa3pemiiMo OTHOCUTENBHO ), T.€. UMEET BUJ:
x=Tf(y.y) (17.5)
BBenem napamerpnl
y=v:y'=p

Tornma



CnenoBarteibHO,
of
dx =—dy+—dp
o " op
WIn
dx _df, of dp
dy dy op dy
WIn
1_of o dp
p oy dp dy’
OTKyJa
v(y,p,C)=0
Taxum 0Opa3oM, MOTYydnITH:
{(o(y, p,C)=0,
x=Tf(y,p).
18. YpaBHenmue Jlarpanxa.
VYpasHenue Jlarpanka siBisieTcsl YaCTHBIM ciiydaeM ypaBHeHus (17.4) u umeer BUL:
y =xo(y) +y(y).
Bsenem napamerpsl
X=Xy =p.
Torna
y =x@(p)+w(p)-
Hanee
dy = ¢(p)dx+ x¢'(p)dp +y'(p)dp
WIH
d N o d
= p(p)+ X0 (P) 4y (p)
dx dx dx
WIN

p—o(p) =(X¢'(p)+w'(p))$.

N3 mocnegHero paBeHCTBA MOJTYYaeM:
dX ' '
(p—rp(p))d—p =X@'(p)+v'(p)

HonyquHoe YPaBHCHUC SABJIACTCA JIMHENHBIM YpaBHCHHUEM IICPBOTO MOPAAKA, PCIICHHUC
KOTOPOI'0O UMCCT BU:

o(x,p,C)=0.

Taxum 00pa3oM, MOTYdHIH:

{co(x, p.C)=0,

y = Xo(p)+w(p).



Cayudaii, korma p-—¢(p)=0 mnpeacrasiaser coboi ypaBHeHue Kiepo u Oyner
pPaccMOTPEH HUKE.

Ilpumep 18.1. Pemium ypaBHEHUE:

y=2xy'-y"”.
BBenem napamerpol

X=Xy =p.
Tornma

y =2xp—p°.

Huddepenunpys, momryqum:
dy = 2 pdx + 2xdp —3p*dp

1M
dy _ 2p+2x%—3p2@
dx dx dx
nJIn
2, dp
p=2p+(2x-3p°)—
dx
1M
2, AP
- p=(2x-3p")—_.
dx
Taxum oOpa3om, NOSYyUMIIH 1Ba ypaBHEHUE
- p% =2x-3p°
dp
1
p=0.
IIepBoe ypaBHEHME, ITEpENNCaB B BUJC
L + 2£~ X=3p
dpp

nMEET pGHIeHI/IG
1
n 2 1 3 C 3p
x=e P (C+|3p-e""dp)=—(C+=p*)=—+
(jp p) IOZ( 4|0)|O2 4

2

Taxum oOpa3oM, MOTY4HIH

2
X:—2+3L,
p 4
3 p’
=2Xp-p’=—+—.
y P—p 2
N3 paBeHcTBa
p=0

moJryqyacM 4aCTHOC pCIICHUC



19. YpaBuenue Kiepo.
VYpasHeHnue Kiiepo sBiaseTcss 4aCTHBIM CilydaeM ypaBHeHUs JlarpaHika u uMeer BUL:

y=xy'+y(y)-
Bsenem napamerpsl
X=Xy =p.
Torna
y=xp+y(p).
Hamee

dy = pdx + xdp +y'(p)dp

NI
dy _ ap ey P
dx_p+xdx+W(p)dx

HNJIn
o AP
p=p+(><+w(p))d—
X

NJIn

?(xw'(p)):o,
X

OTKYJa, HJIn

a_y
dx
NI
x+y'(p)=0.
B nepBoM ciydae nonyyaem
p=C
TOraa
y =xC+y(C)

— CEMEMCTBO HHTCTPAJIbHBIX IIPSIMBIX.
Bo BTOPOM CJIydac pCHICHUC OIIPCACIACTCA YPABHCHUAMMU:

{y=xp+w(p),
x+y'(p)=0.

Ilpumep 19.1. Pemum ypaBHEHHE:

y=xy'-y"”.
BBCI[CM napamMeTpshI:

X=Xy =p
Torma

y=px-p°.
Hanee

dy = pdx + xdp —3pZdp
NI

ﬂz p+x%_3p2%

dx dx dx



NI

nJIn
(x-3p) P o,
dx
OTKyaa, WA
d
a5::0
501041
x—3p°> =0
B niepBom ciyuae mosygaem
p=C
TOraa
y=xC-C?

— CEMEHCTBO HHTCTPAJIbHBIX IIPSAMBIX.
Bo BTOPOM ClIydac pCHICHUC OIIPCACIACTCA YPABHCHUAMMU:

X =3p?,
y=xp-p°=3p°-p’=2p°

Takum O6p8.30M, MOJIYYHJIN:

y=xC-C?
)5010%0
x=3p?,
y=2p°.
Ilpumep 19.2. Perunm ypaBHEHUE:
y — Xy! _ y!2.
Bsenem napamerpsl
X=Xy'=p
Torna
y=px-p°.
Hamee
dy dp dp
—=p+xX—-2p—
dx P dx pdx
Ui
dp dp
=p+X—-2p—
P=Pp dx pdx
niim
(x-2p) P <o,
dx
OTKyZa

nJIn



—=0
dx
501050
Xx—2p=0.
B nepBoM cnydae nosryyaem
p=C
TOorga
y =xC-C?

— CEMENCTBO UHTErPaIbHBIX MPSAMBIX.
Bo BTOpOoM cnydae penieHue onpeaensiercss ypaBHEHUSIMU

X=2p,
y=xp-p*=2p°-p*=p%
Otcroa nonyyaem

y=7-

Taxum 00pa3oM, MOTYIHITH:
y=xC-C?
nJIn

y=7-

20. MeToa nocye1oBaTeIbHbIX PUOIUIKEHUH.

Paccmotpum 3anauy Komu:
y' =f(xYy), (1.3)
Y lxexy = Yo- (20.1)

Wuterpupys ypasaenue (1.3) nomyduum:

Iyﬂx:jf(xyxm,

Xo Xo

WIIN
Y() - y(x,) = | f(x y)dx,
WM, y4uThIBast paBeHCTBO (20.1),

Y(X) =Y, + | £0x y)dx.

Xo

IlocnenoBarenabHBIE l'IpI/I6J'II/I)KCHI/I}I CTPOUM CJIICAYIOIUM 06pa30M:



Yo(X) = Yo,

Y (%) = Yo + [ £ ¥ ())dlx,

Xo

Y200 = Yo + [ £ y,00)dx

Xo

Yo (0) = Yo + [ £, Y1 ().

Xo

Takum 00pa3oM, MbI MOJIYYHUM MocieaoBaTeabHOCTs GyHKIuA Y1(X), Y2(X), Y3(X),

yn(X), ... .

Teopema. Ilycts Gynkuust f(X,y) HepepbIBHA B HEKOTOPOH OKPECTHOCTH TOUKH (X, Y,) -

Torga 3lim yn(X) = y(X) mpu N—-+o, rae ¢pyukmus y(X) TakoBa, 4To,
y'(x) = F(x, y(x),
y |x:x0 = yO

Ilpumep 20.1. MeTooM Nocie0BATEIbHBIX NPUOIMKEHUHN pelIuM 3a1auy

y'=Y,
ylx:O:]"
HNmeewm:
yo(x) =1
Yy, (X) =1+_[ f (X, Y, (X))dx =1+Iy0(x)dx =1+Idx =1+X,
0 0 0
X X X X2
Yy, (X) =1+_[ f (X, yl(x))dx=1+jy1(x)dx=1+j(l+ X)dx =1+X+E,
0 0 0 -
X X X X2 X2 X3
ys(x)=1+_£f(x, yz(x))dx=l+£y2(x)dx=l+£(1+x+7de —1+X+E+§
X2 X3 Xn n Xk
X)=1l+X+—+—+...+4—=) —,
Y (%)= 21 3 n! é k!
Taxum o6pazom, HOTydUIH
© k
lim(y, (X)) = nmz X _ex.
Kl ~ K

Takum 06pa30M, MBI MOJIYYHJIN TOCJICHO0BATCIBHOCTD HpH6J’IH)KCHHﬁ, npeaci KOTOpOﬁ

ecth pynkuus Y(x) =e*.

21. MeTona Jitiepa.
Paccmotpum auddepennmansHoe ypaBHEHHUE TEPBOTO MOPSIIKA



y'=f(xy)
C HAYaJIbHBIM YCIIOBUEM
Y lxexo = Yo-
PaccmoTpum otpesok [a,b]. TTycts a=Xo.
Torna

Y'(%) = (X3 ¥o)
PaccmoTpuM mnpsmyro, NpOXOsIIyHd 4Yepe3 TOYKYy € KoopauHaTtamu Mo (XO; yo), c
yrioBeiM Koddduimentom pasueiM Y (X,) = T (X, Y,) . YpaBHeHHE UMeeT BU:
Y=Y = f(xo; yo)(x_xo) .
ITyctb (X1; Y1) HEKOTOpPAst TOUKA HA ATOM IPSIMOM, T.€.
Y= Yo+ (X5 Yo) (X —Xp).
Ceifuac paccMOTPHM MPAMYFO MPOXOMAIIYI Yepe3 TOuKy ¢ Koopaumatamu Mi(X,;Y,) ¢
yrioBbIM Kodddumentom pasasiM Y'(X) = f(X;;Y,) . YpaBHeHne umeer Bu:
Y=Y = FOG Y (x=x).
Ilyctb (X2; Y2) HEKOTOpPAs TOUKA HA ATOM IPSIMOM, T.€.
Yo =Yi+ 0%y (% —X).
Jlajiee, pacCMOTPHM MPSIMYIO IIPOXOJAIIYIO Yepe3 TOuKy ¢ kKoopauuatamu Ma(X,;Y,) ¢
yrioBbIM Koddduumentom pasasiM Y'(X,) = T(X,;Y,). YpaBHeHne umeeT BUL:
Y=Y, = T ¥,)(X=X%,).
[TycTtb (X3; Y3) HEKOTOpast TOUKa Ha ATON MPSIMOH, T.€.
Y=Y, + £ Y2) (% —X%,)
U T. I
Takum 006pa3oM, MbI TOCTPOMM JIOMaHHYO C BepIIrHamu B Toukax M, = (X,; Y,),
M, =0 W), My =(%:Y,), My =(X:Ys), ..
Jlomannyro M M;M, M, ...6ynem Ha3bIBaTh TOMaHHOM Diinepa.
JIisi TIOCTpOCHUsI JIOMaHO# Diijiepa Ha OTpe3Ke [a, b] , OTPE30K JENAT Ha N PaBHBIX

yacren.
Torma h = b—Ta — mar pasGuenus orpeska [a,b].
Ilycts
X, = a,
X, =X, +h=a+h,
X, =X +h=a+2h,

X, =X, +h=a+nh=b
[MToctpoum toukun M,,M,,M,,M;...M,. Ilocrpoennyto gomanyto Diinepa, 0003HaAUNM
gepe3 Y, (X).
Teopema. Lm y,(X) =y(x), rae y(X) — pemieHne 3aJaHHOTO YPaBHEHHS C 3aIaHHBIM

Ha4YaJIbHBIM YCJIOBUEM.



Ilpumep 21.1. Metonom Diinepa peminm 3aaavy:
y'=1,
yl,=0, xe[01]=[a,b].

ITycts N =10. Umeem f(X,y)=1%,=0,y,=0,h= % Torpua:

x—ix——2 x——gx =1
10777 107770 100 T
CnenoBarteibHO,
=Y, +hf(x )—O+i-1—i
Yi=Yo 0+ Yo 10 10’
1 1 2
=y, +hf(x,y)=—+—-1=—,
Y, =Y, +hf(x,y,) 010 10
2 1 3
=Y, +hf(X,,y,)=—+—~-1=—,
Y3 =Y, +hf(x,,y,) TR,
9 1
=Yo+hf(Xy,Yy)=—+—-1=1
Y10 = Yo +hf (Xg, Yo) TRET

Jlerko 3aMCTUTD, UTO ITOJYUCHHAA JIOMaHas NpCACTABIISICT coboit OTPEC30K HpHMOﬁ y=X.

22. MeToa HeonpeaeaeHHbIX K03 PUIIHEHTOB.
PaccmoTrpum ypaBHEeHME

&, (Y +a,(x)y = f(x).
[Tycte dynkmun a,(X),a,(X), f (X) MOXKHO pa3noXUTh B CTENECHHOW PSi B OKPECTHOCTH

TOYKH X, . Torma PCHICHUC YPABHCHUA MOKHO IIPEACTABUTL B BUJIC

TOESNACESIE

Ilpumep 22.1. MetoaomM HeOMpeAeICHHBIX KO3 GUIIUEHTOB PEIINM 3a7aqy
y'+2y =2-3X,
y(0) =0.

Pemienue 3agaduu 6yI[eM HCKaThb B BUJC CTCIICHHOI'O pAla
y(X) =Co +Cx+C,x* +...= > C X"
n=0

U3 naganpHoro yenosus Y(0)=0=C, =0.

y'(X) =C, +2C,x+3C;x* +...+ > nC x"* => (n+1)C,, X"
n=1 n=0
[ToacTaBisis B ypaBHEHHUE, MTOTYUHM:

N+1C . +2C )X"=2-3x=2x"-3x* +0x® +...+ 0x" .
n+l n

n=0

[TpupaBHMBasg KO3PPHUIUEHTHI PU OAMHAKOBBIX CTEICHSX, TOTYYHM:



n=0,C, +2C,=2=C, =2,

n=12C,+2C, =-3=0C, =—%,
2
n=23C;+2C,=0=C, :—§C2,

n=34C,+2C,=0=C, = —%CS,

T.€. IpA

Urax:

e o S R G S
n n n-1 n n-1 4 3 n-(n-1)-..-4-3

(R 2, (2 T)

n! nt 2 n! 4

npu N>3.

Taxum oOpa3zoMm, numeem:

© (—1 n 2n o n 2
y(x) =C, +Cx+C,x? +&Z—( ) X" = 0+ 2x— L x2 —ZZ—( 2)" _ 2x—Lx? —Z(l—2x+4i+
20 nl 2 4= nl 2 4 2
+> (=2%) )+Z—Zx+zx2 I 3y T
= N 4 2 2 4 2 4

JIerko mpoBepUTh, UTO TOT K€ PE3YJIbTAT MOJIyYUM, €CIIU IPUMEHUM (HopMyITy IS
peleHus TMHeHoro AuddepeHnnanbHOro ypaBHeH!s epBOro MopsiIka.

JleCTBUTENbHO, UMEEM:

y=e2(C +I(2 —3x)e*dx) =e ¥ (C +e* 3 ey §er) _ce L3y
2 4 4 2
Tx.nmpu Xx=0=y=0=C =—£,TO
7 3. 1 5
y=———X——¢
4 2 4
JAu¢ppepenunaibHbie ypaBHeHHs N-r0 NOPSAAKA.

23. IudPepenunaibubie ypaBHeHUs N-1o nopsiaka. Teopema CyliecTBOBaHUA U
eMHCTBeHHOCTH pemieHus. 3anaya Koum. [lonsiTne o01ero pemenus.

Onpeoenenue. JludpdepeHunanbHpIM  ypaBHEHHEM N — TO TOpsJKa Ha3bIBaeTCs
ypaBHEHUE BUJA!

FOGVYL Y.y, y™) =0, (1.1)

re Y =Y(X), Y =Y'(X),....y" =y (x).



PaccmotpuM ypassenue (1), paspemrennoe otHocutensHo Y " 1.e. ypaBHeHne Buja:

yO =0y YY), (23.1)
rae f—aro pynkus (N+1)-ro nepeMeHHOTO.
IMycte  ¢yukuuss f  ompemeneHa B HEKOTOPOH ~ OKPECTHOCTH — TOYKH
(n-1) 1
(Xos Yor Yore-r Yo ) ER™.
Teopema (o cywiecmeosanuu u eOUHCMBEHHOCMU peuieHus oughghepenyuaIbHo20

ypasHnenusn N-20 nopaoka).
[Tycts nano auddepennnansHoe ypaBHeHHE N-TO MOpsIKa

yO =f(xy,Y,...y" ), (23.1)
re Yy =Y(X), Y =Y'(X),....y" =y (x).

Tycts Touaxa My = (Xg, Yor Yoro- Yo ) € R™™, a dymkums f HenpepbiBHa B HEKOTOPOIA

of
OKPCCTHOCTHU TOYKH MO . HYCTB -

oy oy oy
Torna cymectByet pemenue ypasHenus (23.1) y = y(x) takoe, 4to
Y sy = Yor ¥ by = YooY b = ¥

Y TaKOE PEIICHUE eTMHCTBEHHO.
3aoaua Kowu.

e C{o(M,)}.

Haiitu pemenue ypaBHeHus

yO =Xy Y,....y" "), (23.1)
y = Y(X), YIOBJIETBOPSIIOIIEE HAYAIbHBIM YCIOBUSM:
y |x:x0 = yO’ y' |x:x0 = y(,)l cr y(n_l) |><:><0 = yO(nil) (232)

Onpeoenenue (06ue2o peuwienus oughgpepenyuanvhozo ypasnenus N-20 nOpAoOKa).
®yukunio @ =¢(X,C,,C,,...,C,) Oymem Ha3piBaTh OOLIMM pEIICHUEM YpaBHEHUSI

(23.1), ecnu:
1) npu kaxaom ¢pukcuposanaom C,,C,,...,C, dynkuus
p=¢(x,C,,C,,...,C.)
€CTh perieHue ypaBuenus (23.1).
2) X, Yor Yoreer Yo' 3C,,,Cy,...,C,, Takue, uto:
P(X5:C10:Cr01---:Cro) = Yo
9'(X4,C0,Cy01---,Cro) = You

9" (X5,C19,Csg1--,Crp) = Y.
Onpeoenenue. Pemenne @ =¢(X,C,,C,y,...,C,,) OymeM Ha3plBaTh YaCTHBIM

pELICHUEM.
3ameuanue. OOmee pemeHue — OOLMH HHTErpaig, a 4acTHOE PELICHUE — YacTHBIN
uHTerpat. ['paduk pemeHuss — HHTErpajabHas KpUBasl.
Ilpumep 23.1. PaccMoTpuM ypaBHEHHUE
y"=0.

®yukuus y = C, +C,X+C, x> aBisercs oOIMM pelicHAEM 3aIaHHOTO YPABHEHHS.



Haitnem pemenue, yaoBieTBOPSIONICE HAYAIbHBIM YCIOBUSIM:
X =0,¥, =1y, =1y, =1.
Nmeewm:
Xo=0=>C,+C,-0+C,-0=1

y'=C, +2C,x,

X =0=C,+2C,-0=1,
y' =2C,,

X, =0=2C, =1,

C,=1C,=1C, :%

1
CrnenoBarenbHo, GyHKIHS Y =1+ X+ E X% — "acTHOE pelIcHue.

24. [IndpdepeHnuaibHbIe ypaBHEHUS], J0NYCKAIOIINE MOHHKEHUE NOPSIAKA.

1. PaccmoTpum ypaBHEHHE BHIA

Y = 1)

(24.1)

HJ’IH 3aJaHHOT'0 YPAaBHCHUA JICTKO MOXKHO HanTH o6mee PCUICHUC, ITIOCIICAOBATCIIBHO

IIOHMXKas OPAJIOK ypaBHEHUS Ha eauHuLy. MiMeem:

y® = f(x),
y™ = [ f(xdx+C,,

y? = j{[ f (x)dx}dx +C,x+C,,

y 9 :J'{[{[f(x)dx}dx}dx+C1X—22+C2x+C3,

n-1 n-2

X

y=[{.-AI f(x)dx}...dx}dx+01h+czm+---+cn-

Ilpumep 24.1. Perinm ypaBHEHHUE:

m

y"=0.
HNwmeem:
y" = .dex+Cl =C,;;

y’=IC1dx+C2 =C,x+C,;

2

y:01%+C2x+C3.

2. PaccMoTpuM ypaBHEHHE BHUIA
f(x,y®,y®D,  y™®)=0
BeeieM HOBYIO HEM3BECTHYIO (DYHKIIUIO
y =z,
Torma

(24.2)



y(k+1) — Z',

y(n) — Z(nfk) ,

U ypaBHEHHUE NPUMET BU]L
f(x,2,2,..,2" =0
HOPS/I0K, KOTOPOTO HIDKE TOPSIZIKA 3aJJAHHOTO YPaBHEHHS.
Ilpumep. 24.2. PemiuM ypaBHEHHUE:
A+x°)y"+y?+1=0.
BeneM HOBYIO (DYyHKIIMIO
y' =1z
Tornma
y'=17'
U ypaBHEHHUE MPUMET BUJL
(1+x*)z'+2*+1=0.
[Tonmy4yeHHOE ypaBHEHHE PEUIAeTCsl METOIOM pa3zieiieHus NepeMeHHbIX. MTak, nmeem

dz____dx - = arctg(z) +arctg(x) = arctgC, = z = C,—x

1+2%  1+x 1+C.x
Taxum 0Opa3oM, MOTydIHIH
y! — Cl —X ]
1+C,x
Orcrona
y=_[C1_de=j G dx—j X dx=J. G dx+J.71 dx—jidx= 1+i2 In(1+C,X)
1+Cx 1+Cx 1+Cx 1+Cx C,(1+C)x) C, C,
-—X+GC,.

3. PaccmoTpuM ypaBHEHHE BHA

fly,y,y"...y™)=0

PaCCMOTpI/IM YaCTHBIN cnyqaﬁ TAaKOI'0 YpaBHCHUS, a UMCHHO YPaBHCHUC

f(y,y,y")=0.
BBeneM HOBYIO HEU3BECTHYIO (DYHKIIHIO
y'=p
Torma
, d . d dy dp
y _&(y)_d_y(p)&_d_y
" YpaBHCHHUC IPUMCT BHUJ
f(y.p,p") =0,

rue p'=3—5.



Ilpumep 24.3. Pemium ypaBHEHUE:

yyrr+ yl2 —
BBCI[GM HOBYIO HCHU3BCCTHYIO (bYHKI_[I/IIO
y'=p

Torna

, d d d
V=)= —(p) Y_Py
X dx y

" YpaBHCHHUC IIPUMCT BUJ

d
ypd—p+ p*=1.
y
Paspernss nepemMenHsle, TOIy4UM
pdpz zﬂ um 1— p® =0.
1-p y

Hrak:
pdp dy 1 2
=" = _—""In(1-
1—p2 5 (1-p°)

2 _ 2 _
Takum o6pazom, y° = V' =Ci y' = /y G, % —+|Y 2C1 .
y y* dx y

WHTerpupys nojry4eHHble ypaBHEHUS, ITOJIy4aeM

i%:dx:i,/yz—cl =x+C,.
y -C,

C apyroii cropons! u3 pasencTea 1— p° =0 umeeM y'=+1=y=+x+C.

=Iny+C, = In(l- pz):lnc—;:>1— p® =
y

Taxum 00pa3oM, MONYUMIIM PELIeHNs 3aJaHHOTO YPaBHEHMS
i\/rcl: Xx+C, n y=+x+C.
Ilpumep 24.4. Pemiim ypaBHEHHE:
y'? +2yy' =0.
BBenem HOBYIO HEM3BECTHYIO (PYHKIIHIO
y'=p.

Torna

V== =

U YpaBHEHHE MTPUMET BH]L
p’+2 py% =0
dy

Paszpenss nepemeHnHsle, TOITy4UM

p+2y3—5=0 wm p=0.

Hraxk:



@:ﬂ:_zlnp=|ny+C:>Ini2:InCy:i2=Cy:> p== i-
-p p P cy

Taxum 0Opa3oM, MOTYdnIH:

dy 1 2 3
— =1 |[— = /Cydy=tdx= —(Cy)2 =£x+C
- ‘/Cy J/Cydy 5©) 2

C npyroii cropoHsl U3 paBeHcTBa p =0 nmeeM y'=0=y=_C.

Takxum 0Opa3om, OTYUMITH PEIICHUS 3aIaHHOTO YPaBHCHHUS

%(Cy)% =tx+C,u y=C.

25. JIuHeliHasi 3aBUCUMOCTb M He3aBUCUMOCTh (PyHKUMIA.

Onpeoenenue. Ilycte ¢yuxunu VY, (X),Y,(X),...,Y,(X) ompenenensl Ha orpeske [a,b].
CkaxeM, 4T0 (DyHKIMH JTHHEHWHO 3aBUCHMBI Ha OTpe3ke [a,b], ecam cymiecTBYIOT MOCTOSIHHBIE
a,,a,,...,0, — He BCe PaBHBIC HYIIIO, TAKUE, YTO BBITIOIHSIETCS PABEHCTBO

a Y, (X)+a,y,(X)+...+a,y,(X) =0,vx €[a,b] (25.1)

Ecin paBencTBo (7) BBINOJNHSETCS TONBKO HpH ) =, =...=, =0, T0o QyHKIUH
Y, (X), Y, (X),..., ¥, (X) Ha3bIBaroTCS TMHEHHO HE3aBHCHMBIMH Ha oTpe3ke [a, b].

3ameuanue. Boipaxenune a,y,(X)+a,Y,(X)+...+a,Y,(X) Oyzem Ha3pIBaTh JHHEHHON
xkombuHanuen pyukuuit Y, (X),Y,(X),...,Y,(X).

Ipumep 25.1. Oyuxiyn 1, X, x2,..., X" nuHeNHO HE3aBUCHMBI Ha orpeske [a,b]c R.

JlefiCTBUTENBHO, TyCTh (PYHKLUU JMHEHHO 3aBUCUMBI. DTO 3HAUUT, YTO 304, Ay,..., 0, —

HE BCE PAaBHbIE HYJIIO TAKKE, YTO BHINOJIHAETCS PABEHCTBO
apl+ax+a, X’ +...+a,x" =0,vx e[a,b].
[MocneqHee PaBEHCTBO NMPOTHBOPEYHT OCHOBHOM Teopeme anrebpul. CiemoBaresbHo,
(GYHKIMHU TMHENHO HE3aBHCHMBI.
Ipumep 25.2. Oyuxunn 4,6, ..., " k = ki1, j=12,...,n nuHeiiHO HE3aBHCUMBI Ha
ar060M oTpeske [a,b].

JleficTBUTENBHO, MyCcTh (YHKIUM JUHENHHO 3aBucuMsble. Torna Jay,a,,...,c, — HE Bce

n
PpaBHBIC HYJIIO, TAKUEC, YTO UMECT MCCTO PAaBCHCTBO

e + a0 +.. + e =0,vx e[a,b].

Mycts «, # 0. Pasnenus nocieaHee paBeHCTBO Ha €%, momydmMm:
a, + o,V g el g el TOX =0,
[MpoauddepeHpoBaB NOIYYCHHOE PABEHCTBO, OTYUYHM:
a,(k, —k)e® ™ y o (k, —k)e™“ ™+ +a, (k, —k)e"“ ™ =0,vx e[a,b].
Pa3nenus nonydennoe papeHcTso Ha e momyunm:
at, (K, —K)) + oty (K, — k)™ 1.+, (k, —k,)e® ™" =0,vx e [a,b].
[Tocne nudpepeHnnpoBaHus MOCIETHETO PABEHCTBA, MOTYIHM:
a, (ks —k)(k, ke ™ ™ ¢ +a, (k, —k)(k, —k,)e* " =0,vx e[a,b].



[Iponoikast 3TOT nponecc, MOaAyIUM:
a,(k, —k)(k, —k,)...(k, —k, )e® " ¥ =0,vx e[a,b]
T.k.
k,—k, #0,k, —k, #0,....,k, —k,_, #0,e% ™" 2 0,vx e[a,b]

TO U3 MOCJICOHETr0 paBEHCTBA CIICAYET, YTO

4TO NpPOTHBOpeYuT mpexnonoxkenuto o, #0. CrenoBatenbHo, (QYHKIUM — JTHHEHHO

HC3aBUCHUMBIC.

26. Onpenenurens Bponckoro.
Onpeoenenue. Iycts dyuakimu Y, (X), Y, (X),..., Y, (X) onpenenens Ha orpeske [a,b].

Ormpenenurenem Bpouckoro ¢pyukimii Y, (X), Y, (X),..., Y, (X) Ha3biBacTCs onpeneanTensb

A Yo o Ya
Y1 Yo o o Yn

W) =WIy;, Y, ,een, Yol=| 7 ?
oy Ly

IIpumep 26.1. Iycts 3anaunsr Gysxmuu Y, (X) =1y, (X) =X, x €[a,b]. Torza

1
W(x):‘o )1( —1+0vxe[a,b].

IIpumep 26.2. Tycre 3amans Gyakuun Y, (X) =1, Y, (X) = X, Y, (X) = x*,x € [a,b]. Torna

1 x x?
W(x)=0 1 2x/=2=0Vxe[a,b].
0 0 2

Hpumep 26.3. Tycts 3anans dyaxman Y, (X) = X, Y, (X) = X*, x € [a,b] =[-L1] . Torma

x X},

W(x) = =X".

3ameruM, yto W(X) =0 mpu X = 0.
Teopema. Tlycts pynxunn Y, (X),Y,(X),...,Y,(X) nuneiHO 3aBHCHMBI Ha OTpe3ke [a,b].
Torma ux onpenenuTens BpOHCKOTO TOXIECTBEHHO paBeH HyN0 Ha orpeske [a,b], T.e

W(x) =W[y,,¥,,...,Y¥,] =0vx e[a,b].

Hokazamenvcmeo. T.K. QyHKIMU JIMHEHHO 3aBUCHMBI, TO 3da,,d,,...,0, — HE BCE

paBHLIe Hy.J'IIO TaKuE, 4TO
a Y, (X)+a,y,(X)+...+a,y,(x) =0,vx e[a,b].
[Tycte a, #0. Torna

o

Yo 00 ==Ly, (00— 22y, () —... - 2Ly ().
o o

n n al’]

CnenoBateibHO,



Y1 Yo o Ya

yl y! . yl
W (X) — 1 2 n —
(n-1) (n-1) (n-1)
Y1 Y, e Ya
a a, x4
Y1 Y, [__yl__yz_"'__ynl
aﬂ an an
a 2 4
/B [—— T Y e yal] _0
n n n !
(n-1) (n-1) a oy % (e Ony (n-1)
Y1 Y, [__yl -—— Y, .- Yna
n an n

T.K. IOCJIEAHUN CTOJIOEL] €CTh JINHEHHAss KOMOMHALIMS [TPEAbIAYILINX.
Teopema ooka3zana.

27. JInneiinbie nu¢gepeHunaIbHbIe YPABHeHUs1 N — ro nopsiaka. Teopema
CyLIeCTBOBAHUSA M ¢IMHCTBEHHOCTH pPelIeHHUs.
Onpedenenue. YpaBHEHHE BUa

a,()Yy™ +a,(x)y"? +...+a,(x)y = f(x), (27.1)
rae Y = y(X), Oyznem Ha3bIBaTh THHEHHBIM AU (epeHIMaATbHBIM YPaBHEHUEM N-TO MOPSIKa.
Onpeodenenue. YpaBHEHHE BUJA
a,(X)y™ +a,(x)y"? +...+a,(x)y =0, (27.2)
OyJeM Ha3bIBaTh OJAHOPOIHBIM JIUHERHBIM AU (EPEHIHATBHBIM YPaBHEHHEM N—TO MOPSIKA.
Bynem mnpeamonarats, uto &,(X)#0,Vxe[a,b]. Torma ypaBmenue (27.2) MOXHO
nepenurcarb B BUJAC
y® +a, (x)y" P +...+a, (x)y=0 (27.3)

Teopema (cywjecmeoganus u eOUHCMEEHHOCHMU PeUeHUA TTUHENHO020 00HOPOOHOZ0
ougepenyuanvrozo ypasnuenus N — 20 nopaoka).
[Tycth nano oHOpOHOE JIMHEHHOE MU depeHaIbHOe YpaBHEHUE N-T0 MopsaKa

y® +a, (x)y" P +...+a, (x)y=0 (27.3)
[Tycte dyaxmun a,(X),a,(X),...,a, (X) HenpepsiBHbI Ha OTpe3ke [a,b].
Torma VX, [a,b] u Vy,, Yg,-.., yo(n_l) J pemienune ypaBHenus y = Y(X) Takoe, 4To:
y(Xo) = Yo
y'(X%) = Yo (27.4)
YO (%) =y, "

Y TaKOE€ PEILIEHUE €INHCTBEHHO.
VYcnosust (27.4) Oyaem Ha3bIBaTh HAYaJIbHBIMH YCIOBHSIMHU.
3ameuanue. @Dynkuus y(X)=0 sABIAETCA pPEIIEHUEM OAHOPOJHOTO JIMHEHHOTO

b depeHIMaTbHOTO YpaBHEHUSI, YIOBIETBOPSIONIAs HYJIEBbIM HA4aJIbHBIM YCIOBHUSIM.



28. OHopoaHbIe JHHeiiHbIe AH(PepeHnnaIbable ypaBHeHHs N — o NOPsIKa.
CaoiicTBa.
Oébosnauenua: L[y]=y™ +a,(x)y"™ +...+a, (X)y

Ceoinicmea:

1. L[Cy]=CL]y]

Cneocmeue. Ecnu L[y]=0= L[Cy]=0

2. L[y, + Y, 1= LIyi]1+ LIy, ].

Cnedcmeue. Ecu L[y, ]=0,L[y,]=0= L[y, +V,]=0

3. L|:iciyij| = Zn:Ci L[y;]

Cneocmeue. Ilycts L[y, ]=0,i =12,...,n. Toraa L{Zci yi} =0.
=

4. Ilycte LUX)+iV(X)]=0, rme U(X) u V(X) nAeHCTBUTENbHBIC (QYyHKIUH
MIEPEMEHHOM X.

Torma L[U(X)]=0u L[V(x)]=0.

JlefiCTBUTEIBHO,

LU +iV]=LU]+iLV]=0= L[U]=0u L[V]=0.

5.Teopema. 1lycts Gyukimu Y, (X),Y,(X),..., Y, (X) sBistorcs IMHEHHO HE3aBUCHMBIMU
PEIICHUSIMU  OJTHOPOJIHOTO JIMHEHHOTO JU((epeHINaTbHOr0 ypaBHEHHsS N-TO TIOpsIKA Ha
otpeske [a,b]. Toraa onpenenurens Bpouckoro dyukuuii Y, (X),Y,(X),...,Y,(X) He paBeH HyT0
HU B OJIHOM TOuKe oTpe3ka [a,b].

Hoxkazamenvcmeo. Ilycts ompenenurens Bponckoro ¢ysakimit Y, (X),Y,(X),..., Y, (X)

PaBEH HYJIO B HEKOTOPOH TOUKE X, , T.€.

Yi(%o) Yo%) e V(%)
(x > (X L (X
W(x,) = yi0%6) V2 (%) %) | _ g
%) ¥ v ()
PaccmoTpuM OTHOPOJIHYIO CHCTEMY JINHEWHBIX YPAaBHEHHI:
oY, (X)) +a, Y, (X)) +...+a, Y, (%) =0
o Y (X)) + Y, (X)) +...+a, ¥, (%) =0
lyl( 0) 2y2( 0) y ( O) (281)
alyl(nil) (Xo) +a, yz(nil) (X)) +..-+a, yn(nil) (%)=0
T.€. OJHOPOIHYIO CUCTEMY OJHOPOJHBIX JMHEWHBIX YpaBHEHUI OTHOCHUTEIBHO HEM3BECTHBIX

a,Q,,...,a,. Onpenenurens 3TOM CHCTEMBI sABIsETCS ompenenntesneM BpoHckoro ¢yHkumi

Y, (%), ¥, (X),..., Y, (X) B TOUKE Xo, T.€. ONPEACTUTEND



Vi) Yo%) e Y (%o)
H(x » (X L (x
yl( 0) y2( O) yn( O) :W(XO):O.

(n-1) (n-1) (n-1)
Yoo 06) Yo (%) e Ve T (%)

CrnenoBarenbHO, pPAcCMOTpPEHHAss CHCTEMa HWMEET HEHYJIEeBOe  pelleHHe, T.e.
da,,a,,...,a, He BCe paBHbIE HYIIIO, SBIIIOIUECS PELICHUEM cUcTeMbI (28.1).

PaccmoTrpum QyHKIMIO

y(X) =y, () +a, Y, () +...+ 2, Y, (X).

C oanoit croponsl, pyHkius Y(X) peurenue ypaBHeHus (27.3), a ¢ Apyroii CTOPOHBI
GyHkms Y(X) yaoBieTBopsieT B Cuiy cuUCTeMbl (28.1) HyJeBbIM Ha4ajdbHBIM YCIOBHSM H
CII/IOBATENILHO B CHIIY TEOPEMbI €IMHCTBEHHOCTH QyHKIMs Y(X) =0 Ha oTpeske [a,b] T.e.

oY, (X)+a,Y,(X)+...+a,y,(X) =0,Vx e[a,b].

T.x. He Bce ¢y, Q,,...,&, pPaBHbI HYIIIO, TO OC/IEAHEE PABEHCTBO O3HAYAET, YTO (DyHKIUH

Y, (X), ¥, (X),..., ¥, (X) nTuHEHHO 3aBUCHMBI, 4TO IPOTHBOPEUHUT YCIOBHIO TEOPEMBL.

Teopema ooka3zana.

29. CTpyKTypa 0011ero pemeHus 0AHOPOAHOI0 JHHEHHOro 1u(pPepeHnaIbLHOro
yYPaBHeHHS N-TO MOPSAIKA.
Teopema. Ilyctb naHO OAHOPOJHOE JIMHEHHOe nuddepeHaNIbHOE ypaBHEHUE N-TO
nopsiiKa
y® +a,(x)y" P+, +a,(x)y=0 (27.3)

[Tycte dyukuun a,(X),a,(X),...,a,(x) € C[a,b].
ITycte dyuakimu Y, (X), Y, (X),..., Y, (X) — AuHE#HO HE3aBHUCHUMBIC PEIICHUS ypaBHCHUS
(27.3). Torga ¢pyHKIMS

y(x) = Clyl(x)+c2y2 (X)+"'+Cn Ya (X) (29.1)
ABJAETC OOWMM perneHueM ypasaenus (27.3), t.e. VX, €[a,b] u VY, Yq,..., v, eR"
1C,.Cy,...,C,y  Takme, uTO dyakumst  Y(X) =C Y, (X) +Ch ¥, (X) +...+C oY, (X)

YOBIETBOPSAET HAYAIBHBIM YCIOBHSIM:
Y by =Yoo ¥ by = Yor -0 Y™ L = Yo

Hokazamenscmeo. T.x. ¢yukuun Y, (X),Y,(X),...,Y,(X) - nuHeitHO He3aBHCHMBIC

(n-1)

perieHus ypaBHeHus (27.3), To ux TUHEHass KOMOWHAIMS TOXe pelieHne ypaBuenus (27.3), 1.e.
byHKIISA

y(x) = Clyl(x) +C,Y, (X)+...+ Co¥a (X)
pelnieHue ypaBHeHus (27.3).

Ocranoch nokasatk, uto VX, €[ab] n ¥Yy, Y. ..., Yo"’ €R" 3C,,Cpyr...,Crps
nocrosHHbIe, Takue, uTo GyHKImsa Y(X) =C, Y, (X) +C, Y, (X) +...+C Yy, (X) ynosnerBopser
YCIIOBHAM



ClOyl(XO)+CZOy2(XO)+"'+Cn0yn(xo) =Y

Cio¥1(Xo) +Cao¥2 (Xo) +... 4+ Cro ¥r (%) = Yo (29.2)

(n-1)

Coo¥s "™ (%) +Cyo V5" (Xo) o+ Cro ¥, " (%) = Vg

Ornpeaenurens 3TON CUCTEMbI

Yi(Xo) Yo(Xo) o Ya(Xp)
Vi(%) Yo (Xo) o Ya(Xp)
vy v " (%)

ABJISICTCS  ONpenenuresieM  BpoHCKOro il JMHEMHO  HE3aBUCHMBIX  PELICHHI
Y, (%), ¥, (X),..., Y, (X) ypaBuenus (27.3). T.x. onpenenurens BpoHCcKoro HUr/ie He paBeH HYIIO,
TO cucteMa (29.2) umeer enuncrenHoe pemenue C,;,C,y,...,C..

Teopema ooka3zana.

Onpeodenenue. Jluneiino uesaucumsie pemenus Y, (X),Y,(X),..., Y, (X) Oyaem HaspiBaTh

dbyHIaMeHTalIbHOM cucTeMOi perieHuid ypaBHeHus (27.3).
Cneocmeue. Y ypaBHeHus (27.3) MakCUMaJbHOE YHCIIO JMHEHHO HE3aBUCUMBIX
pelIeHu paBHO N.

Teopema. I1yctb nano nuaeHOE MU depeHImaIbHOe YpaBHCHHE N-TO MOpPsIIKa

y® +a,(x)y"? +...+a, (x)y=0, (27.3)
rae a,(X),a,(x),...,a,(x) eCla,b].
Ilycts
y® +b, (x)y" +...+b (X)y=0, (29.3)

nuHelHoe muddepeHImatbHoe ypaBHeHne N-ro nopsiaka, rae b, (x),b, (x),...,b, (x) € C[a,b].

[Tycte dyuxuun Y, (X),Y,(X),..., Y, (X) obpasyor QyHraMeHTaNbHYIO CHCTEMY PeIICHHI
Ju1st ypaBHenuit (27.3) u (29.3).

Toraa & (X) =b,(X),a,(x) =b,(X),...,a,(x) =b,(X)Vx €[a,b]

Hoxazamenvcmeo. Borurem u3 ypaBHenus (27.3) ypaBaenue (29.3). [Tomyuum:

(8,00 b, (0)Y ™™ +(3,() b, ()Y +...+(a,()—b,(Ny=0  (294)

T.x. dyakuuu Y, (X), Y, (X),..., Y, (X) SBISIOTCS NTHHEHHO HE3aBUCHMBIMH DPEIICHUSIMH
ypaBHeHu# (27.3) u (29.3) TO OHHU SIBASIOTCS JTUHEWHO HE3aBUCUMBIMHU PEIICHUSIMU U YPaBHEHUS
29.4).
= Iycte  3X, a8, (X,) #b,(X,), T.e.a(X,)—b(X,)#0. Tak kak ¢ynkumu a(x) u b(x)
HETIPEPBIBHBI, TO  CYIIECTBYEeT  OKPEeCTHOCTh Touku X, —  O(X,)rtakas, dro
a, (X) — b, (x) = 0Vx € O(X,).

CrnenoBatenpHO, ypaBHeHHE (29.4) mopsinka N—1 wMeeT N JTUHEHHO HE3aBUCHMBIX
pELICHUI1, 4TO MPOTUBOPEYHT cliencTBHIO. Clle0BaTeNbHO,

,(x) =1, (%), 8,0 =, (x),....,a,(x) =b, (x).

Teopema ooxazana.



30. ®opmyaa JluwBmwiist — OcTporpaackoro.
I[TycTh JaHO ypaBHEHHE

y® +a,(x)y" P+, +a,(x)y=0 (27.3)
Iycte Y, (X),Y,(X),...,Y,(X) — dynnamenranbhas cucrema pemenuid. Ilycts Y(X)

npou3BoibHOE pemieHne ypaBHenus (27.3). Torma ¢ynkumu Y(X),Y,(X),Y,(X),...,y¥,(X) —
JIMHEWHO 3aBUCHMBL. JTO 3HAYHT, YTO ONPEIENUTENh BPOHCKOTO 9THX (hyHKIHI

Y, Yo o VYa y
Y1 Yo - Ya y'
WYL Yoo Yo YI=| oo =0. (30.1)
yl(n—l) y2(n—1) L yn(n—l) y(n—l)
VR AL AL

A Yo oo Ya
Yoo Ve Y Wy ys oy 1+ 0V e[a, bl
(n-1) (n-1) (n-1)
Vi Y Y,
T.k.
yl y2 yn yl y2 yn
y(n) yl’ yé Y,ﬁ _y(nfl) y1’ yé yr’1 +..l=0
A P A AR AL A
TO ITOCJICAHEC paBeHCTBO
MOXXHO 3aIIiucaTh B BUJIC:
Y: Y, Ya
Y1 Yo e Yn
(n-2) (n-2) (n-2)
vy, Ly,
(n) (n-1) (n)
y™ Y Y, e Yy yoh 4 =0
WILY;, Yoreaas Yol

®Oyukuun Y, (X),Y,(X),..., Y, (X) sBmsrorcs pemenusiMu ypaBHeHuii (27.3) T0o coriacHo
HpeIbIAYyIIeH TeopeMe CIIeyeT, YTO

Y1 Yo oY,
A Yo o e Yn
2SN A A
(n) (n-1) (n)
_ Y1 Y> Ya :al(x) (302)
WY Yo Yol



Y1 Y2 e Yy
i Y2 o Vi
W'[yl7y27""yn]: '
yl(n—Z) yz(n—Z) N yn(n—2)
yl(n) y2(n) o yn(n)
TO paBeHCTBO (30.2) mpuHUMAET BUT
- VL' = (X)
W
17001
dWW =—a, (x)dx.
WuTerpupys moaydeHHOE YpaBHEHUE, TIOTYyIUM
InW = —jal(x)dx+ C
WIn
W =W (x,)e 120

[TonydyenHnoe paBeHCTBO Ha3bIBaeTcs hopMyinoil JIntoBuiis — OcTporpaackoro.

3ameuanue. Ecin nana GpyHnaMeHTalbHas CHCTEMa PEIICHUH OJZHOPOJHOTO JIMHEHHOTO
Qg epeHnaIbHOr0 ypaBHeHHs N-To mopsiaka, To paBeHCTBO (30.1) maer BO3MOXKHOCTB
BOCCTaHOBHTH 3TO YpaBHEHHUE.

ITpumep 30.1. Tlycte N=2,y,(X) =e™*, Y, (X) =e”. Torna umeem

X

et e’y
e e' y|=y"2-y"-0+y-(-2)=0,
efx eX yn

WIH
y'—=y=0

ypaBHeHne, s Koroporo ¢yHkmum Y, (X)=e 7, y,(X)=e" oOpasyoT ¢yHIaMECHTAIbHYIO
cucTemy.

C nomompio ¢Gopmyisl JuoBuwmis — OCTPOrpajgckoro MOKHO MOHU3HMTH TOPSIOK
nuddepeHIraTLHOrO ypaBHEHHS, ECIIU U3BECTHO €TI0 PEIIEHHE.

Ilpumep 30.2. Ilyctb 3a1aHO ypaBHEHHE

y'+a (x)y'+a,(x)y=0.
[TycTh u3BecTHO, 4TO GyHKIMUS Y = Y1(X) pelieHne 3aJaHHOTO YPaBHEHHSI.
Torna, ecnu GyHKIEs Y = Y(X) — pelieHue 3aIaHHOTO YPABHEHUSI, TO

W = e "
T.x.
an=$ = vy -y,
TO l
VY — iy = C,e 120,

N



!

o\ —_[31(X)dx —J.al(x)dx
LY 2y1y :Cizzeijal()()dX :[yJ =G ° 2 :lzcl +Czje
Y1 Y1 Y1 Y1 Yi Y1

OTKYyZJa 11oJIydacM, 4To

dx

2

—Ial(x)dx
5]
y= Clyl +C2 J.de Vi
1

oO11ee pelieHre 3aJaHHOTO YPaBHEHHUS.
Ilpumep 30.3. IlycTb 3a1aHO ypaBHEHHE
y"—3y'+2y=0.
Jlerko npoBeputs, uto GyHKIHMs Y, (X) =€” sABiseTcs peuIeHneM 3a1aHHOTO YPaBHEHHSL.

ITycts ¢pyHknus y = y(X) pelieHue 3a1aHHOro ypasHenus. Toraa, T.x.

y

X !

X

W(X):e =e'y' —e'y,

TO, corstacHo hopmyne JIutomuist — OCTporpaickoro

ey’ —efy = Cze_j_3dx

WIn
’
ex ' ex e3x
Y Y c, S = L] =cet = L= 4C, [erdx=C, +Cpe".
e X e2x ex ex
Takum 006pa3om, MOTYyUUIIH OOIIIEe pellieHre 3aIaHHOTO YpaBHEHUS
y=C,e* +C,e*.
Ilpumep 30.4. IlycTts 3a1aHO ypaBHEHHE
y"+y=0.
Jlerko mpoBeputs, uro yHKIms Y, (X) =COSX SBISETCS pELICHHEM 3aJaHHOTO
YpaBHEHHUS.
ITycts pynkuus y = y(X) pelieHue 3a1aHHoro ypaBHeHus. Toraa, T.k.
COS X .
W(x)=| . y’ =y'cosx+ysinx,
—=SIn X

TO, corytacHo opmyie JlutoBmmisa — OcTporpaackoro
y'cosx—y(-sinx)  C,
cos” X cos” X
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o '
( y j: = y =C,+C,tgx= y=C, cosx+C,sinx.
COSX/) COS”X  COSX

Takum O6pa30M, R(0210%0701051 0611_166 PCHICHUC 3aIaHHOTO YPAaBHCHUS
y =C, cosx+C,sinx

31. J/Inneiinbie OTHOPOIHBbIE YPABHEHHS N — I0 MOPSAKA C MOCTOSIHHBIMU
K03 Ppuunenramu.
PaccmoTpuM ogHOpOIHOE TMHEWHOE YpaBHEHUE N—TO MOPSIAKA:



y® +a,y™ +a,y"? + . +ay=0, (27.3)
rae a,,4,,...,a, —const
bynem uckartp pemenue ypaBHeHus (27.3) B Buze:
y — ekx
Torz[a y/ — kekx1 y” — kzekx“. ., y(n—l) — k(n—l)ekx’ y(n) — knekx.

Hoxacrapnsas GyHkmuio Y = e u ee mpousBoHbIe B ypaBHeHue (27.3), HOITydum:

ke +a ke +a,k" %™ +...+a,e” =0.

Tak kak e = 0 mo6oro 3HaueHMs X, TO, COKpaIlas IOCcIeaHee PaBeHCTBO Ha e,
HOJIyYUM:
k" +a k" +a,k"*+...+a, =0 (31.1)
Vpauenune (31.1) Oynem Ha3pBaTh XapaKTEPUCTUUYECKUM YpPAaBHEHUEM YpPABHEHMSI
(27.3). Kopuu xapakTepHUCTHUECKOTO ypaBHEHHUs OyleM Ha3blBaTh XapaKTePUCTHUECKHUMHU
yrciamMu ypaBHeHus (27.3).

[Ipu pemennu xapakrepuctTuueckoro ypaBHeHus (31.1) BOZMOXKHBI ClTy4au:

1. Bce KOpHUM XapaKTEepUCTUUYECKOTO YPaBHEHUS JEHCTBUTENbHBI U PA3IUYHBIL.

2. Cpenu JAEWCTBUTENbHBIX KOPHEH XapaKTepUCTUYECKOTO YpPaBHEHHsSI HEKOTOpbIE
KOpHU KpaTHBIE.

3. Cpenu KOpHel XapaKTepUCTUUECKOr0 ypaBHEHUS €CTh KOMIUIEKCHbIE KOPHHU.

PaccMOTpuM KaX bl U3 3THUX CIIy4aeB B OTIAEIBbHOCTH.

1. Bcee KOpHH XapaKTCPUCTHICCKOI'0 YPABHCHUA JIEHCTBUTEIIbHBI U Pa3JINIHEL.

HNmeem, 4TO KOpHH
K Kyseonky € Rk 2k = j=12,...n.
Torna pynkuuu
y, =e"y, =e, |y =e“
SIBJISIFOTCSL JIMHEWHO HE3aBUCUMBIMH pelieHussMu ypaBHeHnus (27.3). CnegoBaTesibHO, COTJIACHO
TEOpeMe O CTPYKTYpe pEIIEHHs OJHOPOAHOTO JMHEHHOro anu¢(epeHnnalbHOTO YpaBHEHHS,
UMeeM, UTO (QYHKIIHS
y=Ce"* +C,e" +...+C e""

rae C,C,,...,C Ipou3BOIbHBIE IIOCTOSHHBIE, O0LIEE PELIeHNe ypaBHEeHH s (27.3).

Ilpumep 31.1. Petinm ypaBHEHUE
y"—3y'+2y=0.
XapakTeprucTUYECKOe ypaBHEHUE 3aJJaHHOTO YPAaBHEHUSI UMEET BU/T
k? -3k +2=0,
KOPHHM KOTOPOT'O COOTBETCTBEHHO PaBHbI
k, =1k, =2.
CrenoBarenbHO, o011Iee pelIeHre 3a1aHHOTO ypaBHEHUS UMEET BUJL
y=C,e* +Ce*
Ilpumep 31.2. Petium ypaBHEHUE
y"—-y'=0.
XapakTepUCTUYECKOE YPaBHEHHE 3aJaHHOTO YPaBHEHHS UMEET BUJL



k®-k=0,
KOpHH KOTOPOI'0 COOTBECTCTBCHHO PAaBHLIL
k,=-1k =0,k =1.
CJIGI[OB&TGJIBHO, O6IJ_I€€ PEIICHUC 3aJaHHOT'O YPABHCHHUA UMCCT BU/JL
y=Ce “+C,+C.e*

2. Cpeau AeMCTBUTENBHBIX KOPHEH XapaKTEpUCTHUECKOTO YPABHEHMsI HEKOTOpPBIE
KOPHU KpaTHBIE.

ITycth KOpeHb K; uMeeT KpaTHOCTh ;.
Ecnu k=0, To XapakTepucTHueckoe ypaBHEHHE MOXHO 3aIicaTh B BHIE:
a; n—a; n-1-g; _
k“ (k™ +ak +...+a,,)=0
T.€. ypaBHeHue (27.3) umeer BUL:

-1 P
y® +ay™+.+a,, y" =0

a;i-1

2
Jlerko mpoBepuTh, uto QyHkmmm 1, X,X°,...,X SIBJISIFOTCS ~ PELICHUSIMH ~ 3TOTO
YpaBHECHUS.

CremoBatenpo, mpu kKopue K,=0 ¢ KpaTHOCTBIO «; WMeEeM, dYTO (YHKIHH

2 a; -

1, X, X?,...,X“ " pemenus ypasuenus (27.3).
Ilpumep 31.3. Peium ypaBHEeHUE
1\ "
y ' —-y"=0
XapakTeprucTUIeCKOe ypaBHEHUE 3aJJaHHOTO YPAaBHEHUS UMEET BH/I
k*—k?=0,
KOPHH KOTOPOTO COOTBETCTBEHHO PaBHbI
k,=-1k, =0,k; =0,k, =1
CrnenoBaTenbHO, 0011I€€ PEIICHNE 3aJaHHOTO YPaBHEHUSI HUMEET BUJ]
y=Ce “+C,+C,x+C,e"
B ciyuae, xorma k #0 — To ¢ mOMOIIBIO 3aMeHBI
y =e"z
MIPUXOJIUM TOJILKO YTO PACCMOTPEHHOMY CITyYaro.
Ilpumep 31.4. PemuuM ypaBHEHUE
y"-3y"+3y'—y=0.
XapakTepucTUYECKOE YPaBHEHHE 3aJAaHHOTO YPaBHEHHSI UMEET BU]]
k®—-3k?+3k-1=0
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(k-1°=0,
KOpPHH KOTOPOI'0 COOTBETCTBECHHO PaBHBI
k, =k, =k, =1.
BBeneM HOBYIO (DYHKIIHIO Z C TIOMOIIBIO MTOICTAHOBKU
y=e"z.

Tornma



y'=e*z+e7' =e"(z+2),

y'=e*(z+27'+17"),

y
[Toncrapisst B ypaBHEHUE, TOJTYYUM

e*(z+32'+32"+2"-32-62'-32"+32+32'-2) =0

m

=e"(z+32'+32"+2").

nJIn
2" =0.
XapaKTCpI/ICTI/IquKOC YpaBHCHHUC 3aJaHHOI'O YpaBHCHUA HMECT BU/L
=0
KOpHH KOTOPOI'0 COOTBECTCTBCHHO PAaBHLIL
l,=1,=1,=0

CrnenoBatenbHO, PYHKIIMH

z,=12,=%,2, =%°

SIBJIIOTCS JIMHENHO HE3aBUCUMBIMU PCIICHUAMHA YPABHCHUA
2" =0.
Torna pynakunm
y, =e*,y, = xe*,y, = x’e*
SIBJITFOTCS JIMHENHO HE3aBUCUMBIMH PCIICHUAMA YPABHCHUA
y"-3y"+3y'—y=0
u 061uee PCHICHUC 3aTAHHOTO YPAaBHCHUS UMCCT BUJL
y =C,e* +C,xe* +C,x%",

Takum oOpasoM, ecnu K, sBIsleTcss KOpPHEM XapaKTEPUCTHYECKOTO YpPaBHEHHS

KPaTHOCTU ¢; , TO (DYHKIHH

a; -1, kx

k. k
e xe ... X% e
SBJISTIOTCS TMHEWHO HE3aBUCHMBIMH pellieHUsIMU ypaBHeHus (27.3).

Ilpumep 31.5. PemuuM ypaBHEHUE

yIV _3ym +3y” _ yr — O

XapakTepucTUIECKOe YPaBHEHHUE 3aJJaHHOTO YPABHEHHS UMEET BUJ]
k*-3k®+3k*-k=0

N



k(k-1)° =0,
KOPHHU KOTOPOIo COOTBECTCTBCHHO pPAaBHBI
k =0k, =k, =k, =1.
CremoBarenbHO, QYHKIHS
y=C, +C,e* +C,xe* +C, x%e*
ABJIACTCA pCHIICHUCM 3aIaHHOI'O YPABHCHUS.

3. Cpenu KopHeH XapaKTEPHCTHYECKOTO YPABHEHHUS €CTh KOMILICKCHBIE KOPHH.
Tak kak KOpHU - KOX(PPHUIMEHTH XapaKTEPUCTHUECKOTO YPABHEHHUS IPEIIOIararTcs

JENCTBUTENbHBIMU, TO KOMILJIEKCHBIE KOPHH XapaKTEPUCTUUECKOTO YPABHEHUS MOTYT MOSBUTHCS
TOJIBKO CONpsDKEHHbIMM napamu. T.e. ecnm K=a+if - KOpeHb XapaKTEpUCTHYECKOIO

ypaBHeHUA, TO K = o — i - TOKe KOpPEeHb XapaKTePUCTHUECKOTO YPaBHEHHUSI.

ITape xommuekcHbIX KopHe K=a+iff U K=a—if COOTBETCTBYIOT KOMIUIEKCHBIE

pPCUICHUA

el — e® cos X +ie™ sin X

el —e® cos fx —ie™ sin X .

Takum o00pa3om, mape KOMIUIEKCHBIX COMPSDKEHHBIX KOPHSM COOTBETCTBYIOT JIBa
JeCTBUTENbHBIE pelieHns € COS /X u e sin X, KOTOpbIe SBISAIOTCS TMHERHO HE3aBUCHMBIMH

peleHus MU ypaBHeHus (27.3).

Ecnu xommuiekcHble KOpHH K = +if U K =a —if XapakTepucTUYECKOro ypaBHEHHUs

KpaTHbIE, KpAaTHOCTH M, TO (PYyHKIIUH
e” cos Ax, xe™ cos X, x?e™ cos/X,..., X" '™ cos /X,
e”sin Ax, xe™sin Ak, x*e“sin px,..., x" e sin X
00pa3yroT CUCTEMY JTMHEHHO HE3aBUCHMBIX PEIICHUI U3 2 M-perieHui.
Ilpumep 31.6. Petium ypaBHEHHE
y"+y=0.
XapakTepucTUUeCKOe YpaBHEHHE 3aJaHHOTO YPaBHEHUS UMEET BH]L
k?+1=0

KOpHH KOTOPOI'0 COOTBECTCTBCHHO PAaBHLIL



k, =—1,k, =1.
T.K. 0=0 u =1
CrnenoBartenbHO, (PyHKIHS
y =C, cosx+C, sin x
SBIISIETCS pELICHUEM 3a/IaHHOTO YpaBHEHHUSI.
Ilpumep 31.7. Pemium ypaBHEHUE
y"—4y'+8=0.
XapakTepuCTUIECKOE YPAaBHEHHE 3aJJAHHOTO YPaBHEHUS UMEET BUJ
k? -4k +8=0,
KOPHHU KOTOPOTO COOTBETCTBEHHO PABHBI
k=2+2i,
T.K. =2 u =2
CnenoBarenbHO, QyHKIUSL
y =C,e”* cos2x +C,e* sin 2x

ABJIACTCA pCHIICHUCM 3aIaHHOI'O YPABHCHUH.

32. HeonHopoaHbIe JTHHEHbIC YPABHEHHUsI N — I'0 MOPSAAKA.
Memoo sapuayuu npou3é01bH020 NOCMOAHHOZ0.

Paccmorpum ypaBHEeHME
v +a (x)y" Y +a,(x)y" )+ +a, (x)y = F(x), (32.1)
x € a;b]

VpaBuenue (32.1) Oynem Ha3bIBaTh HEOJHOPOJHBIM JIMHEHHBIM YypaBHEHHEM N — TO
HOpsAJKA.

3nech & (X),a,(X),...,a,(X), f(X) dynxmmu onpenenennsie Ha otpeske [a,b].
Beenem o6o3HadeHME:

LIyl=y®™ +a,(Qy"™ +a,(x)y"? +...+a,(X)y.



Teopema 1. Tlycts L[y,]1=0 u L[y ]= f(X). Torna L[y, +y 1= f(x).
Teopema 2. Ilycrs L[y, ]= f,(X),L[y,]= f,(X). Torma L[y, +Vy,]= f,(X)+ f,(x).
Teopema 3. Ilycts L[u]=U, L[v]=V. Torma L[u+v]=U +V .

Teopema (0 cmpykmype oougeco peuwienus HeOOHOPOOHO20 TUHEUHO20 YPAsHeHUA N-20
nopsaoka).

[lycTh 1aHO HEOITHOPOAHOE JINHEHHOE YpaBHEHUE N-TO MOPsIKa

y® +a, (x)y " +a,(x)y"? +...+a, (X)y = f(x). (32.1)

[Tycte dynkuun a,(X),a,(X),...,a,(x) € C[a,b].

[ycte Gynkuun Y, (X), Y, (X),..., Y, (X) — quHelHO HE3aBUCHMBIC PEIICHUS OAHOPOJHOTO

ypaBuenus L[y]=0, a dyukuus Y (X) HekoTopoe uacTHOe pemenme ypasHenus L[y] = f(x).

Torma obiiee perenne ypaBHenus (27.3) umeer BUJI
y(X) =C.y; () +Coy, () +...+Cy, () + Y (X).

Ota Teopema JOKa3bIBaeTCsS aHAJOTUIHO TEOPEMBI O CTPYKTYPE OOILET0 PELICHUs
OJIHOPOAHOTO AU PEepeHINaTbHOIO YpaBHEHUS N-TO MOPsIKa.

I[J'ISI HaxXOXJACHUSA YaCTHOTO PCEIICHHA HCOAHOPOIAHOTO JIMHEHMHOT O YpaBHEHHUs N-TO
nopsi/ika UCIOJb3YyHOT MCTOA BapHallu IPOU3BOJIBHOI'O ITOCTOSAHHOTO.

[Tycth nano ypaBHeHuUE

vy +a, () y" P +a,(X)y"? +.+a, (x)y = f(X). (32.1)
Iycte  Y,(X),Y,(X),...,¥,(X) — IHHEHHO HE3aBHCHMbIC pPEIICHHUS OJHOPOIHOTO
ypaBHEHHS
y® +a,(x)y" P +a,(x)y"? +...+a, (x)y=0. (27.3)
Torna dyHkIus

y(x) =Cry1 +C,y, +...+Cyy,

— obuee perienne ypaBaenus (27.3)

Pemenue ypaBuenus (32.1) 6yaem uckarb B BUIE

Y(¥) =C, (0¥, +C, (Y, +-..+Cy (0¥, = 3.C, (9,

i=1

Tornma



Y00 = Y Cl09Y,+ 3G 00!

[ToTpebyem, 4TOOBI

Zci’(x) yi =0,
i-1
Toraa
y'() =>.C(x)y
i=1
Hanee
y'(x) =2 Ci()y; + 2. C(x)y .
i1 =)
[TotpebyeM, 4TOOBI
>.Ci(0y; =0,
i-1
TorAa

EORAONE

n
ITpoosKast BRIYUCIATH IPOU3BOAHBIE PYHKIHMK Y(X) = ZCi (X)y; mo mopsika n—1
i1

n
BKJIIOUUTENBHO, U TpeOys Kax/Iblil pa3 00palieHus B HyJIb CyMMBbI ZC{(X) y®

i=1
i)y =0 (k=0,1,2,...,n-2),
i=1

MOJIyYUM



Y00 = 3C,(9Y,
V()= > C0/,

V(0= XC00y."

y" o (x) = Zci )y,
i

yO ) =D Cl)y"Y +> Cx)y™.
i=1l i=1
Hoxcrasmss 3Haverns Y(X), Y'(X),..., Y (x), y™ (X) B ypaBuenue (32.1), momydum:

> G0y + 3G 00y +a,(03C (Y, +...+ 3, (0D C, (0, = ()

S Ci0y " = ().

Taxum oOpazom, st onpeaenenus pyukuuit C1(X), C2(X),..., Ca(X), mONydnIm cucTeMy

ici’(x)yi =0,
_Zn:Ci’(X)y; =0,

>0y = (0.

T.x. onpenenurtens MONTYYEHHOM CHUCTEMBI SBISETCS ompenenurereM BpoHckoro st n
JMHENHO HE3aBUCUMBIX PELIEHWH OJHOPOAHOIO JIMHEHHOIO ypaBHEHHsS N — ro MOpsaKa, TO

cucrema pasperruma otHocutensHo C;(X),C;(X),...,C/ (X). UHTerpupys MOIyYeHHBIC 3HAYCHUS

MMPONU3BOJHBIX, HAXOAUM:

C (x) =@, (X) +Cy,
C, (%) =9p,(x)+C,,

C.(¥) =0,(x)+C,,

Iy 11ocCJI€ NoACTaHOBKHU



Y00 = 20,009, (9 + XCY (M =y +¥o

Ilpumep 32.1. Pemium ypaBHEHUE
y"+Yy=COSX.

JInHEeNHO HE3aBUCUMBIE PELICHUS COOTBETCTBYIOIIETO OJHOPOJHOTO YPABHEHUS UMEIOT
BHL:

Yy, (X) =cosX, Y, (x) =sin X.
Pemienue HCOAHOPOAHOI'O YpAaBHCHUS UIIIEM B BUJIC
y(x) =C,(x)cosx+C,(x)sin X.
Tornma
y'(x) =C, cosx +C; sin x—C, sin x+C, cosx.
Tpebyem, 4T0ObBI
C/cosx+C,sinx=0.
Tornma
y'(x) =—C, sin x+C, cosXx.
CrnenoBaTenbHO
y"(x) =—C;sin x+C, cosx—C, cosx—C, sin x.
HOI[CTaBJ'IHH B YpaBHCHUH, IMOJTYyIUM
—C,sinx+C, cosx—C, cosx—C, sin x+C, cosx+C, sin X = COSX,
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—C/sinx+C, cosx =C0oSX.
Takum o0pazom, otHOcuTenbHO C1(X) 1 C2(X) UMeeM CUCTEMY:
C/cosx+C,sinx=0,
{— C,sin x+C, COSX = COS X.
N3 cuctemsl nonyyaem

C} =cos’ X,
C, =—sin xcosx,

WM UHTErpUpPYys NOTy4YEeHHbIE YpaBHEHUS



cos® X 1 1

C,(x)=C, +;X+sm 2X.

Taxum o6pa30M, PEIICHUE 3aJaHHOTI'O YPaBHCHUSA UMCECT BU:

: 1 1 1 . 1. :
y =C,cosx+C,sin x+Zcosx+Zc052xcosx+§xsm X+ =sin 2xsin X.

33. JIuneiiHble HEOJHOPOJHbIE YPAaBHEHHMS N — I0 MOPSAAKA C
NOCTOSTHHBIMHU KO3 PUIIHEHTAMHU.

PaccmoTpuM nuHEIHBIE HEOJMHOPOIHBIC YPAaBHEHHSI N — TO MOPSIKA C MOCTOSHHBIMU
KO3 UITEeHTAMH

y® +ay™ i+ +ay=f(x). (32.1)
Ilpumep 33.1. Peuium ypaBHEeHUE
y" =y’ =x.
Nmeem
Yoo = Yoo T Yuaem -
Pemmm cooTBeTcTBYyIOLIEE OTHOPOIHOE YpaBHEHNE
y"—y'=0.
XapakTeprucTUIeCcKoe ypaBHEHUE 3aJJaHHOTO YPAaBHEHUSI UMEET BU/
k®-k=0,
KOPHU KOTOPOT'O COOTBETCTBEHHO PAaBHbI
k, =-1k, =0,k; =1.
CrnenoBatenbHO, QYHKIIHUS
Y. =Cie*+C, +C,e*
ABJISIETCS. pELICHUEM OJHOPOIHOTO YPABHEHHS.
Pemenrie HeOMHOPOIHOTO ypaBHEHUsI OYZeM HUCKATh B BUJIC

y=C,(x)e”™* +C,(x) +C,(x)e*.



Torna
y'=Cle*+C,+Cie*-Ce " +Cue”.
[ToTpebyem, 9TOOBI
Cle*+C,+Cle* =0
Tornma
y'=—-Ce ™ +Cse”.

CiieqoBaTeIbHO
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y'=-Cle* +Cle* +Cie " +C,e”
[ToTpebyeM, 4TOOBI
—-Cle"+Ce* =0.
Torna
y"=Ce ™ +C,e”

Hamnee
y"=Cle " +Cpe*-Ce *+Ce* =x+Y'
Takum o6pazom, otHocuTeabHO C1(X) 1 C2(X) u C3(X) iMeeM cucTemy:

C, = 1 xe™*
2

Ce"+C,+Cie* =0
- 1
-Ce"+Ce* =0 = Cl’:Exex
IA—X A X
Cle™ +Cie” =X C) =—x

WHTerpupys nony4eHHbIe ypaBHEHUS, TOIY4YUM

C,(x) = ;xeX —;ex +C,,
2

X
C,(x) = _7+C2’

C,(x)= —;xeX + ;ex +C..

[Moncrapnss nonydennbie 3HaueHusT GyHKIUA C1(X) u C2(X) u C3(X) B BBIpaOXCHHUU IS
dynkumn y(X)
y=C;(x)e” +C,(x) +C4(x)e”

MOJIy4YUM



2
y:(lxex—lex+clje‘x+ —X—+C2 +(—1xe‘x+c3+le‘xjexz
2 2 2 2 2

2 2
:;x—;+cle‘X —)(2+CZ—;X+C3eX+;:C1e‘X +CZ+C3eX—X2.

Takum 06pa3om, MOTyINIIH:
-X X
Y., =Ce7 +C, +C.e’”,

yqac = _7

[Ipu pemeHUN NTUHEHHBIX OAHOPOIHBIX YPaBHEHHUU C MOCTOSHHBIMH KO3()(UIIMECHTaMU
BO MHOTHX Cilydasx 0e3 Tpyda ynaercs MmoJoO0paTh YacTHbIE PELICHHs] U TEM CaMbIM CBECTH
3ajjauy K PEeLICHUIO COOTBETCTBYIOILUX OJHOPOIHBIX YPaBHEHHH.

1. PaccmoTpuMm ypaBHEHUE

vy +ay®P+. . +ay=P.(x), (33.1)
rae P, (X) - MHOTOWICH cTemeHn M, T.¢.
P.(X)=AX"+AX" " +...+A.
3ameuanue. P, (x)=e"*-P_(X)
IIycts k = 0 sBiIIETCS KOPHEM XapaKTEPUCTUUECKOTO ypaBHEHMs KpaTHocTd o. Torma
cymiectByet Mmuorowrten Q. (X), Takoi, uTo QyHKIUs

Yuae = X" Qu(X),
SIBISIETCS YACTHBIM petreHneM ypaBaenus (33.1), roe Q, (X) — MHOrouneH crenexu m.
Ilpumep 33.2. Pemium ypaBHEHUE
y"—y' =X.
Nmeem
Yooy = Yoou T Yuacm -

PemmMm COOTBCTCTBYIOIICC OJHOPOAHOC YPABHCHUC

m ’
y"—y"=0.
XapaKTepUCTUUECKOE YPABHEHHE 33]JTAaHHOTO YPABHEHHS UMEET BU
k® -k =0,

KOPHHU KOTOPOT'O COOTBETCTBEHHO PABHBI
k, =-1k, =0,k; =1.
CrnenoBarenbHO, QyHKIHS
Yoou =Cie " +C, +Coe”
SBJISIETCSI PELIEHUEM OJJHOPOIHOTO YPaBHEHHSI.
YacTHoe perieHne 3aJaHHOT0 YpaBHEHUs OyJ1eM UCKaTh B BUJIE
V... = X(ax+b) = ax® +bx.

Torna

"
uac

y, =2ax+b,y

uac

=2any, =0.
[ToncraBnsst B ypaBHEHUE, TOTYYUM
0—(2ax+Db) =x.

[IpupaBHuBas K03(hPUIHEHTHI IPU OJUHAKOBBIX CTEMEHSX, MOIYUHM:



—-2a=1,
b=0,

WA a:—l,bzo.
2

CJ'IG,I[OB&TGJ'IBHO, YaCTHOC pCUHICHUEC

1.
=—=x%
y‘{HL 2

CrnenoBarenbHO, 00lIee pelIeHre 331aHHOTO YPaBHEHUS €CTh (DYHKIIHS

y=Ce*+C, +C,e* —%xz.

2. PaccMmoTpuMm ypaBHEHHE

yW +ay®P 4 +ay=e”P (x), (33.2)
rae P (X) - MHOTOWIEH cTemneHn M.

[Tyctb K = p KOpeHb XapaKTEPUCTUYECKOTO YPAaBHEHHUSI KPaTHOCTH 0. Toraa cymiecTByeT

muorowren Q. (X), Takoit, uTo QyHKIHUS
Yuae = X“€"Qp(X)
SIBISIETCS YACTHBIM perieHneM ypaBrenus (33.2), rae Q, (X) - MHOrousieH CererneHu m.
Ilpumep 33.3. Peium ypaBHeHUE
y"—y' =xe*.
HNmeem
Yoour = Yoou T Yuacm -

PemmMm COOTBETCTBYIOIIICC OAHOPOAHOC YPABHCHHUC

L4 ’
y"-y =0.
XapakTepucTUYECKOE YPAaBHEHHUE 3aJJaHHOTO YPABHEHHS UMEET BUJ]
k®-k=0,

KOPHH KOTOPOTO COOTBETCTBEHHO PABHBI
k, =-1k, =0,k; =1.
CrnenoBarenbHO, QyHKIHS
=X X
Yoou =Ci€7 +C, +Cge
ABJIACTCA pCHICHUEM OJHOPOAHOI'O YPAaBHCHUAA.
YacTHoe perieHne 3aJaHHOTO YpaBHEHUs OyJ1eM UCKaTh B BUJIE
V... = Xe*(ax+b) = (ax* +bx)e*.
Torna
y! . = (ax® + 2ax+bx +b)e*,

y" = (ax®+4ax+bx+2a+2b)e,

uac

"

y" = (ax®+6ax+bx+6a+3b)e*.
Iloxcrasnss B ypaBHEHUE, MOIY4YUM
y" —y' = (4ax+6a+ 2b)e* = xe*
niim
dax+6a+2b=x.



[IpupaBHuBast K03HPUIHUEHTHI TPU OJMHAKOBBIX CTETICHAX, MTOTYYHM:
4a =1,
{Ga +2b =0.
Pemas nony4deHHyIo cuctemMy ABYX JIMHEHHBIX ypPaBHEHUH C IBYMsI IEPEMEHHBIMU,

[IOJIY4YUM a—l b——E
i 4’ 4

CrnenoBatenbHO, YaCTHOE PELLIEHUE

y —(Exz —§xjeX
yac 4 4 '

CrenoBarenbHO, 001Iee pelIeHre 33JaHHOTO YPaBHEHHS €CTh (PYHKITUS
_ 1 3
y=Ce*+C,+Ce* +| =x*->xle*.
4 4
3. PaccmoTpum ypaBHeHHE

y"W +ay™®P . +ay=e™(P, (x)cosgx +Q,(x)singx),
(33.3)
rae P, (X) - maorounen crenern m, Q, (X) MmHorownen cremnens .
IIycts P+i0 — KOpPEHb XapaKTEPUCTUUECKOTO YPAaBHEHHMs KPaTHOCTH 0. Toraa 4acTHoe
pelieHne ypaBHeHus (4) MOXKHO UCKAaTh B BUJE
y... = x“e™ (P, (x)cos qx +Q, (x)sin gx),
rae S= max{m, I}.
Ilpumep 33.4. Peium ypaBHEeHUE
y"+4y'+4y =cos2X.
HNmeem
Yoo = Yoo T Yuaem -
PemmM COOTBETCTBYIOIIEE OJJHOPOIHOE YPABHEHHE
y'+4y'+4y =0
XapakTepruCTHYECKOE YPABHEHHE 3aJaHHOIO YPABHEHHSI MMEET BU]I
k?+4k+4=0,,

KOpHH KOTOPOT'0 COOTBETCTBCHHO PAaBHLI

CrnenoBarenbHO, QYHKIHS
Yoou = (Cl +C, X)eizx-
ABJIACTCA pCHICHUEM OJHOPOAHOI'O YPaBHCHUS.
HNmeem
cos2x =e% .1-cos2X, .
HOSTOMy JaCTHOC PCUICHUC 3aJaHHOT'0 YPABHCHUA 6YJICM HUCKaThb B BU/JIC
Y. =AC0S2X+Bsin2x.
Torna
Y. =—2Asin 2x + 2B cos2x,
y! =—-4Acos2x—4Bsin 2xX.

uac



IloncraBnss B ypaBHEHUE, IOITYYUM
—8Asin 2x +8B cos2x = cos2X..
Hcnonb3ys TMHEHHYI0 HE3aBUCUMOCTh QyHKIMiA SIN 2X 1 COS2X , MOJIyuMM CHCTEMY
-8A=0,
{88 =1.
Pemas nony4eHHyro cucTeMy ABYX JIMHEHHBIX YPAaBHEHUH C IBYMsI IEPEMEHHBIMU,

noinyunm A=0,B = ;

CnenoBarenbHO, YaCTHOE PEIICHHE
1.
Yiue = gsm 2X..
CrnenoBarenbHO, 00lIee pelIeHre 331aHHOTO YPaBHEHUS €CTh (DYHKIIHS

y =(C, +C,x)e” +%sin 2X.

Cucrembl 1 depeHIuaIBLHBIX YPABHEHUIA.

34. Cucremsl auddepenunanbHbix ypaBHeHuil. OOmme mnonsaTus. Teopema
CylIeCTBOBAHUS U €INHCTBEHHOCTH.

Onpeodenenue. Cuctemoit nuddepeHnanbHbIX ypaBHEHUH OyneM Ha3bIBaTh CHCTEMY

BUJIA!
Vo= Fi06 Y Ya0ee0Yi)
v, = L, Y, Yoo Y,
Yo = T Y1 Ya0e0¥i) (34.1)
Yo = Fa(X ¥ ¥orees¥i)
rje
Yi = Y1(¥)s- Yo = Yo (%),
L Oy _dy,
y, = o veer ¥, = o
Teopema (cywiecmeosanusn u eOUHCMEEHHOCMU PEUEHUA).
[lycts nana cucrema nuddepenunanbabix ypasHenuit (34.1) x e[a,b].
IMycrts ¢ynxkuum  f, f,,...,f — HempepbiBHBIE (YHKIMH B OKPECTHOCTH TOYKH
(XO’ Y101 Yoo 100 ynO)’ rae X, €[a,b].
Iycte  ¢yskrmmu  —-,i, j=12,...,N  HempepsIBHBI B  OKPECTHOCTH  TOYKH

j
(XO’ Y101 Ya01:e0s ynO)’ rae X, €[a,b].
Torma Vylo, Yog1eee1 Yno CYIIECTBYET PEIICHUEC CUCTEMBI

y() = (10, Y2 (%), ¥, (X))

Takoe, 4YTO

yl(XO) = Yao» yz(xo) = Yogree yn(Xo) = Yno-



35. Cucrembl JauHeliHbIX Ju(pdepeHnUAIBHBIX  ypaBHenuil. Teopema
CYLIECTBOBAHUSA M €[IMHCTBEHHOCTH.
Paccmorpum cucremy
Vi =2, ()Y, +a, (XY, +...+a,(X)y, + f,(X)
Y2 =8, (X)Y; +ay, (X)Y, +...+a,, ()Y, + f,(X) (35.1)

Yn = anl(x)yl +an2(x)y2 +...F ann (X)yn + fn(x)

Ilycts
all (X) a12 (X) o aln (X)
A= aZl(X) a'22 (X) a'2n (X)
anl (X) anZ (X) ce ann (X)
y:(X) f,(x)
v | V0] | 00|
Yo (X) fo (X)
Toraa cuctemy (35.1) MoXxHO 3anucath B BUJE:
Y =AY +F.
Ilycts
L[Y]=Y — AY,
torna cucrema (35.1) umeer Bua
L[Y]=F.

Teopema (cywiecmeoganuna u eOUHCHIEBEHHOCMU DPEUIEHUA JUHEUHOU CUCmeMbl
oughghepenyuanvuvix ypasnenuit).
Ilycth nana cucrema JIMHEHHBIX AU depeHInanbHbIX ypaBHeHui (35.1).

[ycrs f;(x), (X) — HempepHIBHBIE GYHKIMM B OKPECTHOCTH TOUKH X, , TJe X, €[a,0].
Torma VY5, Ys,---» Yoo € R" cylecTByer penienue

y() = (¥1(%), Y2 (%), ¥, (X))
cuctemsl (35.1) Takoe, 9TO
yl(XO) = Y10 yz(xo) = Y0141 Yn (Xo) = Yno-
Ilpumep 35.1. PaccMoTpuM cucteMy
Yi=-Y,
Yo =%
Nmeem
Vi==Y, =V ="V, =Y.
W
yi+y, =0.
Oo1iiee perieHne MOJTYyYeHHOTO YpaBHEHUSI UMEET BH/T
y, =C, cosx+C,sin x.



CrnenoBaTebLHO
y, ==Yy, =C,sinx—C, cosx.
Takum oOpa3om, pelieHue 3aJaHHON CHCTEMbI UMEET BU]]
y, =C,cosx+C,sinx,
y, =C,sinx—C, cos x.

36. CpoiicTBa cucTeMbl JJMHEHHBIX AU (PepeHHaIbHBIX YPABHEHHUH.
1. L[CY]=CL[Y].
2. L[Y; +Y,]1=L[Y,]+ L[Y,], T.e. L — nuneiinsiit oneparop.

3. L[iCiYi] = iCiL[Yi]'
4.1[U +iV]=LU]+iL[V].

DTH CBOWCTBA SBJISIOTCS CIIEACTBUSIMU COOTBETCTBYIOIIMX CBOWCTB IMPOU3BOTHOI.
Teopema 1. Ilycte L[Y]=0. Torma L[CY]=0.

Hoxazamenvcmeo. L[CY]=CL[Y]=C-0=0,rne 0=
0

Teopema 2. Ilycrs L[Y,]=0,L[Y,]=0.Torma L[Y, +Y,]=0.
Hokazamenscmeo. L[Y, +Y,]=L[Y,]+L[Y,]=0+0=0.

Teopema 3. Tycts L[Y,]=0, rnei=1,2...m. Torna L[ZCiYi] =0.

i=1

Hokazamenscmeo. L[z CYl= ZCi L[Y,1= ZCi -0=0.
i=1 i=1 i=1

Teopema 4. Ilycts L[U +iV]=0. Torma L[U]=0,L[V]=0.
Hokazamenscmeo. L[U +iV]=L[U]+iL[V]=0= L[U]=0AL[V]=0.

37. JInneiliHasi 3aBUCHMOCTb M HE3aBHCHMMOCTb cHCTeMbl GyHkunuii. Onpeneanresb

Bponckoro.
Onpeoenenue. I1yctb nanel GyHKIUN
Vi (X) Y1z (X) Yin (X)
Ya(X) Y22 (X) Yan (X)
Y, ()= LY, 0 = ALY ()= T
ynl (X) ynZ (X) ynn (X)

Crkaxem, uto ¢pyukuun Y, (X),Y,(X),...,Y,(X) muneiiHo 3aBucumMsl Ha otpeske [a,b], ecru

cymectBytoT nocrosiuusie C;,C,,...,C, He Bce paBHbIC HYIIO TaKHe, YTO

CY,(X)+GCY,(X)+...+C.Y,(xX)=0,Vx €[a,b]. (37.1)



T.€. QYHKINU JTUHEHHO 3aBUCHMBI, €CIM CYIIECTBYET HEHYJIeBas JIMHEWHAs KOMOUHALINS
3TUX (PYHKIUI TOKAECTBEHHO paBHAs HYIIIO.

Ckaxem, uyro ¢yrkuuu Y (X),Y,(X),...,Y,(X) nuHEHHO HE3aBHCHMBI, €CIIH PABEHCTBO
(37.1) Bemomnnsercs toneko npu C; =C, =...=C, =0.

PaBencTBo (37.1) MOKHO TIepenucaTh B BUJIE.
CrY () +Coy, (X) +...+C Ly, (X) =0
CiYu(X)+C,oYp(X)+...+CY,,(X) =0

CYu(X)+CyYp(X)+...4C. Y, (X) =0
Onpeoenenue. 1lycts nausl pynkunn Y, (X),Y,(X),...,Y,(X) . Onpenenurenem Bporckoro

6y,I[€M Ha3bIBATb OIIPCACIUTD

Yiu Yo oo Y
W (x) = Yoo Yo oo Yoo
ynl yn2 e ynn

Teopema 1. Eciu dynxumu Y, (X),Y,(X),...,Y, (X) nuHeiiHo 3aBucuMbI Ha oTpeske [a,b]

TO UX ONpeAeanTeIh BPOHCKOT0O TOX/ISCTBEHHO PaBeH HYIIO Ha [a,b].

Hokaszamenvcmeo. T.X. GyHKIMH JIMHEWHO 3aBHCUMBI, TO XOTs Obl OMH W3 HHUX €CTh
JHWHEIHas KOMOWHaNuMsl OCTalIbHBIX. B ompexenurtene BpoHCKOro cooTBETCTBYIOMMI cTONOEI
€CTh JIMHEeWHast KOMOMHAIS ocTabHBIX. ClleI0BaTeNbHO, ONPEACITUTENh PABEH HYIIIO.

Teopema ooxazana.

3ameuanue. Ilycte L[Y] = 0 — omHOpomHAs cucTeMa JTHHEHHBIX AU PEepeHIHATBHBIX
ypaBHeHuid. Torma ¢yukmus Y(x) = 0 sBIseTCS peUIEHUEM O5TONH CHUCTEMBI C HYJIEBBIMU
HAYaJIbHBIMH YCIIOBHSIMHU.

Teopema 2. TIycts dynkiun Y, (X),Y,(X),...,Y,(X) SBISIOTCS pemICHHSIMH OJHOPOIHOM
CHCTeMbI THHEHHBIX auddepenunansupix ypaBaenuit L[Y] =0, x e[a,b].

ITycte 3, €[a,b]:W(X,) =0.Toraa dyuxuun Y,(X),Y,(X),...,Y, (X) nuHeiiHO 3aBHCHMBI
Ha oTpe3ke [a,b].

Hokazamenvcmeo. imeem

yll(XO) ylZ (XO) yln (XO)

Ya(Xo) Yo (Xo) - Yan(Xo)| _

W (x,) =0=> 0

ynl (XO) yn2 (XO) s ynn (XO)
PaccmoTpum cuctemy IMHEWHBIX YpaBHEHHUN

Clyll(xo) +C2y12 (Xo) +"'+Cn Yin (Xo) =0

Cly21(x0)+C2y22(x0)+...+Cny2n(x0):0 (37.2)

Clynl(xo) + Czynz(xo) +"‘+Cn Yo (Xo) =0



T.k. onpenenuTenb 3TOM CUCTEMBI PaBEH HYIIO, TO Y CUCTEMBI €CTh HEHYJIEBOE pPEIICHUE,
T.e. cymectsytor C,,C,,...,C, He Bce paBHbIE HYIIO, ynoBieTBopsiomue cucreme (37.1).
PaccmoTpum dyHKITHIO

Y(X)=CY,(X)+CY,(X)+...+C,Y,(X).

C onHOW cTOpPOHBI (PyHKITUS Y(X) sABHIfAeTCs PpEIIEHUEM CHCTEMBI JIMHEWHBIX
OJIHOPOJHBIX YpaBHEHHH, a ¢ Apyroit croponsl Tak kak Y (X,) =0, to Y (X) =0 Ha otpeske [a,b].

CrnenoBarenbHO

CY,(X)+GCY,(X)+...+C.Y,(X)=0,vx [a,b].

T.e. dyukuuu Y,(X),Y,(X),...,Y, (X) muHeiiHO 3aBUCHMBI.

Teopema ooka3zana.

Cneocmeue. Eciu dynxumn Y, (X),Y,(X),...,Y,(X) nuHelHO He3aBHUCHMBIC PEIICHHS

OJTHOPOJHOW CHUCTEMBI JIMHEHHBIX IH((PEepeHIMANBHBIX YpaBHEHHH, TO HX ONPENCIUTENb
Bponckoro otnuueH ot Hynsa VX €[a,b].

38. Teopema 0 cTpyKType 00111er0 pelieHnsl OAHOPOIHOI CHCTEeMbI JIMHEHHbIX
Au(ppepeHuInaTbHbIX YPABHECHUI.
[Tycth nana ogHOpOaHAS cCHCTEMa JIMHEWHBIX MU depeHInaTIbHbIX YPaBHEHHIMA

Vi =au(X)Y; +a,(X)Y, +...+a,()Y,

Yo =au(X)Y; +a,(X)Y, +...+ 8, (X)Y,

(38.1)
yn = anl (X) y1 + anz(x)yz +...F ann (X)yn
Ilycts
a,(x) a,(x) ... a,(x) y1(X)
A— ay(X) an(X) ... a,(X) Y = y2(X)
a‘nl (X) a‘n2 (X) o ann (X) yn (X)
Ilycts
L[Y]=Y — AY,

torna cucrema (38.1) umeer Bua
L[Y]=0.
Teopema. llycth naHa onHOpOAHAs cucTeMa nuHEHHBIX ypaBHeHH# (38.1). Ilycth
(yukumnn a;(x),i, j =1,2,...,n — HenpepbiBHbIE QyHKIMHU Ha OTpeske [a,b] Ilycts dhynkuun

Y11 (X) Y12 (X) Yin (X)
Yl(X) _ y21(X) ’YZ (X) _ Y (X) 1~--,Yn (X) _ Yon (X)
Yo (X) Yn2 (X) Y (X)

JMHEHHO He3aBHCHMBI U sBisIOTCst perneHusmu cuctemsl (38.1). Torma VX, €[a,b] wu
Y101 Yoor---1 Yoo cymectByoT C,Cy,...,C,, Takue, 94T0 QyHKIUSL
Y (X)= CioYs (x)+ CyY, (X)+...+ CroYn (X)



OyIeT yAOBIETBOPATH YCIOBUIO:

Y(X,) =Y,
TIe
Yio
v, =| V=
ynO

T.e. obmiee permenue cuctemsr (38.1) umeet BUA:
Y(X)=CY,(X)+CY,(X)+...+C,Y,(X)
Jloxazamenvcmeo. B cuiy JIMHEMHOCTHU CHUCTEMBI (38.1) byHKIHISA

Y(X)=CY,(X)+C,Y,(X)+...+C.Y,(X) sBusercs peruernem cuctembl (38.1). BpimonHenue

yenosust Y (X,) =Y, 03Hawaer, 4ToO cUcTEeMa

CiYu (X)) +Co Yo (%) +... + C i, (Xo) = Yio
CiVau (%) +Co Y0 (Xg) +--.+Cp Yo (X0) = Yoo
(38.1)
Clynl(XO) +C, Y0 (Xo) +...+CLy, (Xo) = Yno
uMeeT eAMHCTBeHHoe peuieHue. Omnpexpenurtens cuctemsl (38.1) sBisieTcst ompenenuTenemM
BpoHckoro 1 JIMHEMHO HE3aBUCUMBIX PEIIEHUHA OJHOPOJHOM CHUCTEMBI JIMHEHHBIX
middepeHnaIbHbBIX ypaBHeHUi. CriemoBarenbHO, OH oTimdeH oT Hyids. Cucrema (38.1)
COBMECTHMA M UMeeT eMHCTBeHHoe pemenue. T.e. cymectByloT Cyo,Cy,...,C, o MOCTOSHHEIE,
TaKue, 4To, PyHKIUSI
Y(X) = CppY,(X) + CpY, (X) +... 4+ C,p Y, (X)
YJIOBJIETBOPSIET YCIOBUIO
Y(X)=Y,.
Teopema ooka3zana.
Onpeoenenue. Oynxumu Y,(X),Y,(X),...,Y,(X) Oymem Ha3piBath (GyHIaMEHTAIBHOM

CUCTEMOH PELICHUN.
Ilpumep 38.1. Pemium cucremy

Y1 =Y,
yz ==Y

A :( 0 1J,Y1(X) _ (sin XJ,YZ(X) _ (— ?os x}
-1 0 COS X sin X

CrnenoBaTenpHO, 0011I€€ PEIICHUE HMEET BU/I:
sin x —COS X
e C, +C,| .
Y, COS X sin x
Y,(x) =C,sin x—C, cosx
y,(X) =C,cosx+C,sinx

Nmeem

nJIn

3ameuanue.



{%ﬁ:yz =2¥%h=Y=-=>%+%=0=
Y=V

k?+1=0,k = +i

y, =C,cosx+C,sin x

y, =C,sin x—C, cos X

39. HeonHopoaHble cMCTeMbl JIMHEHHBIX AU (epeHInaJIbHbIX YPABHEHUH.
[TycTs nana HEOTHOPOHAS CUCTEMA JIMHEHHBIX qU(PepeHINaTbHBIX YPAaBHEHUH.

LY]1=F,
i = all(x)yl +a;, (X)yz ...t a, (X)yn + fl(X)

YZ = aZI(X) yl + a22 (X) y2 +...t a2n (X)yn + fZ(X)
nJIn

yn = anl(X)yl +an2(x)y2 t+...+ ann (X)yn + fn(x)
(35.1)
Teopema 1. Tlyctb nana L[Y]=F .Ilycts L[Y , ]=0, L[Y*] =F.
Torna L[Y,, +Y ]=F.

00H

Jokazamenvcmeo. L[Y,, +Y ]1=L[Y ]+L[Y ]=0+F=F.

oon oon

Teopema ooxa3zana.

Teopema 2 (0 cmpykmype odwiezo peuieHus HeOOHOPOOHOU CUCHEMbl JTUHEIIHbIX
ypasHeHuil).

[Tycth mana HeogHOpPOAHAS CHCTEMa JIMHEWHBIX auddepeHmanbHeix ypaBHeHuit (35.1).

[Tycth hyHKIIMN {aij (X)}n , f.(x) e C[a,b].

i,j=1

ITycth
Y11 (X) Y12 (X) Yin (X)
Yl(X) _ y21(x) ’YZ (X) _ Y (X) 1~--,Yn (X) _ Yon (X)
Yo (X) Yn2 (X) Y (X)

00pa3yoT (GyHIAMEHTAIbHYIO CHCTEMY peIIeHWH OJHOPOJHOW CHUCTEMBl JIMHEHHBIX
maddepenmanbHbix ypaBaenuin L[Y]=0.

Y, (X)

. "(x .
[Tycte dynkmus Y (X) = Y2 ‘() SIBJISICTCSL PELICHHEM HEOIHOPOIHON CHCTEMbI

Yo (X)
muneitHbIx auddepennuansabx ypasHennii L[Y ] = F . Torna obee pelenne HeoHOPOIHOI
CHCTEMBI JIMHEHHBIX AU PepeHIIHATBHBIX YPAaBHEHUI HMEET BUI:
Y(X)=CY,(X)+CY,(X)+...+C. Y, (X)+Y (X).
Hoxazamenvcmeo. 1. L[Y]=F.
2. VX, €[a,b] u Wy,,Ys0,--, Y, cymectByior Cyy,Cl,y,...,C,, MOCTOSHHBIC, TAKUE, YTO

byHKIIUS



Y (X) = Cpp Y, (X) + CooY, (X) + ...+ C. oY, (X) +Y 7 (X)
OyZIeT yIOBICTBOPATH YCIOBHIO:
Yio
Y (%) =Y,,Y, = yf" :

Yo
JleicTBUTENIBHO,
L[Y]=L[CY #C.Y, +...+C.Y, +Y 1=C,L[Y,]+ C,L[Y,]+...+ C LY, ]+ L[Y ]
=0+0+...+0+F=F.
Y(X,) =Y, = C Y, (%) + CY, (X)) +... +CY, (X)) +Y (X)) =Y, =
CiY11 (%) +C, Vi (Xo) +.-. +C Ly, (X0) + yl*(xo) = Yo
C1Ya1(Xo) + C5 V0 (Xo) +.--+Co¥on (X6) + Y5 (Xo) = Yo (39.1)

Ci¥Vm () +Co ¥ (Xg) +...+C Ly (%) + yn*(XO) = Yo

T.k. onpenenuTeNb CUCTEMBI €CTh ONPEAEIUTENb BpOHCKOIO Il IMHEHHO HE3aBUCUMBIX
pelIeHUH OJJHOPOIHOM CUCTEMBI JTMHENHBIX NU(PPepeHInanbHbIX YpaBHEHUI, TO OH OTJIMYEH OT
Hyns. CnenoBarenbHo, cuctema (39.1) coBMecTuMa U UMEET €IMHCTBEHHOE peIIeHHE. JTO
3HAYUT, YTO QYHKIHUS

Y (X) = Cpp Y, (X) + CooY, (X) +...+ C. oY, (X) +Y 7 (X)
ynosierBopsier yeiosuio Y (X,) =Y.

Teopema ooka3zana.
Teopema 3. Ilyctb

L[y]:iFi'L[Yi]: Fi'

Torna

Teopema 4. Ilyctb
LU +iV]=U +iV .
Torpa
LU]=U,LV]=V.
Memoo séapuayuu npou3oibH020 NOCHOAHHOZO.
ITycts nana cucrema L[Y]=F . Ilycts Y,(X),Y,(X),...,Y,(X) dynnamenTansHas cucrema

pelieHuit 0THOpOAHOM cucTteMbl TuddepeHanbHbIX ypaBHeHui L[Y]=0.

Pemenue HeoqHOPOAHOM CHCTEMBI OY/IEM UCKATh B BUJIE:
n
Y (x) =D Ci(x)Y;(x)
i=1
[Toacramnss B cucreMy, OyJeM UMETh:

LIY1= LEY.C, (0%, 001 = 3 {0, GOLEY, 001+ CI0Y, (0} = FX = Y CIY, () = F 0

i=1



[onyunm cuctemy muist onpenenenus C,(x),C,(X),...,C,(X).

Ilpumep 39.1. Peuium cucremy

Yi=Y,

OI[HOpO,I[HaH CUCTEMA UMCCT PCUICHUC
y,(X) =C,sin x—C, cosx
y,(x) =C,cosx+C,sinx
Perrenne HEOIHOPOIHOM CHCTEMBI OyIeM HCKAaTh B BUE
Yy, (x) =C,(x)sin x —C, (x) cos x
Y, (X) = C,(x)cosx+C,(x)sinx
[Toncrapmnsisi B cUCTEMY, TOIYIUM
C, sin x+C,cosx —C, cosx + C, sin x = C, cosx + C, sin x

- : » . 1 -
C, cosx—-C;sinx+C, sinx+C,cosx =-C,;sinx+C,cosx + —
COSX

HIJIN

C, sinx-C, cosx =0

- . 1 -
C, cosx+C, sinXx=——-

COSX
N3 nocneqnent cucTeMel IMeEM
C, =1
sinx -
C, =——
COSX
WIn
C,(x)=x+C;
C,(x) =—In[cosX +C,"
CrnenoBaTenbHO, 0011I€€ PENICHHE 3aJaHHON CHCTEMBI UMEET BU/T
y;(X) = (C, + x)sin x— (C, — In|cos x) cos x
Y, (X) = (C, +x)cosx +(C, — In|cos x|)sin x-
40. Cucrembl JTUHEHHBIX I (PepeHIHATBHBIX YPABHEHHUH € MOCTOSTHHBIMH
K03 PpuumreHTamu.

Onpeoenenue. CuicteMy JINHEHHBIX ypaBHEHUI
Yo =ayy, +apy, +...+a,y, + fi(x)
Yo =8yY1 +85,Y, +...+8,Y, + f,(X) , (35.1)

yn =a,Y, ta,y, +...ta, Yy, + fn(x)



rae {aij }inj—l’ — HEKOTOphIe TIOCTOSHHBIE, OyaeM Ha3blBaTh CHUCTEMOH  JIMHEHHBIX

Qg depeHInaIbHbIX YPAaBHEHUH C TOCTOSSHHBIME KOA(P(PHUIIMEHTaMH.

[Tycth
Y f,
A=laf . Y= y2 . F= ff
Yn o
Torna cucremy (35.1) MOXHO TIepenucaTh B BUJIC
Y =AY +F.

Eciu F =0, o umeem Y = AY wm
Vi=ayy,tayy, +...+a,Y,

Y, =8,y tayy, +...+a,Y, . (38.1)

Yo =8yY: ta,Y, +...+ .Y,
CornacHo TeopeMe O CTPYKType OOILEro pelieHusl JHUHEHHOr0 OJHOPOJHOIO
muddepeHIMaTLHOTO YPaBHEHUS, 9TOOBI HalTH o0Imee perieHue cuctemsbl (38.1) Hamo HaWTH

Q)YHHaMeHTaHBHYI-O CUCTEMY pe].HeHHfI. I[J'I}I 9TOI'0 pCIICHUC 6y,[[eM HNCKAaThb B BUJIC:
kx

Y, =a.€
Y = aye” (40.1)
yn — anekx
[ToncraBnss pemenus (40.1) B cuctemy (38.1), momyunm:
ake® = aa,e" +a,a," +...+a,a,e"
a,ke® = a,a,,e" + a,a,,e" +... + a,a, e
a ke =aa e +a,a,6"+...+aa, e”
IMocne cokpamenus Ha GyHKIMIO e momydnm:
ak=aa,+a,a,+...+a,a,
a,K=a,8, + @,y +...+a,8,,
ak=aa,+a,a,+...+a,a,
1781031
a,(a, -K)+a,a,+...+a,a, =0
a,a, +a,(@,, —K)+...+a,a,, =0 (40.2)

a,a, +a,a,+...+a,(a, —k)=0
Mpbl TONYyYHIH OJHOPOAHYIO JIMHEHHYIO cucTeMy. UToObl OHa HMela HEHYJEBOE
pelIeHne, ee ONpeIeIUTeNb JOKEH ObITh PaBeH HYIIO.



=0 (40.3)

a, a, ... a,-k
VYpauenue (40.3) sBiuseTcss ypaBHEHHEM N — Oif CTENEHH OTHOCUTEILHO K. YpaBHEeHHE
(40.3) Oynmem  Ha3pIBaTh  XapAKTEPUCTUUYECKUM  YpPAaBHEHHUEM  CHUCTEMbI  JIMHEHHBIX
Qg depeHInaIbHbIX YPaBHEHUH C MOCTOSIHHBIMU K02 pHiineHTamu.
[Tpu pemennn ypaBaeHus (40.3) BO3MOXKHBI TPH CITydast:
1. Bce KOpHM XapaKTepUCTHYECKOTO YPAaBHEHUS NCHCTBUTEIBHBI M  PA3IUYHBI
KpKysooo Ky e Rk =K i# 0, j=12,...,n.

2. Cpenu KOpHEH XapaKTEPUCTHICCKOTO YPaBHEHUS €CTh KOMITJICKCHBIC KOPHH.

3. Bce kOopHU XapaKTepUCTUYECKOI'O YpaBHEHMs JIEHCTBUTEIbHBI, HO CPEIU HHUX €CTb
KpaTHBIE.

1. Bce KOpHH  XapaKTCPpUCTUUCCKOIO YypaBHCHUA ﬂeﬁCTBHTCHBHBI U  Ppa3/IMYHbI
Ky Ky Ky € Rk 2 K0 1,0, j=12,...,n.

Torna, noacrasisis K, K,,...,K, B (40.2), Haxomaum perreHuns

x, P, %,
a a a
21 22 2n
k, — K, > v Ky =
Ay Un, Uy
CrnenoBarenbHoO, QyHKIIMH
oy 2P Oy,
a a a
21 | ko 22 | kyx 2n | Jkox
Yi=| TV, = e Y= e
Oy Un, O

00pa3yroT pyHIaMEeHTaNbHYIO CUCTEeMY pemieHuid. Torna GyHKius

ay @ @,

a
e +...+C, | " e

anl anz a
ecTh obmee pemenne cuctemsl (38.1).
Ilpumep 40.1. Pemium cuctemy

nn

X=2X—-Yy+1Z
y=X+2y-2
1=X-Yy+2z

HNmeewm:
2 -1 1
A=l1 2 -1
1 -1 2

XapakTepUCTUUECKOE YPABHEHUE UMEET BUJT
|A-kE|=0



NI

2-k -1 1
1 2-k -1(=0
1 -1 2-Kk
PackppiBast onpenenurens, HoIydnM
(2—k)2_k -1 ‘4_‘1 -1 +1 2—k‘:
-1 2-kl L 2-kl 1 -1
VIIH
(2-Kk)(k* —4k +3) =0.
[TomyyenHoe ypaBHEHHE UMEET KOPHU
k, =Lk, =2k, =3.
a) Iycrs k, =1.
Torna u3 ypasuenus (A—KE)a =0 wm
1 -1 1)\ 0
1 1 -1|e,|=|0
1 -1 1 )\a, 0
nMeeM
o —a,+0;=0
o, +a,—a; =0
o, —a,+0a;=0
HenyneBoe penienue nociueHeil CHCTEMbI IMEET BHT
o, =0,a, =L, =1.
Taxum o6pazom
0
k,=1-]|1
1
b) Mycrs k, =2.
Torna u3 ypaBuenus (A—KE)a =0 wm
0 -1 1Yo 0
1 0 -1|e,|=|0
1 -1 0 fe; 0
MeeM
-a,+0,;=0
a,—a; =0
o, —a,=0

HenyneBoe penienue nociuegHeil CHCTEMbI IMEET BHT
o, =la,=La,=1.

Takum o6pazom



1
k,=1->|1
1

C) Iycts k, =3.
Torna u3 ypaBaenus (A—KE)a =0 i

-1 -1 1Ya) (0
1 -1 -1)a,|=]0
1 -1 -1)\a,) (0

uMeeM
- —a,+a;=0
o, —a,—a;=0
o —oa,—o;=0
HenyneBoe pemieHue nocaejHeil CHCTEMbl IMEET BH/T
o, =la,=00,=1.

Takum o6pazom

1
k,=1—]0].
1
CrnenoBaTenbHO, 0011I€€ PENICHHE 3aJaHHON CUCTEMBbl UMEET BU/T
X 0 1 1
y|=C,|1'+C,|1]e* +C, 0e*
z 1 1 1

5010%0
x=C,e” +C,e”

t 2t
y=Ce +C,e
z=Ce' +C,e* +C,e*

Ilpumep 40.2. Peuium cucremy

X=3X—-y+2
y=—-X+5y-z.
2=X-Yy+3z
Nmeewm:
3 -1 1
A=|-1 5 -1|.
1 -1 3

XapakTepucTUYECKOe YPaBHEHUE UMEET BUJ]

|A-KE|=0

N



3-k -1 1
-1 5-k -1|=0.
1 -1 3-k
PackpsiBast onpenennTens, HoIydum
(3—k)5_k -1 . -1 -1 . -1 5-k
-1 3-kl 1 3-k |1 -1
VIIH
(3—k)(k* -8k +12) =0.
[TosryyeHHOE ypaBHEHHE UMEET KOPHU
k,=2,k, =3k, =6
a) Ilycrs k, =2.
Torna u3 ypasaenus (A—KE)a =0 wm
1 -1 1\« 0
-1 3 -1|ea,|=|0
1 -1 1 )e, 0
1MeeM
o, —a,+0;=0
{—al +3a, -0, =0
HenyneBoe penienue nocnegHeil CHCTEMBbI UIMEET BHT
o, =la,=00a,=-1.
Taxum o6pazom
1
k,=2—>| 0 |.
-1
b) Iycrs k, =3.
Torna u3 ypasaenus (A—KE)a =0 wm
0 -1 1Y\ 0
1 2 -1|e,|=|0
1 -1 0 fe; 0
YT
—a,+0a,=0
-y +20,—0,=0
a,—a,=0
MeeM

o, =la,=La,=1.

Takum o6pazom

k,=3—>|1].




c) Ilycts k, =6.
Torna u3 ypasaenus (A—KE)a =0 wm
-3 -1 1\ 0
-1 -1 -1|¢a,|=|0
1 -1 -3)\a 0
VIIH
-3a,—a,+0,=0
—a,—a,—a,=0
o, —o, =30, =0

MeeM
o, =lLa,=-2,a;, =1.

Takum o6pazom
1
k=6—>|-2
1
CrnenoBaTenbHO, 00111€€ PEIICHNUE 3aJaHHON CUCTEMbl UMEET BU/T
X 1 1 1
y|=C,| 0 [e*+C,|1]e* +C,| -2 [*
z -1 1 1
17001
x=Ce* +C,e* +C,e™
y=C,e* -2C.e*
z=-Cpe” +Ce* +C,e™

2. Cpenu KOpHEH XapaKTepPUCTHYECKOTO YPaBHEHHSI €CTh KOMIUIEKCHBIC KOPHHU.
[ycte k =a+if — KOopeHb xapakTepuctuueckoro ypasaenus. Torma K = a—if —

TOXE KOPCHDb XapPaKTCPUCTUUCCKOTO YPAaBHCHUSA
ITycth coOCTBEHHOMY 3Ha4eHUIO K = o + i3 COOTBETCTBYET pELICHUE

oy +ify,
) o, +ip.
a+if— a : 2
ay +iBy
cuctemsl (40.2)
Torna
oy +ipy

Oy +10y o (@ip)

ay +if,

— pelIeHne CUCTEMbI OTHOPOJHBIX JIMHEHHBIX nuddepeHmanbubix ypaBHenuil. Torna

byHKIUA



oy, +i1B),

Oy +10y o (@+ip)

=y, ulm
Oy + 105y
SIBJISIOTCS JIMHEMHO HEe3aBUCUMBIMU PCHICHUSAMMU.
Ilpumep 40.3. Peminim cucremy
X=X-3y
y=3X+Yy

nJIn

NMECM

501041

Nmeewm:

oy +ipy
Oy +10y o (@+ip)

Oy +if,

SN

XapaKTepI/ICTI/I‘leCKOC YpaBHCHHUEC UMCCT BUJ
|A—KE| =0

1-k -3
3 1-k

PackpeiBast onpenenurens, NOJTy4UM

k? -2k +10=0.

HOHy‘ICHHOC YpaBHCHHUEC UMCCT KOPHU

k=1+3 n k,=1-3i.

a) lycre  k,=1+3i.

Toraa u3 ypasaenus (A—KE)a =0 wm
-3 -3
3 -3i

-3, -3, =
3a, —3ia, =0

o

0

i, +a,=0
o, —ia, =0

HenyneBoe perienue nocneaHel CUCTEMbI UME
o, =1, a,=

Taxum o6pazom
k,=1+3i > [

6) Iycts k,=1-3i.

Torna u3 ypaBuenus (A—KE)a =0 uiu

€T BUJ
1.

|

0
0

:y2



B

3ia, —3a, =0
3o, +3ix, =0

NMECM

WIH
{I o, —o,=0
a +ia,=0

HenyneBoe peuienue nocieHeil CHCTEMbl HIMEET BU]

o =—, a, =1

k2=1—3i—>£_lj
1

[ a1 —sin 3t +icos3t
[ je(“s')t :£1J(C053t +isin3t)e! :( j e'.

Takum o6pazom

HNmeem

1 cos3t +isin 3t

HeﬁCTBHTCHBHBIe U MHUMBIC 4aCTHU COOTBCTCTBCHHO paBHbI
—-sin3t) | cos3t) ,
Re= e ulm=| _ e .
cos3t sin 3t
—sin 3te'
X = t
cos3te
cos3te'
y=1| . .
sin 3te
Taxum O6p8.30M, 0611_[66 pemeHHe 3aIlaHHOI71 CUCTEMbI UMCCT BU:

x =(—c,sin3t+c, cos3t)e',

CiieqoBaTeIbHO

y =(c, cos3t +¢,sin3t)e".

Ilpumep 40.4. Pemum cucremy

X= - 2y+2z
y=t—y+z
1= y-z
Nmeem:
0 -2 2
A=|1 -1 1
o 1 -1
XapakTepUCTUUYECKOE YPABHEHUE UMEET BUJ]
|A—KE|=0

nJIn



-k -2 2
1 -1-k 1 |=0.
0 1 -1-k

PaCKpBIBaH OIIpCACINTECIIb, ITOJIYYUM

—k(k®+2k+1-1)+2(-1-k)+2=0

WITH
—k®-2k*-2-2k+2=0
VIIH
—k(k®+2k+2)=0.
[TomyyenHoe ypaBHEHUE UMEET KOPHU:
k, =0, k, ==1+i, k; =-1-1i.
a) Ilycts k, =0.
Torna u3 ypasaenus (A—KE)a =0 wm
0 -2 2)\( 0
1 -1 1]}|e,|=0
0 1 -1)le; 0
1MeeM

-2a,+20,=0
o, —a,+a,=0.
a,—o,=0

HeHYJ'IeBOC peuicHue MOCIEIHEN CUCTEMBI UMEET BUJ

a, =1, azzl, a3:1.
2 2
Takum o6pazom
1
1
k, =02 |.
1
2
6) Iycte Kk, =-1+i.
Torna u3 ypaBuenus (A—KE)a =0 i
1-i -2 2)\(« 0
1 -1 1||e,|=0
0 1 —i)la, 0

nMEEM

a,(1-i)- 20, + 20, =0
a,—la,+a; =0
a,—la, =0

HenyneBoe pelnienune nocieaHend CUCTEMbI UMEET BUJL



o, =-2,0,=1, a,=1.

Takum o6pazom

-2
k, =—1+i—|Ii
1
Nmeewm:
-2 -2 —2cost —i2sint
et = | (cost+isintle= | -sint +icost |e
1 1 cost +isint
—2cost —2sint 1
y,= Re=|-sint |e™", y,=Im=|cost |e",y,=|1/2|e"
cost sint 1/2
Taxum oOpa3omM, ob1ee pereHre 3aJaHHOH CUCTEMbI UMEET BU/T:
X 1 —2cost —2sint
y|=CJ|1/2|+C,| —sint |e"+C,| cost [,
z 1/2 cost sint

3. Cpemu KOpHEi XapaKTepUCTUYECKOTO YPAaBHEHUS €CTh KPaTHbIC KOPHHU.
Ilpumep 40.5. Pemium cucremy

X=4x— y—z
9:x+2y—z
2 =X—-Yy+22
Nmeem:
4 -1 -1
A=l1 2 -1].
1 -1 2
XapaKTepUCTUUECKOE YPABHEHUE UMEET BUJ]
|A—KE| =0

nin

PaccKpbiBast OMPEIEUTEND, TTOTYIUM:
—k®+8k*—-21k +18=0
KopHH XapaKTepHCTUYECKOTO YPABHEHHUS COOTBETCTBEHHO PABHEI
k, =2, k, =k; =3.
a) [ycts  k, =2.

Torna u3 ypasHenus (A—KE)a =0 wm



-1 -1\(e 0
0 -1||a,|=|0
-1 0 )\a; 0
uMeeM
20, —a,—a; =0
o, —o,=0
a,—a,=0
Henynepoe pelieHue nociueaHei CUCTEMbI UIMEET BHL
o =1 a,=1, a,=1.
Takum o6pazom
1
k,=2—>|1|.
1
0) Iycte Kk, =k, =3.
Torna u3 ypasaenus (A—KE)a =0 wm
1 -1 -1\ (g 0
1 -1 -1||e, |=|0
1 -1 -1)\a, 0
uMeeM
o, —a,—a;=0
o, —a,—o,=0,
o —a,—a, =0
B nmonyaennoit cucreme N=3, r=1 u (N-r)=2 u clie0BaTeIbHO Y MOTYICHHON CHCTEMBI
JIBa IMHEHHO HE3aBUCUMBIX HEHYJIEBBIX PEIICHUN
=1 a,=1a,=0una =1, a,=0, a; =1.

Takum ob6pazom:

1 1 1
k, >{1|, k, >|1]|, k;—>]0].
1 0 1
Taxkum O6p3.30M, 0611_[66 peIICHUC 3aﬂaHHOI‘/’I CHUCTEMBI UMCCT BU.:
X 1 1 1
y|=C,|1*+C,|1[*+C,|0l".
z 1 0 1

Ilpumep 40.6. Pemiim cuctemy

)o(:x—Zy

§/:—x—y—22

Z=y+z



Nmeem:

1 -2 0
A=|-1 -1 -2
0O 1 1
XapaKkTepuCcTUIEeCKOe YpaBHEHHE UMEET BUJ
|A—KE| =0
WIIN
1-k -2 0
-1 -1-k -2|=—(k-1)2(k+1).
0 1 1-k
KopHu XapakTepucTH4ecKoro ypaBHEHHs COOTBETCTBEHHO PaBHEI
k,=-1, k, =k, =1.
a) IIycts  k, =-1.
Torna u3 ypaBuenus (A—KE)a =0 unu
2 -2 0\ 0
-1 0 -2||lea,|=|0
0 1 2 )\a, 0
uMeeM
20, —2a, =0
-, —20,=0
a,+2a,=0
HenyneBoe pemenue nocneaHeil CHCTEMBI HIMEET BHT
a,=2,a,=2, a;=-1.
Takum o6pazom
k,=-1->h =|2
-1
6) ycts  k, =k, =1.
Torna u3 ypaBuenus (A—KE)a =0 uiu
0 -2 0)\(¢ 0
-1 -2 -2||a,|=|0
0 1 0)lag
uMeeM
-2a, =0

-a, —2a,-2a, =0.
a,=0

B nonydennoit cucreme N=3, r=2 u (N-r)=1 u creqoBaTeabHO y MOTYYCHHON CHCTEMBI
OJIHO JINHEHHO HE3aBHCUMOE HEHYJIEBOE PELICHUE



Takum o6pazom

Haiiiem BeKTOp, NPHCOETMHEHHBIH K BekTopy N, =| 0
-1
JI1s1 5TOro HaJl0 peluUTh CUCTEMY
(A=k,E) hy= h,.
Nmeem
0 -2 0)\( 2
-1 -2 -2||a,|=0
0 1 0 )la, -1
WIn
—20,=2
—a, —2a,— 20, =0.
a,=-1
HenyneBoe penienue nociueiHei CUCTEMBI UIMEET BHL
a,=2,0,=-1,a,=0.

Taxum o6pazom

2
h,=|-1
0
Taxkum O6p830M, O6H.[CC peuieHuce 3aﬂaHHOﬁ CUCTEMbBI UMECT BU.
X 2 2 2

y|=C,| 2 [e"+C,| 0 |¢' +C,| —1te.
z -1 -1 0
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