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HayyHbelil corpyauuka, PI'BY 'HII denepanbHblii MEAUIIMHCKHNA OMOMU3HYECKUI IEHTD UMEHU
A.W. bypuasssua ®MBA Poccun

(IOMWKHOCTB, MECTO PAOOTHI)

Bacuises E.B. «26» asrycra 2018 r.
MOJIITUCH D.1.0. JaTa

@DoHJT OIICHOYHBIX CPEJICTB PACCMOTPEH M 0J00peH Ha 3acenanuu kadenpsl MadopmannoHHbx
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1. MACHHOPT ®OHIA OLIEHOYHbBIX CPEACTB
no gucuuiuiHe «/JAnddepennuanbubie ypaBHEeHUS.

OHCHO‘IHHG cpeacrtBa COCTaBJIAKOTCA B COOTBCTCTBHU C

paboueil mporpammoit

JUCIUIUIMHBL U MPEACTaBISAIOT CO00M COBOKYIMHOCTh KOHTPOJIBHO-U3MEPHUTEIBHBIX MaTepUaioB
(TumoBbie 3amauM (3aaHMs), KOHTPOJbHBICE PAOOTHI, TECTHI W [p.), MPEIHASHAUCHHBIX IS
U3MEPEHUS YPOBHS JOCTHKEHUS 00y4YaIOUIMMHUCS YCTAaHOBJIEHHBIX Pe3y/IbTaTOB O0yUEHUSI.

OLEeHOYHBIE

cpencTaa

HCIIOJIB3YIOTCA  IpU  MOPOBCACHHU  TCKYLICTO KOHTPOJIA

yCIIEBAEMOCTH M IPOMEKYTOYHOM aTTECTALlUU.
Tabmuua 1 - [lepeyerb KoMneTeHIA, (POPMUPYEMBIX B IPOLIECCE OCBOCHUSI TU CITUTIIIHBI

Koa u conepxanue

IInanupyemsie pe3ybTaThl 00y4eHHs 10 JUCHHUILINHE

KOMIIeTeHIM U (MoyJ110), XapaKTepu3ylouue 3Tanbl (GOpMUPOBAHUS
KOMIIeTeHIIii
OIIK-1. Cnoco6en | OIIK-1.1. 3HaeT 0oCHOBBI MaTeMaTHUKH, (DU3UKH, BBIYUCITUTEIBHON
MIPUMEHSATD TEXHUKH U IPOTPAMMHUPOBAHUSI.

(dyHIaMeHTalbHbIE 3HAHUS,
NOJIyueHHble B olnactu

OIIK-1.2. VYmeer pemarh CTaHAapTHBIE NpodecCHOHaIbHbIC
3a/1a4u c MIpUMEHEHHUEM €CTECTBEHHOHAYYHBIX u

MaTeMAaTUYeCKUX M  (WIn) | OOIICHHKEHEPHBIX 3HAHHM, METOI0B MAaTEMaTUYECKOTO aHaIH3a
€CTECTBEHHBIX  HAyK, U | M MOJCIUPOBAHHUSI.

HCIIOJIb30BaTh 170:4 B | OIIK-1.3. Bnaneer HaBbIKAMH TEOPETUUYECKOTO u
npodeccHoHanbHON AKCIEPUMEHTAIBHOTO HCCIICTIOBAHMSI 00BEKTOB
JESITEIIbHOCTH npodeccCHoHaNBbHOM e TENbHOCTH.

OIIK-3. Cnoco6en | OIIK-3.1. 3HaeT OCHOBBI TEOPUU CUCTEM M CHCTEMHOI'O aHAJIN3a,
MPUMEHSITh U | AUCKPETHOM  MaTeMaTHUKHU,  TEOPHUH  BEPOSTHOCTEH U
MO (PHUIIIPOBATH MaTeMaTHYeCKOM  CTaTUCTHKH, METOAOB ONTHMH3ALUU U
MaTeMaTHYeCKue  MOJENHU | UCCIIeTOBaHMS orepanui, HEYeTKUX BBIUMCIICHHIH,
JUIsL  pelieHus 3aJad B | MaTEMaTHYECKOro U MMUTAI[MOHHOTO MOJEIUPOBAHMSL.

o0mnactu OIIK-3.2. VYMeeT mNpuUMEHATH METOABI TEOPUM CUCTEM H
npodeccuoHanbHOM CUCTEMHOIO aHaju3a, MaTeMaTH4eCKOro, CTaTUCTHYECKOro H
JeSITeIbHOCTH MMHUTALMOHHOTO MOJIEJIMPOBAaHUS JUIsl aBTOMATH3allMM  3a/ad

NpUHATHS ~ peumieHMd B oOnacth  mpodeccroHalbHON
JesITeIbHOCTH.
OIIK-3.3. Bnanmeer HaBbIKaMH TPOBENEHUS WHKEHEPHBIX

pacyeToB OCHOBHBIX ITOKA3aTEJIEH pe3yJIbTaTUBHOCTH CO3AAHUS U
MIPUMEHEHUSI HH()OPMAIIMOHHBIX CUCTEM U TEXHOJIOTHH.

IIK-2. CnocobeH MOHUMATh,
COBEPIICHCTBOBATH "
MPUMEHATh  COBPEMEHHBII
MaTeMaTUYECKUM anmnapar

IK-2.1. 3HaeT OCHOBHBIE TEOPEMBI " bopmMyIBI
MaTeMaTH4eCKOIro aHau3a, T€OMETPHH, JTUCKPETHON
MaTeMaTHKH, Au(QepeHIuaNnbHbIX YpaBHEHUN, TEOPETHUUECKUX
OCHOB HMH(OPMATHUKH, YUCICHHBIX METOJOB, (YHKIIMOHAJIHLHOTO
aHaIMn3a.

[1IK-2.2. YMeeT NpUMEHSATh OCHOBHBIE TEOpeMbl U (HOPMYIIbI
MaTeMaTH4eCKOro aHaiu3a, TEeOMETpPUH, JTUCKPETHOU
MaTeMaTHKH, TU(GQPEpeHNaTbHBIX YPAaBHEHUH, TEOPEeTHUECKUX
OCHOB MH(OPMATUKH, YUCICHHBIX METO/IOB.

[IK-2.3. Bnameer wmeroaamu, MpUEMaMu, alropuTMamMu |
coco0aMy  MPUMEHEHHS COBPEMEHHOTO MaTeMaTH4YeCKOTO
anmnapara TS pelieHus 3a1a4 poheCCUOHATTLHOM
JEeITEITbHOCTH.

KoneunsimMu pe3yjibTaTaMu OCBOCHUA JUCHUIIIMHBI SABJIAIOTCA C(I)OpMI/IpOBaHHBIe KOTHUTHUBHBIC
JECKPUNTOPBl «3HATh», «YMETb», «BIAJETh», PACHUCAHHBIC IO OTAEIbHBIM KOMIIETEHIUSIM.
®opMHUpPOBAaHUE JECKPUIITOPOB MPOUCXOJUT B TEUEHHE BCErO CEMecTpa IO 3TarmaM B pamMKax
KOHTAaKTHOW PabOThI, BKIIOYAIOMICH pa3udyHbIC BUILI 3aHITHH W CAMOCTOSATEIHLHON padoOTHI, C

MMPUMCHCHUCM

PAa3JIMIHBIX

bopm u METO/IOB oOyueHnusi(Tab. 2).




Tabnua 2 - @opmupoBaHrue KOMIETEHIIUN B TPOLECCe U3YyUEHUS TUCHIUTUINHBL

1

Kon YpoBeHb WNHpukaTopsl noctiokeHus | Bun  yueOubix 3ansartuii-, | Kontponupyemsie paszaensl U TeMbl | OLieHOYHBIE CPECTBA,
KOMIIETCHIIUY | OCBOCHUS KOMIIETEHIINI paboTHI, GOPMBI U METOJBI | AUCIUILIHHBL HUCTIIOIB3YyEMBIE  TUIA
KOMIIETCHIIU I 00yueHwusl, OLIEHKU YPOBHS
CIOCOOCTBYIOLINE c(hOpMUPOBAHHOCTH
(hOopMUPOBAHUIO 51 KOMIIETEHIUU
PA3BUTHIO KOMIETEHIHIT>
OlIK-1 3Haer
OIlIK -3 Henocrarounsiii | OIIK-1.1. Cryaentr He cnocoOeH | JIeknuoHHbIE u | Pasgen 1. OcHOBHBIE MOHITHS. Texymuid KOHTPOJIb —
IIK -2 YPOBEHb MPUMEHSTh (yHIaMeHTaNIbHBIE | IPAKTUYECKUE samsTsl, | Pasgen 2. OCHOBHBIC — NOHATHS. | OIIpOC, KOHTPOJIbHAS
3HAHWSA, TIONy9eHHBIE B O0JIACTH | CAMOCTOSTEIbHAS pabota | duddepennnansHbie YPaBHEHHS | paGoTa.
MaTeMaTHUECKUX U (umm) | o0ydJaroUMXcsl, MOJTOTOBKA U | MIEPBOTO MOPSAKA.
€CTECTBEHHBIX HaYK. claya IIPOMEKYTOUHOU | Paznen 3. Juddepennnansasie
He 3Haer oOcHOB MaremaTuky, | aTTeCTallMd, HOATOTOBKA U | YpaBHEHHS N-TO MOPSIKA.
G hepeHITMATEHBIX YPaBHEHHN. clava dK3aMeHa. Pazgen 4. Heoanoponneie
mudQepeHInanbHble  ypaBHEHUST N-TO
OIIK-3.1. CtymeHT He  3HaeT nopsiaka
OCHOBHBIX TEOpUHU JIUCKPETHOM Paszpen 5. KpaeBble 3agaun.
MaTeMAaTUKH, TEOPUU BEPOSITHOCTEH Paznen 6. Cucremsl

1 MaTEeMaTHYCCKOM CTaTUCTHUKH.

IIK-2.1. Crynenr He cnocobeH
MOHUMAaTh, COBEPUICHCTBOBATh W
NPUMEHSTh COBPEMEHHBII
MaTreMaTHueckuii armmapar. He 3Haet
OCHOBHBIX TeopeM H©  (opMyI
reOMETPUH, JIMCKPETHOU
MaTeMaTHKH, JuQQepeHITnaTbHBIX

T PepeHInATBEHBIX YpaBHEHUH.
Paznen 7 Teopus ycToiunBOCTH.
Pazmen 8. VYpaBHeHHS B YacCTHBIX
MIPOM3BOAHBIX MEPBOTO MOPSIIKA.
Pazpen 9. BapuannoHnHoe ucuuciaeHue.

! JlexumonHsle 3aHATUS, IPAKTUYECKUE 3aHATUS, TaOOPATOPHBIE 3aHATUS, CaMOCTOATENbHAS padoTa. ..
2 Heo6X0qMMO yKa3aTh aKTUBHBIE ¥ HHTEPAKTUBHBIE METOIbI 00yUeHHs (HAPUMep, MHTEPAKTUBHAS JIEKIMS, paboTa B MaJIbIX IPYIIIAX, METOIbI MO3TOBOTO MITYPMa M T.11.),
CITOCOOCTBYIOIINE PA3BUTHIO Y 00YJAIOIINXCSI HABHIKOB KOMaHIHON pabOThI, MEXTMYHOCTHON KOMMYHUKAIIUH, TIPUHSATHUS PEIICHUH, JTHUIEPCKUX KaueCTB.
3 HanmenosaHue Tembl (paszena) 6epercs us paboueii IporpaMMbl JUCLUILIMHEL
4 OrieHOYHOE CPEJICTBO JOIKHO BBIOMPAThCS C YUETOM 3aIlIAHUPOBAHHBIX PE3YIIbTATOB OCBOEHHUS JUCLHIUIMHEI, HAIPHMED:
«3HaTh» — cobeceloBaHNE, KOJUIOKBHYM, TECT. ..
«YMeTh», «BraaneTs» — MHIUBUAYATBHBIN HIIH IPYIIIOBON MIPOEKT, Kelic-3a1a4a, esioBast (poieBas) urpa, mopTQoIro.




YpaBHEHU.

bazoBbIii OIIK-1.1. CryneHr ycBowal | JlekiuoHHbIe u | Paznen 1. OcHOBHBIC TOHATHS. Tekymnii KOHTPOJIb —
YPOBEHb OCHOBHEBIE COACpKaHHUA MaT€puala, | IPaKTHYCCKHUE 3aHATHA, Paznen 2. OCHOBHBIE IIOHATHA. OIIpOC, KOHTPOJIbHAA

HO WMMeEeT HECHCTEeMaTH3MPOBAaHHBIE | CAMOCTOSITEIbHAS pabora | Juddepenunansasie YPaBHEHHS | paGota.

3HaHUsI 00 OCHOBAax MaTeMaTHK M | 00y4aroluxcs, TOATOTOBKA M | TIEPBOTO MOPSIIKA.

¢ hepeHInATbHBIX yPaBHEHHSX. crmava nmpoMexxyTouHoit | Pazmen 3. Juddepennnanpasie

aTTeCTalliy, MOArOTOBKAa M | ypaBHEHHs N-TO MOpPSAIKa.

OIIK-3.1. CryneHt YCBOMIJI | cllaya dK3aMEeHa. Pazgen 4, Heoanoponnsie

OCHOBHBIE COJEp)KaHUsI MaTepHana, muddepeHuInaNbHble  ypaBHEHUsT N-TO

HO HMMEET HECHUCTEMaTH3UPOBaHHBIC nopsiiKa

3HaHUsI 00 OCHOBHBIX TEOPHSX Paznen 5. Kpaesbie 3aaun.

JTUCKPETHON MaTeMaTHUKU, TEOPHIX Paznen 6. Cucremsl

BEPOSITHOCTE W MaTeMaTHYECKOU g hepeHInanbHBIX yPaBHEHMH.

CTaTUCTUKH. Pasnen 7 Teopust yCTOMYHUBOCTH.

Pazgen 8. VYpaBHeHHs B YacTHBIX

[IK-2.1. Cty#eHT yCBOWI OCHOBHBIE MIPOU3BOJHBIX MIEPBOT0 MOPSAIKA.

colep:KaHusl MaTepuaia, HO HUMEET Pazpen 9. BapuanunonHoe ucuuciaeHue.

HECUCTCMATU3NPOBAHHBIC 3HAHUA 06

OCHOBHBIX TeopeMax Hu Qopmynax

TreOMETPHH, JMCKPETHOM

MaTeMaTHKH, JIu(depeHINATEHBIX

YpaBHEHMUSIX.
Cpennuit CryzneHTt criocobeH caMocToATeNbHO | JIeKInoHHBIE u | Paznmen 1. OcHOBHBIE OHATHS. Texkymnii KOHTPOJIb —
YPOBEHb BBIJICJIATE TJIaBHBIE TOJOXKEHUS B | MPAaKTUYECKHUE samsTist, | Pasgen 2. OCHOBHBIC — NOHATHS. | OIIPOC, KOHTPOJIbHAS

W3y4EeHHOM MaTepuaie. CaMOCTOSITeNTbHAs pabora | Juddepennnansasie YPaBHEHUS | paGoTa.

oOyyaromuxcs, TOATOTOBKA U | IEPBOTO HOPSIIKA.

OIIK-1.1. CryzeHT 3HaeT OCHOBHI | caada nmpoMexxyTouHolt | Paznen 3. Huddepennnanpaeie

MaTeMaTHKH, JTUQQEpEeHIUATBHBIX | aTTeCTAllMM, IOJArOTOBKA W | ypaBHEHHS N-TO MOPSIKA.

YpaBHEHUH. clladya dK3aMeHa. Paspen 4. Heonnoponneie

OIIK-3.1. CtymeHT 3HaeT OCHOBHBIC
TEOPUH  JMCKPETHOW MaTEMAaTHKH,
TeOpuHn BEPOSATHOCTEH a
MaTEMATUYECKON CTaTUCTHKH.

[1K-2.1. CtyneHT 3HaeT OCHOBHBIE

muddepeHInaNbHBe  ypaBHEHUsT N-TO
nopsijika

Paznen 5. KpaeBble 3a1auu.

Pa3znen 6. Cucremsl
IudepeHInaNbHBIX yPaBHEHUH.
Paznen 7 Teopust ycTOMYMBOCTH.
Pazmen 8. VYpaBHEeHHWS B YacTHBIX




TeopeMbl U (OPMYJIbI TECOMETPUH,
JIUCKPETHOM MaTeMaTHKH,
TG depeHInaATbHBIX YPaBHEHHN.

MIPOU3BOIHBIX IIEPBOTO MOPSIKA.
Paznen 9. BapnannonHoe ucYuciICHUE.

Bricokuit OIIK-1.1. CtyneHT 3HaeT, MOHUMAET, | JICKITMOHHBIC u | Pasgen 1. OcHOBHBIE MOHSTHSL. Tekymuit KOHTPOJIb —
YPOBEHb BBIICTISICT TJIaBHBIE TIOJOXKEHUSI B | MPaKTUYECKHE samsitus, | Pasmen 2. OCHOBHBIC — MOHATHSA. | OmpoC, KOHTPOJIbHAS
U3YYEHHOM MaTepHajie M CIHOCOOEH | CaMOCTOSTENbHAs pabora | Jluddepennmansueie YPaBHEHUS | paGoTa.
JaTh  KpaTKyl  XapaKTepUCTUKY | 00y4aroIuxcs, HOATOTOBKA M | IIEPBOTO HOPSIKA.
OCHOBHBIM HJEsIM TMPOPadOTaHHOTO | clada npoMexxyTouHoit | Paznen 3. Juddepenunansusie
MaTepHaia JUCLUIUTUHBIL. aTTecTalliy, MOATrOTOBKA M | ypaBHEHHs N-ro HOPSIKA.
clava dK3aMeHa. Pazgen 4. Heoanoponneie
OIIK-1.1. CryaeHT 3HaeT OCHOBBI mudQepeHnInanbHble  ypaBHEHUsI N-TO
MaTeMaTHKH, Iu(pepeHINATEHBIX nopsiaKa
YpaBHEHUH. Paszpen 5. KpaeBble 3agaun.
Paznen 6. Cucremsl
OIIK-3.1. CTyneHT 3HaeT OCHOBHBIE T PepeHINATEHBIX YPAaBHEHUH.
TEOPUM  JAUCKPETHOM MaTEeMaTUKH, Pazpen 7 Teopus ycToiunBOCTH.
TEOPUU BEPOSITHOCTEU u Pazgen 8. VYpaBHEeHussT B UYACTHBIX
MaTeMaTHYeCKOM CTaTHUCTUKU. MIPOM3BOAHBIX MEPBOT0 MOPSIIKA.
Paznen 9. BapuannonHoe ucuuciaeHue.
[IK-2.1. CTyneHT 3HAeT OCHOBHbIE
TeopeMbl u (OpPMyNBl T€OMETPHH,
JIUCKPETHOMN MaTEMaTHUKU,
TG hepeHITMATEHBIX YPaBHEHH.
YMmeer
bazosrIit OIIK-1.2. CrynmeHT wucneIThiBaeT | JIeKIMOHHBIE u | Pasmgen 1. OCHOBHBIE TOHITHS. Tekyumii KOHTpOJb —
YPOBEHb 3aTpyIHEHHS npu PELICHUN | IPAKTUIECKHE samsTHst, | Pasgen 2. OCHOBHBIC — NOHATHS. | orIpoc, KOHTPOJIbHAS
CTaHAAPTHBIX  NPOQECCHOHANBHBIX | CAMOCTOSTEIbHAS pabora | JuddepenunansHsie YPaBHEHHS | paGoTa.
3a/a4 c MPUMEHEHUEM | 00YYaIOIIMXCs, TOATOTOBKA U | TIEPBOTO TOPS/IKA.
€CTECTBEHHOHAYYHbIX 3HaHUM. crada npoMexxyTouHoit | Paznen 3. duddepenunansusie
OIIK-3.2. CrymeHT WUCHBITHIBACT | aTTECTAIlMH, MOJArOTOBKA W | ypaBHEHHS N-TO MOPSIIKA.
3aTPyJIHEHUs] TIpM  TNPUMEHEHHUH | cJlaya SK3aMeHa. Paznen 4, Heonnopoansie
MaTeMaTHYECKOTO armapara. nuddepeHInanbHbIe  ypaBHEHHS N-TO
nopsizKa
[IK-2.2.  CTygeHT  HUCHBITHIBAeT Paspnen 5. Kpaesble 3anaun.
3aTPYAHCHUSI TPU  TPUMCHCHHH Pazgen 6. Cucremsl
OCHOBHBIX TeopeM H  (opmyn JuQepeHInATBEHBIX YPaBHEHHUH.




TFCOMETPUH, JTIUCKPETHOM
MaTeMaTHKH ¥ Au(hepeHIHATbHBIX
YpaBHCHHSL.

Pasnen 7 Teopust yCTOMYUBOCTH.
Pazmen 8. VYpaBHeHHWS B YaCTHBIX
MTPOM3BOAHBIX MIEPBOTO TOPSIIKA.
Paznen 9. Bapuannonnoe nucuuciaeHue.

Cpennuit OIIK-1.2. Cryment ymeer pemiath | JIeKIIMOHHBIC u | Pazgen 1. OCHOBHBIE IOHSITHS. Tekymuii KOHTPOJIb —
YPOBEHb CTaHAApPTHbIE  HpPO(ecCHOHANbHBIE | TPAKTUYECKUE samsTHst, | Pasgen 2. OCHOBHBIE — NOHATHS. | oIIpoC, KOHTPOJIbHAS
3a/1a4M c NPUMEHEHHEM | CAMOCTOSATEbHAS pabora | Jluddepennmansueie YPaBHEHUS | paGoTa.
€CTECTBEHHOHAYYHbIX 3HaHUM. o0yyaromuxcs, TOATOTOBKA M | TIEPBOTO MOPSIIKA.
chada nmpoMexxyTouHoit | Pazmen 3. Huddepenunanpabie
OIIK-3.2. CryaeHnt yMEET | aTTecTallud, M[OArOTOBKAa U | YpaBHEHUS N-To MOpPsAKa.
NPUMEHSTh MaTeMaTHYEeCKUHl | caaya dK3aMeHa. Pa3nen 4. Heonnopoansie
amnmapar. mudQepeHnInanbHble  ypaBHEHUsI N-TO
nopsiiKa
[IK-2.2. CtyaeHT yMmeeT NpUMEHSTh Paznen 5. Kpaesbie 3aaun.
OCHOBHBIC TEOpEeMbl U  (OPMYJIBI Paznen 6. Cucremsl
TeOMETpHH, JUCKPETHOM g dhepeHInaNbHBIX yPaBHEHMH.
MaTeMaTHKu U AuQQepeHITnaTbHBIX Pazpen 7 Teopus ycToiunBOCTH.
YpaBHEHUI. Pazmen 8. VYpaBHEHUS B HYACTHBIX
MPOM3BOJHBIX IEPBOIO HOPSAIKA.
Ho nomyckaer He3HauuTeIbHbIE Paznen 9. BapuannonHoe ucUHCIICHUE.
OMOKHY TIPU PEIIeHUH 3a/1aY.
Bricokuit OIIK-1.2. Cryment ymeeT pemath | JIeKIMOHHBIE u | Pazgen 1. OCHOBHBIE TIOHSTHS. Tekyumii KOHTpOIb —
YPOBEHb CTaHAAapTHBIE  NpodeccCHOHaNbHbIE | MPAKTUYECKUE samsTist, | Pasgen 2. OCHOBHBIC — NOHATHS. | orIpoC, KOHTPOJIbHAS
3aauu c NPUMEHEHHEM | CAMOCTOSITEIbHAS pabora | JuddepenunansHsie YPaBHEHHS | paGoTa.
€CTECTBEHHOHAYYHBIX 3HAHHM. o0yyaromuxcsi, TOATOTOBKA M | TIEPBOTO MOPSIIIKA.
caada npoMmexxyTouHout | Paznen 3. Huddepennnanpaeie
OIIK-3.2. CryneHt yMeEeT | aTTeCTaliud, IOArOTOBKA H | YPaBHEHUSA N-ro MOpPsAKa.
MPUMEHSTH MaTeMaTHYEeCKUH | caaya dK3aMeHa. Pa3nen 4. Heonnoponansie
amnmapar. T pepeHInalbHBIE  ypaBHEHUSI N-TO
[IK-2.2. CtyaeHT yMeeT NpUMEHSTh nopsiika
OCHOBHBIE TEOpPEMBI U  (OPMYIIBI Paspnen 5. Kpaesble 3agaun.
TEOMETPHUH, JIACKPETHOM Pazgen 6. Cucremsl

MaTeMaTHKH W IuddepeHInaIbHBIX
yYPaBHEHUI.

IudepeHInaNbHBIX yPaBHEHUH.
Pa3nen 7 Teopust ycToMuuBOCTH.
Pazmen 8. VYpaBHeHHWS B YaCTHBIX
MIPOM3BOJIHBIX TIEPBOT'O TOPSIKA.




Paznen 9. BapuannonHoe nucuuciaeHue.

Bianeer
bazoBbIii OIIK-1.3. Cryaentr Ha 0a3oBoM | JlekimoHHbBIE u | Paznen 1. OcHOBHBIC TOHATHS. Tekymuii KOHTPOJIb —
YpOBEHb ypOBHE BJajeeT HaBBIKAMH | IPAKTUYECKHUE samsTsl, | Pasgen 2. OCHOBHBIC — NOHATHS. | orIpoc, KOHTPOJIbHAS
TEOPETHICCKOTO U | caMOCTOSATEIbHAS pabora | uddepeHnnanpabie YPaBHEHHS | haGota.
9KCIEPUMEHTAILHOTO HCCIEN0BaHuUs | 00yJaromuxcs, IOATOTOBKA U | IIEPBOTO HOPSIIKA.
00BEKTOB npodeccuoHabHON | caada IIpOMeEKyTOuHOU | Paznen 3. Juddepenunansasie
JeSITeIbHOCTH. aTTeCTally, MOATrOTOBKA M | YpaBHEHHs N-TO MOPSIKA.
clava dK3aMeHa. Pazgen 4. Heoanoponneie
OIIK-3.3. Crymenr Ha 0a30BOM muddepeHnranbHbple  ypaBHEHUS N-TO
YPOBHE BJIage€T HaBbIKaMH nopsaaka
MPOBEACHUSI WHXEHEPHBIX PAacueToOB Paszpen 5. KpaeBble 3agaun.
OCHOBHBIX MoKaszaTenei Pasznen 6. Cucremsl
pE3yIbTaTUBHOCTH  CO3JaHUA U T pepeHInATBEHBIX YPaBHEHUH.
NIPUMEHEHUS WHQOPMAIIMOHHBIX Pasnen 7 Teopust yCTOMYNBOCTH.
CHUCTEM U TEXHOJIOTHH. Pazgen 8. VYpaBHEeHusT B UYACTHBIX
MPOM3BOJIHBIX TIEPBOTO TOPSIKA.
[IK-2.3. Crynentr Ha 0a30BOM Pa3nen 9. BapuanuonHoe UcUnCiIeHUe.
ypoBHE BJIaJeeT METOAaMH,
pUeMamH, IropuTMaMu u
criocobaMu MIPUMEHEHUS
COBPEMEHHOT'0 MaTeMaTHYECKOTO
anmapara UL pelIeHusl  3ajaad
poecCHOHANBEHON e TENEHOCTH.
Cpennuii OIIK-1.3. Crymenr Ha cpenHeM | JIeKIMOHHbBIE u | Pasmgen 1. OCHOBHBIE TOHITHS. Texymuid KOHTPOJIb —
YPOBEHb ypOoBHE BJaJeeT HaBBIKAMH | IPAKTUYECKHUE samsTist, | Pasgen 2. OCHOBHBIC — NOHATHS. | orIpoc, KOHTPOJIbHAS
TEOPETUIECKOTO U | caMOCTOsTEeNbHAS pabora | JuddepenunansHsie YPaBHEHHS | paGoTa.
OKCIICPUMECHTAJIBHOT'O HCCJIICIOBAaHUA 06yqa10u11/1xcs{, IMOAroTOBKa U | IMEPBOI0 MOpsaKa.
00BEKTOB npodeccuoHaIbHON | caaya npoMexxyTouHoit | Paznen 3. duddepenunansusie
NesITeIbHOCTH. aTTecTalliy, MOJATrOTOBKAa H | ypaBHEHUs N-ro HOpPSIKa.
clladya dK3aMeHa. Paspen 4. Heonnoponnsie
OIIK-3.3. CrynmeHT Ha cpegHeM T pepeHnualbHble  ypaBHEHUSI N-TO
ypOBHE BJajeeT HaBBIKAMHU nopsizKa
[IPOBEJICHMSI WHXEHEPHBIX PacuyeToB Paspnen 5. Kpaesble 3anaun.
OCHOBHBIX nokazaTenei Paznen 6. Cucremsl

PE3YJIbTAaTUBHOCTHU cOo3aaHuA u

JuQepeHInATBEHBIX YPaBHEHHUH.




MIPUMEHEHUS UHGPOPMAITMOHHBIX
CHUCTEM M TEXHOJIOTHH.

I1K-2.3.
ypOBHE
MIpHEMaMH,
criocobamu

CryneHT Ha cpeaHeM
BIazneeT METOoJIaMH,
IropuTMaMu u
MIPUMEHEHUS
COBPEMEHHOI'0 MaTeMaTH4eCcKOro
anmapara UL peleHus  3a4ad
po¢ecCHOHANBHON AEATEILHOCTH.

Pasnen 7 Teopust yCTOMYHUBOCTH.
Pazmen 8. VYpaBHeHHWS B YaCTHBIX
MTPOM3BOAHBIX MEPBOTO TOPSIIKA.
Paznen 9. BapuannonHoe ucuuciacHue.

Bricokuit
YPOBEHb

OIIK-1.3. CryneHT Ha BBICOKOM
YpOBHE BIIaJIceT HaBbIKAMHU
TEOPETHYECKOTO "
IKCTIEPUMEHTAIBHOTO HCCIICTOBAHUS
00BEKTOB npodeccHoHANBHON
JEATeITLHOCTH.

OIIK-3.3. CryneHT Ha BBICOKOM
YPOBHE BJIAJIEET HaBBIKAMH
MPOBEACHUSI MHXEHEPHBIX PAacueToB
OCHOBHBIX IMOKa3aTese
pe3yIbTATUBHOCTH  CO3JaHUS |
MPUMEHEHUS WHGPOPMAITMOHHBIX
CUCTEM M TEXHOJIOTHH.

I1K-2.3.
YpOBHE
IpUeMaMHu,
crocobamu

CTyIeHT Ha BBICOKOM
BIIajIeeT METOJIaMH,
anropuTMamMu u
MPUMEHEHUS
COBPEMEHHOTO  MaTeMaTHYeCKOTro
ammapara Ui pelieHHs  3a1ad
po(eCCHOHATIBHOMN IEeSTEIbHOCTH.

Jlex1imoHHEBIE u
MPAKTHYECKUE 3aHSITHS,
CaMOCTOSITENTbHAS pabota
oOyJaronuxcs, MOArOTOBKa U
claya IIPOMEKYTOUHOMN
aTTecTalii, IOATOTOBKA |
cJaJa dK3aMeHa.

Pasnen 1. OcHOBHBIE HOHATHA.

Pasnen 2. OCHOBHBIE  ITOHATHSL.
Huddepennnanbabie ypaBHEHUS
MEPBOTO MOPSIKA.

Paznen 3. HuddepeHuunanbabie
ypaBHEHUS N-TO TOPSIKA.

Pazgen 4. Heoanoponneie
mudQepeHInanbHble  ypaBHEHUsI N-TO
MopsIIKa

Paszpnen 5. KpaeBble 3agaun.

Paznen 6. Cucremsl

T PepeHInATBEHBIX YPaBHEHUH.
Pazpen 7 Teopus ycToilunBocTu.
Pazmen 8. VYpaBHeHHS B YaCTHBIX
MIPOM3BOAHBIX MEPBOTO MOPSIIKA.
Pazpen 9. BapuannoHnHoe ucuuciaeHue.

Texkymmii KOHTpOJIb —
ONpoC, KOHTPOJIbHAA
pabora.




2. IEPEYEHb OHEHOYHBIX CPEJACTB

Taomuna 3
No | HammenoBanue XapakTepruCTHKA OLIEHOYHOTO CPEACTBA [IpencraBnenue onenounoro cpeacrea B POC
OLICHOYHOT'O
CpelcTBa
1 | Ompoc CpencTtBo KOHTpOJIS YCBOEHHUs ydeOHOro MaTepuaia TeMbl, | Bompocsl mo Temam/pa3aenam AUCIUTIITUHBI
paszena Wiy pPas3AesioB AWCHUIUIMHBI, OPTaHW30BAHHOE KaK
yueOHOe 3aHsATHE B BHAE coOecelOBaHUs MpPErnoAaBaTels C
00yJarOIUMUCs.
2 | KonTponbHas CpencTBo NpoBEpKH YMEHUM IPUMEHSTh MOJy4YeHHbIE 3HaHUs | KOMIUIEKT KOHTPOJIbHBIX 33a/laHU 110 BapuaHTaM
pabora JUT pEeLIEHUs] 3a4a4 OIPEACIICHHOTO THUIIA 110 TEME WJIU

pasacity




3. OIMMCAHUE IMOKA3ATEJIEA U KPUTEPUEB OLIEHUBAHUA KOMIIETEHIIUA

OrneHMBaHUE PE3YJIbTATOB OOYUYEHMS MO JUCHUIUIMHE Anredpa M TreoMeTpus OCYIICCTBISETCS B COOTBETCTBUU C
[TooxxeHneM 0 TeKyIeM KOHTPOJIC YCIICBAEMOCTH U IIPOMEKYTOYHOM aTTeCTAllMH 00YJIarOITUXCSI.

[TpeaycMOTpeHBI CIEAYIOIINE BUILI KOHTPOJISA: TEKYIIU KOHTPOJIb (OCYIIECTBIICHHE KOHTPOJIS BCEX BUIOB ayJIUTOPHON U
BHEAYJIUTOPHON JEATEIHPHOCTH OOYYAIOIIETOCS C IICJBbI0 TMOJMYYEHUS MEPBUYHON WH(OpPMAIMKM O XOJ€ YCBOSHHUS OTIACITHHBIX
AIIEMEHTOB COJICP)KaHMS AUCITUIUIMHBI) W MPOMEKYTOUHASI arTecTanus (OIEHWBACTCS YPOBEHb M KA4€CTBO TMOJTOTOBKH TIO
TUCIUILIAHE B IISJIOM).

[TokazaTenn W KpUTEpUHM OICHUBAHHWSA KOMIICTCHIIUHA, (POPMUPYEMBIX B MPOIECCe OCBOCHHS JTAHHOW TUCIUTIINHBI,
oIMcaHbI B Ta01. 4.

Ta0mnumna 4.



Kon YpoBeHb OCBOEHUSA Nunukaropsl Kpurepuu onieHuBaHuS pe3yiabTaTOB 00yUCHUS
KOMIIETEHIIUM | KOMIIETCHIIUU JOCTHKEHHUS
KOMIIETEHIIUU
OIIK-1 3Haer
OIIK-3 HenocraTounsrit ypoBeHb OIIK-1.1. He 3naem 3nauumensHoii uacmu mamepuana Kypca, He CHOCOOEH CAMOCMOAMENbHO 8blOeNsiMb
[K-2 Oruenka OIlK-3.1. 2/1ABHbLE NOJIONCEHUS 8 UZYHUEHHOM MAMepUaie OUCYUNIUHb
«HEYJIOBIETBOPUTEIHHOY 1IK-2.1.
ba30Bblil ypoBEHb OIlK-1.1. 3Haem He menee 50 % ocHo8HO20 Mamepuana Kypca, 0OHAKO UCHbIMbIBAEm 3ampPyOHEeHUsl 8 e20
Orenka OI1K-3.1. npuMeHeHuu
«YOBJIETBOPUTEIHHOY I1IK-2.1.
Cpennuii ypoBeHb OIIK-1.1. 3naem ocHo8HYIO uacmb mamepuana Kypcd, Cnocoben npumMeHums UyueHHull Mamepuan Ha
Orenka OIlIK-3.1. npakmuke, UCNbIMbIEAem He3HAYUMelbHble 3ampyOHeHUs 8 peuleHul 3a0ay
«XOpOIO» 1IK-2.1.
Bricokuii ypoBeHb OIlIK-1.1. THoxkasvieaem 2nyboxoe 3HaHUe U NOHUMAHUE MAMEPUAnd, CnoCOOeH NPUMEHUMb U3VUEeHHbII
Orenka OIlK-3.1. Mamepuan Ha nPaKmuKe
COTIIMIHOY 1IK-2.1.
YMeer
BazoBelii ypoBeHb OIlIK-1.2. Ymeem eocnpoussecmu ne menee 50 % ocnosnozo mamepuana Kypca, 00HAKO UCHbIMbIGAEm
OIIK-3.2. 3ampyOHeHUs NPU peuleHuu NPAKmu4eckux 3a0a4
1IK-2.2.
Cpennuii ypoBeHb OIIK-1.2. Ymeem pewamv cmanoapmuvie npogeccuonarvhvie 3a0auu ¢ APUMEHEHUEM HNOTYYEHHbIX
OIIK-3.2. SHAHUL, UCTILIMbIBAC HE3HAYUMENbHbIE 3aMPYOHEHUsL 8 peleHUU 3a0ay
1IK-2.2.
Bericokwmii ypoBeHB OIlIK-1.2. Ymeem pewamv cmanoapmuvie npogeccuonanvhvie 3a0auu ¢ APUMEHEHUEM HNOTYYEHHBIX
OIIK-3.2. 3HAHUL, NOKA3bleaem 21yOoKoe 3HAHUEe U NOHUMAHUe Mamepuand, CnocodeH pewums 3a0ayy
1IK-2.2. npU UBMEHEHUU POPMYTUPOSKU
Bnaneer
basoBbIil ypoBeHb OIIK-1.3. Bradeem mnagvikamu meopemuueckoco U IKCHEPUMEHMANLHOZO UCCIe008aHUSL 00BEKMO8
OI1K-3.3. npoGeccuoHaIbHOU 0esIMeNbHOCIU, YCEOUL OCHOBHOE COOEPIHCAHUE MAMEPUANA OUCYUNTIUHDL
1IK-2.3. HO umeem npobenvl 8 YcgoeHuu mamepuaid. Hmeem HecucmemamusupogaHuvie 3HAHUSA
OCHOBHBIX PA30e108 OUCYUNTIUHDL.
Cpenuuii ypoBeHb OIlK-1.3. Braoeem magvlkamu meopemuueckoco U SKCNEPUMEHMANbHO20 UCCAe008aAHUS 00bEeKmos
OIIK-3.3. npoGeccUOHanbHOl  OesiMeNbHOCMU,  CROCOOEH — CAMOCMOSMENbHO — 8blOCAMb  2AGHLLE
1IK-2.3. NoNoJICEHUsT 8 U3YUeHHOM Mmamepuane. Mcnvimvieaem He3HauUmMenbHbie 3ampyOHeHUs 8
peuieHuu 3a0ay.
Bricokwii ypoBeHb OIlK-1.3. C60000HO 6na0eem HABLIKAMU MEOPemu4eckKo20 U IKCNEePUMEHMATbHO20 UCCAe008AHU,
OIIK-3.3. nokasvléaem 2y1yb0Koe 3HaHue U NOHUMAaHUe U3Y4eHHO20 Mamepuaid

1IK-2.3.




4. MeTroau4yeckue MaTepUaJibl, ONpeAesaonue Npoueaypbl
OLIECHUBAHUS Pe3yJbTaTOB 00y4eHMsI

3ananus B popme ompoca:

OHpOC HCIIOJIB3YCTCA AJId TEKYILICTO KOHTPOJIA YCIIEBACMOCTH 06yqa101111/1x051 110
JUCHUIINIMHE B KAUYCCTBEC IIPOBCPKU PE3YIbTATOB OCBOCHUS TCPMHUHOJIOTHH. Ka>1<z[0My CTYACHTY
BBIZIACTCS CBOM COOCTBEHHBIN, Y3KO C(HhOPMYIUPOBaHHBIN Bompoc. OTBET AOHKEH OBITh YETKUM
H KpaTKuM, COACPKAIMHUM BCE OCHOBHBIC XapaKTECPHUCTUKHN OIIMCBIBACMOI'0 IIOHATHSA, MHCTHUTYTA,
KaTETrOpHUH.

KonTpoJsbhas pabora
CpencTBo NpoBEpKH YMEHUM MPUMEHSTH IMOJYyYEHHBIE 3HAHUS JIJIS1 PEIICHHS 3a1a4
OMPCACIICHHOI'O TUIIA I10 TCME WJIN Pa3aCTy

5. MarepuaJbl JJil NPOBeJAeHNUs] TEKYIIero KOHTPOJIS U MPOMEKYTOYHOM

aTrecrainmmu

Pa3nes 1. OcHOBHBIE IOHATHS.

1) Omnpenenenne 0ObIKHOBEHHOTO MU (HEepeHIIMATEHOTO YPAaBHEHHUS.

2) OmnpezneneHne 4acCTHOTO M OOIIETO PEIICHHS, CBA3b MEXKIY HAMHU.

3) OO0bikHOBeHHBIE MU hepeHIaTbHbIe YPaBHEHUS [IEPBOTO MOPSIKA.

4) [Tonsitue 3amaun Komru.

5) Teopema cCyIIecTBOBaHHS M €IUHCTBEHHOCTH pEIIEHUS OOBIKHOBEHHOTO
muddepeHIMaTbHOT0 YpaBHEHMsI IEPBOTO Mopsijika (0e3 J0Ka3aTesIbCTBa).

6) ['eomeTpuyeckass  UHTEpHpeTanusi  OOBIKHOBEHHOTO I depeHInaIbHOro
YpaBHEHHS TIEPBOTO TTOPSIKA.

7) YpaBHeHHE paIMOAKTUBHOTO pacmaja.

Pasnea 2. {nddepenunanbHbie ypaBHEHHS NMEPBOTo MOPsiAKAa.

1) OObikHOBeHHBIE  AuddepeHIManbHble  ypaBHEHHs C  pa3/ielieHHBIMH U
pa3aeAIOINUMUCS IEPEMEHHBIMH.

2) OnHOpOHBIE ypaBHEHUS IEPBOTO MOPSIKA.

3) [ToHsiTHE OPTOrOHAJIBHBIX TPAEKTOPHM.

4) Jluneiinbie muddepeHmanbHbIe ypaBHEHUS TEPBOTO TOpsAJKAa - OCHOBHBIE
CBOICTBA pEIICHNS OJTHOPOAHBIX U HEOHOPOAHBIX YPAaBHEHUH.

5) Meron Bapranuy Npou3BOJIbHON OCTOSHHOM.

6) YpasHenue bepnymin.

7) YpaeHenue Pukart.

8) Juddepennnanbable ypaBHEHHS B OTHBIX JU(QepeHnnaiax.

9) VYcnosue nonHoro nuddepennmana.

10)  UHTerpupyrommii MHOKHUTENb.

11)  OObikHOBeHHbIe au(pdepeHIualIbHbIE YpaBHEHUS TEPBOTO  IMOpSAAKAa HE
paspelIeHHble OTHOCUTEIBHO MTPOU3BOIHOM.

12)  Peurenue nuddepeHnaIbHBIX YPaBHEHUI METOIOM BBEICHHUS ITapaMeTpa.

13)  VYpaBuenue Jlarpanxa. YpaBHenue Kiuepo.

14) [ToHsiTHE 0COOOTO pEIIeHuS.

15)  Meronsl NPHONMKEHHBIX PEUICHUH OOBIKHOBEHHBIX A depeHIHaIbHbIX
ypaBHEHUH MEPBOro MOPsIKA.

16)  Meron mocnenoBaTeNIbHBIX TPUOIHIKCHUI.



17)  Meron Ditnepa. Meron HeonpeaeIeHHBIX KOAPPHUIIMESHTOB.

Paznea 3. lu¢pdepennuanbHbie ypaBHeHHs N-T0 MOPSIAKA.

1) Jlunelinas 3aBUCHUMOCTD U HE3aBUCUMOCTh (DYHKITHH.

2) [TonsiTHe TMHEWHON 3aBUCUMOCTH U HE3aBUCUMOCTH (DYHKIIUH.

3) Onpenenurenb Bponckoro. CoiicTsa.

4) OO6b1kHOBEHHBIE AU PepeHnnanbHbIe ypaBHEHUS N-TO TOPSIIKA.

5) OO6mue nousitus. [loHSATHE YaCTHOTO M OOIIEro PEIICHHMS.

6) 3amaua Komu.

7) Teopema cyliecTBOBaHMS M €IUHCTBEHHOCTH pELIECHUS OOBIKHOBEHHOIO
Qg epeHIaIbHOro ypaBHeHUs N-To nmopsaka (0e3 10Ka3aTeNbCTBa).

8) Huddepenunansupie ypaBHEHHUS N-TO TMOPsSAKa, JOMYCKAIOIIME MOHMKEHUE
nopsiaka. Pemenue nuddepeHnaabHpIX ypaBHEHUN N-TO METOIOM BBEJCHHS ITapaMeTpa.

9) Jluneitnbie nuddepeHnuanbube ypaBHeHHs N-TO TOPSAKA.

10)  OOurue moustus. CBOWCTBRA.

11)  OpsopojHbie JHHEHHbIEC AU PepeHIInaTbHbIC YPAaBHEHUS N-TO MOPSIKa.

12)  CrpykTypa 00LIero penieHusl.

13)  TlousaTtre GhyHAaMEHTAILHONW CUCTEMbI PEIICHHIA.

14)  HeoanoposHbie juHeiHbIC U HepeHInAIbHBIC YPAaBHEHUS N-TO TOPSIKA.

15)  Crpykrypa obmiero perrenus. @opmysa JInysuiist - OcTporpaackoro.

16) Opsoponnbie nuHEHHbIC auddepeHratbHbIe ypaBHEHHS N-TO MOPsSAKa C
MOCTOSTHHBIMH KO3 HUITMEHTaMH.

17)  Meron Diinepa. [TousTre XapakTepucTUIECKOTO ypaBHEHHSI.

Pasnen 4. Heonnopoaubie nugdepennuaibible ypaBHeHHs: N-T0 MOPSAIKA.

1) Heonnopoansie nuHelHble nuddepeHnnanbHble ypaBHEHU N-T0 MOPSIKa.

2) Meroa Bapranuy Npou3BOJIbHON IOCTOSHHOM.

3) Heonnopoansle nuHeiHble aud@epeHnnanbHble ypaBHEHUs N-ro  Mopsaka ¢
MOCTOSIHHBIMU KO3 (hULIIEHTaMHU.

4) Merton HeomnpeaeneHHbIX KO3 PHUIIHEHTOB.

Paspnen 5. Kpaesble 3agaum.
1) [TonsTHE KpaeBoii 3a1a4u.
2) Pemenue kpaeBoii 3a7jauu ¢ noMoIkto GyHkuuu I'puna.

Pa3nea 6. Cucrembl nuddepeHnnanbHbIX ypaBHEHHUI.

1) Cucremsl nuddepeHIanbHbIX ypaBHEHUI.

2) WuterpupoBanue cuctembl TudepeHnaTbHbIX YPaBHEHUH MyTeM CBEICHHS K
OJIHOMY YpaBHEHMIO 00JIee BEICOKOTO MOPSAIKA.

3) HaxoxxaeHne uHTErpupyemMbIx KOMOWHAIHA.

4) Cucremsbl TuHEHHBIX U depeHIINaTBHBIX YPaBHEHUH.

5) TeopeMsl 0 pereHUsIX CUCTEMBI JINHEHHBIX AU(PepeHIInanbHbIX YpaBHEHUH.

6) Cucrembl nuHEHHBIX JOud@epeHIuanbHbIX ypaBHEHUH C  TOCTOSHHBIMU
KO3 pHULHEHTaMU.

Paspnen 7. Teopust ycToOM4YMBOCTH.

1) Teopust yCcTOWYMBOCTH.

2) OcHoBHble oHATHS. [IpocTeiime THITBI TOYEeK TOKOS.

3) Bropoii metox A. M. JIsnyHoBa.

4) HccnenoBanue Ha yCTOMYMBOCTD TIO TIEPBOMY MPUOITHKEHUIO.

5) [Ipr3HaKu OTPUIIATEILHOCTH IEUCTBUTEIBHBIX YACTEH BCEX KOPHEW MHOTOWICHA.

6) Crnyuyaii Manoro ko3 GHuIHeHTa Npyu MPOU3BOIHON BEICIIETO MOPSAKA.



7)
8)

Y CTONYUBOCTB IIPU ITIOCTOSIHHO JAEUCTBYIOIIUX BO3MYIICHUSX.
Teopema MankuHa 00 yCTOMYMBOCTM TPU  IOCTOSHHO  JICHCTBYIOIIMX

BO3MYIICHUAX.

Pa3nen 8. YpaBHeHuUs1 B 4aCTHBIX NPOU3BOIHBIX.

VYpaBHEeHHsI B YaCTHBIX MPOU3BOAHBIX MEPBOTo nopsiaka. OCHOBHbIE MOHATHS. JIuHelHbIe
Y KBa3WJIMHEWHbIC YPABHEHUS B YACTHBIX MPOU3BOJIHBIX IIEPBOTO MOPSAKA.

CBsi3b C BEKTOPHBIM I0JIEM. XapakTepUCTUKH. Teopema 00 001ieM perieHn ypaBHEHUS
B YaCTHBIX MTPOU3BOAHBIX IIEPBOTO MOPSIKA.

Pa3nes 9. BapnanuonHoe ucumcienme.

1)
2)
3)
4)
5)
6)
7)
8)
9)

BapurannoHnHble 3aja41 ¢ HENOABUKHBIMU I'PaHULIAMH.

Bapuanus u ee cBoiicTBa.

VYpaBHeHue Ditnepa.

Cucrema ypaBHeHUi Dilniepa.

VYpaBuenue Ditnepa—Ilyaccona.

OyHKIUOHAIBI, 3aBUCSIINE OT (DYHKIIMI HECKOJIBKUX HE3aBUCHUMBIX TIEPEMEHHBIX.
Merton Bapuanuii B 3aJja4ax ¢ NOJABM>KHBIMUA IPaHUIIAMHU.

[Ipocreiimas 3agaya ¢ NOABUKHBIMU TPAHHUIIAMU.

3ajaya ¢ NOJABM>KHBIMU IPaHULIAMU.

KonTtpomupyemsie kommerennuu: OITK-1, OITK-3, T1K-2

Oyenka KomMnemeHYyull OCyuecmesiemcs 8 COomeemcmeuu ¢ maoauyet 4.

KoHnTpoJbHble 3a1aHuA:

1. TectoBsrii Bomnpoc 1:
a) BapUaHT OTBeTa 1;
0) BapuaHT OTBeTA 2;
B) BapHUaHT OTBeTA 3;
I') BapUaHT OTBeTa 4;

2. TecToBBI# Bompoc 2:
a) BapUaHT OTBeTa 1;
0) BapuaHT OTBeTA 2;
B) BapHUaHT OoTBeTa 3;
I') BApUAHT OTBETA 4;

3. TecroBslii Bonpoc 3:
a) BapuaHT oTBeTa 1;
0) BapuaHT OTBeTA 2;
B) BapHUaHT OoTBeTa 3;
') BApHAHT OTBETA 4;

KomnuiekT 3aganuii UIsi KOHTPOJILHOI padoTsl 1o auctuiuinHe «/lnddepenimanbtele

YPaBHCHUA»

KonTtpoabnas padora Ne 1

Bapuant Nel

ypaBHeHI/ISI C pasaciadromuMuUcsd NCPpeMCHHLBIMU:

1. xydx + (x + 1)dy = 0.



2. xE =1

dt

FeoMeTpuyeckre U GU3MIECKHUE 3aAUH:

3. Haiitu KpuBble, U1 KOTOPBIX IUIOIIAbL TPEYTOJIBLHUKA, 00Pa30BaHHOIO
KacaTeJIbHOM, OPIMHATON TOUKU KacaHHs U OChIO aOCIUCC, €CTh BEIMYHMHA TIOCTOSIHHAS, PABHAS
a%?

OIHOPO/HbIE YPABHEHHUS:

4. (x + 2y)dx — xdy = 0.

5. (y + /xydx = xdy.

KonTtpouabnas pa6ora Ne 1
Bapuant Ne2
VYpaBHEeHUS ¢ pa3AeAOIIUMUCS IEPEMEHHBIMU:

1. Vy? + ldx = xydy.

2. y' = cos(y — x).

CeomeTprueckue U GU3MIECKHE 3a/1a49H:

3. Haiitu KpuBbI€, 11l KOTOPHIX CYMMa KATE€TOB TPEYTOJILHUKA, 00Pa30BaHHOTO
KacareJbHOM, OPJMHATON TOUKH KACAHHs U OCHIO a0CIUCC, ECTh BEIMYMHA TOCTOSHHAS, PaBHAs
b?

OHOPOIHBIE YPABHEHUSL:

4. (x —y)dx — (x+y)dy = 0.

5. xy = x2—yZ+y.

KonTtpoabnas padora Ne 1

BapuanT Ne3

YpaBHEHUS C Pa3IENAIONUMUICS TTEPEMEHHBIMH:

1. (x?2 =1y +2xy? =0.y(0) = 1.

2. y' —y=2x-3.

I'eomerpuueckue u GU3NIECKHUE 3a0a4M:

3. Haiitu xpuBsie, 06s1agaro1IMe CIeAyOIMM CBOUCTBOM: OTPE30K OCH abcIuce,
OTCEKaeMbIi KacaTelbHON U HOPMaJIblO, IPOBEJCHHBIMU U3 IPOU3BOJIBHON TOUKHM KPUBOM, paBeH
2a?

OnHOpoIHBIE YpaBHEHUS:

4, (y? — 2xy)dx + x*dy = 0.

5. (2x —4y +6)dx+ (x+y—3)dy = 0.

KonTtpoabHnas padora Ne 1

Bapunant Ne4

VYpaBHEHUS ¢ pa3/ENAIONUMUICS IEPEMEHHBIMHU:

1. y'ctgx +y =2,y(x) > 1 npux - 0.

2. (x +2y)y' =1,y(0) = —1.

I'eomerpuueckue U GpU3NIECKUE 3aa4u:

3. Haiitu kpuBbIe, y KOTOPBIX TOUKa MepeceueHue 000l KacaTeIbHOM ¢ 0ChIO
abcrucc nmeer abcuuccy, BABOE MEHBIIIYIO a0CIICChl TOUYKU KacaHue?

OnHOpOoAHBIE YPABHEHUSA:

4, 2x3y" = y(2x?% — y?).



5. 2x+y+ 1dx + (4x + 2y — 3)dy = 0.

KonTpoabHas padora Ne 1
Bapuant Ne5
VYpaBHeHUs ¢ pa3AeAIOIIUMUCS IEPEMEHHBIMHU:

1L y=3yzy@=0.

2. y' = /4x + 2y — 1.

I'eomeTpuueckue u pu3nyecKue 3a1auu:

3. HaiiTu xpusble, o0siagaroniye ciaeayronM CBOHCTBOM: €CIH uepe3 JII0OYI0 TOUKY
KPUBOH MPOBECTH MPSIMbIE, MapauIeIbHbBIE OCSIM KOOPAUHAT, 1O BCTPEYH C 3TUM OCSIMH, TO
MJIOIA/Ih TTOJIYYEHHOTO MPAMOYTOJIbHUKA JIETUTCS KpUBOU B OTHOIIEHHE 1:27

OpHOpoHBIE ypaBHEHUS:

4. y2+x%y = xyy"

5. x=y—-1+@y—-x+2)y'=0.

KonTtpouabnas pa6ora Ne 1

Bapuant Ne6

VYpaBHEHUS ¢ pa3IeNAIOMUMKICS IEPEMEHHBIMU:

1. xy +y=y%y(1) =0,5.

2. 3y%y’ + 16x = 2xy3, y(X) orpanuyueHo mpu x — .

I'eomerpuueckue U pu3NIECKUE 3a0a4u:

3. 3a 30 gueit pacniaiocs 50% nepBoHa4aIbHOrO KOJIMYECTBA PAJUOAKTUBHOTO
BeniecTBa. Yepes CKobKo BpeMeHH ocTaHeTcst 1% oT nepBOHAYaIbHOTO KOJIMYECTBO?

OnHOpOHBIE ypaBHEHUS:

4. (x2 +y?)y = 2xy.

5. (x +4y)y = 2x + 3y — 5.

KonTtpouabnas padora Ne 1

Bapuant Ne7

VYpaBHEHUS ¢ pa3/IeNAIONUMUICS IEPEMEHHBIMHU:

1. 2x%yy +y% =2,

2. xydx + (x + 1)dy = 0.

I'eomerpuueckue U puU3NIECKUE 3a0a4u:

3. CornacHo onbiTaM. B Teuenne roga u3 kaxaoro rpamma paaus pacnanaercs 0,44
Mr. Uepes CKOJIBKO JIET pacnaAeTcsl MOJOBUHA UMEIOIIETOCs KOINIECTBA Paus?

OnHOpOaHBIE YpABHEHUS:

4, xy'—yzxtg%.

5. (y+2)dx = 2x+y—4)dy.

KonTtpoabHnas pa6ora Ne 1

BapuanTt Ne8

VpaBHeHI/ISI C pasaciadromuMuUcsd NCPpeMCHHLBIMU
1. y' —xy? = 2xy.

2. x%y' — cos2a = 1; y(+x) = 9m/4.



I'eomerpuueckue u GuU3NIECKHUE 3a0a4u:

3.

HaiiTu xpuBbIe, KacaTelbHBIE K KOTOPBIM B JIFOOOH TOYKE 00Pa3yloT paBHBIC yIIIbl

C MOJISIPHBIM PaUyCcOM U MOJISIPHOM OCBhIO?

OnHopoaHbie ypaBHEHUS:

4.
5.

xy =y —xe¥/*
, +2
y' =2

x+y-1

KonTpoabHas padora Ne 1
Bapuant Ne9
VYpaBHeHHUs ¢ pa3AeaOIMUMUCS IEPEMEHHBIMHU:

1.
2.

BN
e’(1+ dt) =1.
xy +y=1yv%y(1)=0,5.

I'eomerpuueckue u GU3NIECKHUE 3a0a4u:

3.

Teno oxmagunock 3a 10 mun ot 100° g0 60°. TemmnepaTtypa OKpy>Karoiero

BO3/yXa mojiepxkuBaetcs pasHoit 20°. Korna teno octeiaeT 110 25°7

OpHOpOoHBIE ypaBHEHUS:

4, xy —y= (x+y)ln%.
' yrx _ yex
5. (y + 1)lnm = 13

KonTtpouabnas padora Ne 1
Bapuant NelO
VYpaBHEHUS ¢ pa3/IeNAIONUMUICS IEPEMEHHBIMHU:

1. z'=10**Z,
2. y'=3Yy3y(2)=5.

FCOMeTqueCKHCII®H3HQCCKHe3aﬂaHHZ

3.

B cocyne, conepskamuii 1 kr Bozs! mpu Temnepatypsl 20°, onyiieH

IIOMUHUEBBIN TpeaMeT ¢ Maccoit 0,5 kr, ynenbHas TernaoeMkocTs 0,2 u Temneparypa 75°.
Uepes MuHyTy Bosa Harpenach Ha 2°. Korja remnepaTypa BoJbl U IpeiMeTa Oy/1eT OTIndaTbes
onHa ot Apyroiil Ha 1°? [loTepssiMu Teruia Ha HarpeBaHue cocy/a U MPOYUMHU.

OnHOpOAHBIE YPABHEHUS:

4, xy = ycosin %
ez oy
. y _-x+14_tg x+1°

KonTponbnas padota Ne2

Bapuant Nel

JluHelHbIe YpaBHEHHSI IEPBOTO MOPSIIKA:
1. xy — 2y = 2x*.

2. (2e¥ —x)y = 1.

3. xy —2x% [y = 4y.

VYpaBHeHus B moJHbIX quddepeHnnanax:
4, 2xydx + (x* —y*)dy = 0.



KonTtpouabnas pabora Ne2

Bapuant Ne2

JInHelHbIe ypaBHEHHUs I1IEPBOIO MOPSAAKA

1. (2x + 1)y = 4x + 2y.

2. (sin?y + xctgy)y = 1.

3. xy — 2y +x5y3e* = 0.

YpaBHEHU B OJTHBIX TU(epeHIrazax

4, (2 — 9xy?)xdx + (4y? — 6x3)ydy = 0.

KonTtpoabnas pabora Ne2

Bapuant Ne3

JIuHeiHbIe YpaBHEHHUS IEPBOTO MOPSIKA:

1. y' + ytgx = secx.

2. (2x + y)dy = ydx + 4lnydy.
X xy

3. 2y — 5=

x2-1"

VpaBHeHHs B OMHBIX AuddeperHimanax:
4. eVdx — 2y +xe™)dy = 0.

KonTtpoabnas pabora Ne2

Bapuant Ne4

JIuHeltHbIE YpaBHEHU NIEPBOTO MOPSIIKA
1. (xy + e*)dx — xdy = 0.

y
[ J—
2. V' =555

3. y'x3siny = xy — 2y.
VpaBHeHHUs B HONHBIX AU depeHnuaax:
4. %dx + (y3 + Inx)dy = 0.

KonTtpoabHnas padora Ne2

Bapuant Ne5

JIuHeiHbIe ypaBHEHHUS IEPBOTO MOPSIKA:
1. x%2y' +xy+1=0.

2. (1-2xy)y'=y(y—1).

3. x%ylny — x)y' = y.
VYpaBHEHUS B MOJHBIX TU(depeHranax:

21,2 3
4 3x“+y dx_Zx +5ydy:0.

y? y3

KonTtpoabnas pabora Ne2

Bapuant Ne6

JIuHeiiHbIe ypaBHEHUS MTEPBOr0 MOPSIKA:
1. y = x(y — xcosx).

2. y' + 2y = y2e*.



3. x%y' + xy + x%y? = 4.
VpaBHEHHs B HONHBIX U depeHIHaIax:

4. 2x(1 +/x? —y)dx —/x? —ydy = 0.

KonTtpoabnas padora Ne2

Bapuant Ne7

JIuneliHble ypaBHEHUs [1EPBOIO MOPSIKA:

1. 2x(x? + y)dx = dy.

2. (x+ Dl +y?) =-y.

3. 3y +y’+5=0

YpaBHEHUS B MOJIHBIX U depeHranax:

4, (1 + y2sin2x)dx — 2ycos?xdy = 0.

KonTtpoabnas pabora Ne2

Bapuant Ne8

JluneiiHble ypaBHEHHS TIEPBOTO TOPAIKA:
1. (xy' — Dinx = 2y.

2. y' = y*cosx + ytgx.

3. xy — (2x + 1)y + y? = —x2.
VYpaBHEHUS B MOJHBIX TU(depeHmanax:

4, 3x2(1 + Iny)dx = (Zy — ’;—3) dy.

KonTtpoabnas pabora Ne2

Bapuant Ne9

JIuHeiiHbIe YpaBHEHUS IEPBOTO MOPSIIKA:
1. xy + (x + 1)y = 3x%e™*.

2. xy?y = x% + y?

3. y —2xy+y?=5-—x2
VYpaBHEHUS B MOJHBIX TU(QepeHranax:

x (x%2+1)cosy _
4. (Siny +2)dx + =02 gy =

cos2y—1

KonTtpoabnas pabora Ne2

Bapwnant Nel0

JIuneliHple ypaBHEHUS [IEPBOTO MOPSIIKA:
1. (x + y?)dy = ydx.

2. xydy = (y? + x)dx

3. y' +2ye* —y? = e?* + e*.
VYpaBHEeHUs B TOJHBIX TU(epeHIranax:
4, (x% +y% + x)dx + ydy = 0.

KonTtpoabnas pabora Ne3
Bapuant Nel



VYpaBHeHuUe, HEe pa3pelIeHHbIE OTHOCUTEIBLHO TPOU3BOTHOM:

1. y? —y%2=0.

2. y? 4+ xy =y2 +xy

3. x=y°+y'"

4, y=xy —y”~

PazHble ypaBHEHUS IIEPBOTO MOPSIIKA:
5. xy +x2+xy—vy=0.

KonTpoabHnasi padora Ne3

Bapuant No2

VYpaBHeHHE, HE Pa3pEIICHHBIE OTHOCUTEIBHO IIPOU3BOIHOM:
1. 8y” = 27y.

2. xy'(xy' +y) = 2y2.

3. x(y”—1)=2y"

4, y+xy =4[y’

Pa3nble ypaBHEHMS IEPBOTO MOPSAKA:

5. 2xy' +y?=1.

KonrtpoJabHnas padora Ne3

BapuanT Ne3

VYpaBHeHHe, He pa3pelIeHHbIE OTHOCUTENTBHO TIPOU3BOTHOM:
1. (v + 1)3 =27(x + y)>.

2. xy”? —2yy +x = 0.

3. x=y' /y'2+1.

4. y =2xy —4y®.

Pa3HEIe ypaBHEHHS TIEPBOTO TTOPSIKA:

5. (2xy'2 - y) dx + xdy = 0.

KonTtpoabHnas padora Ne3

Bapuant Ned

VpaBHEHHe, He pa3penieHHbIe OTHOCUTETFHO IPOU3BOTHOM:
1. 2 +1) =1

2. xy?=yQRy' -1

3. y'(x—Iny) =1.

4, y=xy —(2+y).

PasHble ypaBHEHMS TIEPBOTO IOPSIKA:

5. (xy +y)? = x2y".

KonTpoabHnas padora Ne3

Bapuant Ne5

VYpaBHeHuUe, HE pa3pelieHHbIE OTHOCUTEIBLHO TPOU3BOTHOM:
1. y”? —4y3 = 0.



2. y? +x =2y

3. y =y?+2y°3

4, y® +y?2 =xyy'

Pa3Hble ypaBHEHHs MEePBOro MOPAIKa:
5. y—y =vy%+xy

KonTpoabHnasi padora Ne3

Bapuant Ne6

YpaBHeHHE, HE pa3pelICHHbIC OTHOCUTEIILHO MTPON3BOIHOM
L y*=4*1-y).

2. y? + (x+2)e? =0

3. y'=In(1+y?).

4. y =xy”? —2y"°.

PasHble ypaBHEHHU I1EpBOIO MOPSAKA

5. (x+2y3)y' =y.

Konrtpoabnas pabora Ne3

Bapuant Ne7/

YpaBHEeHHE, HE pa3pelICHHbIC OTHOCUTEIILHO MTPOU3BOIHOM:
1. xy? =y.

2. y? — 2xy' = 8x2

3. U+ =0 -

4, xy —y=Iny"

PasHbIe ypaBHEHHS IEPBOTO MOPSIIKA!

5. y® — gy =,

KonrtpoJabHas padora Ne3

Bapuant Ne8

VYpaBHEHHE, HE pa3peIICHHbIE OTHOCUTEIBHO IPOU3BOIHOM:
1. yy® 4+ x = 1.

2. (xy +3y)? =7x

3. y=(y —1e”.

4. xy'(y' +2)=1y.

Pa3Hble ypaBHEHMS IEPBOTO MOPSAKA:

5. x%y'=y(x + ).

KonTtpoabHas paora Ne3
BapuanT Ne9

YpaBHeHHE, HE pa3pelieHHbIE OTHOCHTEILHO MTPOU3BOIHOM
L yP+yi=yy(y'+ 1)

2. y?=2yy'=y*e*-1)

3. y*—y2 =92

4 2y'2(y—xy') =1.



Pa3Hble ypaBHEHHs TIEPBOTO TOPSIIKA
5. (1 + x?)dy + xydx = 0.

KonTtpouabnas padora Ne3

BapuanT NelO

YpaBHeHHE, HE Pa3pEIICHHbIE OTHOCUTEIBHO IIPOU3BOIHOM:
1. 41 -y)=CBy-2)%"~

2. y'(2y —y) = y3sin®x

3. y?—yB =92,

4, 2xy' —y =Iny"

Pa3Hble ypaBHEHMS IEPBOTO MOPSAKA!

5. y? 4+ 2(x—1)y =2y =0.

KountpoabsHnas padora Ned

Bapuant Nel

VYpaBHeHHE, TOMYCKAMOIIHE OHIKSHHE MTOPsIKa

1. x2y" = y'?,

2. 2yy" =y*+y'2

3. xyV =1.

4. yy" = 2xy'?, y(2) =2,y'(2) = 0,5.

JIuneiHbIe ypaBHEHUE ¢ TOCTOSHHBIMU KOG PHIIMECHTAME
5. y'+y' =2y =0.

KonTtpouabnas pabora Neq4

Bapuant Ne2

VYpaBHeHMe, JONMYCKAIOLI1e TOHMWKEHUE TTOPsIKa
1. 2xy'y" = y'* — 1.

2. y'"3+xy" =2y
3. y'" = 2xy".

4. 2y —3y'? =0, y(0) = =3,y'(0) = 1,y"(0) = —1.
JIuHeltHbIe ypaBHEHHE C TIOCTOSIHHBIMU K03 purmerTamu

5. y'+4y'+3y =0.

KonTtpouabnas pabora Ned4

Bapunant Ne3

VYpaBHeHuUe, AOMyCcKaloUie MOHKEHNE opsIKa
1. y3y'"' = 1.

2. y'2+y =xy"

X

3. xylV +9"" = e*.
11 ! 6 2 !
4. x%y" —3xy' = XLZ —4y, y(1) =1,y'(1) = 4.

JIuHeliHbIe ypaBHEHHUE C IOCTOSHHBIMU K03 punmenramu

5. y'—=2y"'=0.

KonTpoabHas padora Ned



Bapuant No4

VpaBHEHUE, TOMYCKAIONINE TIOHMKEHUE TTOPSAIKA

1. y'2+2yy" =0.

2. y'"'+y'? =2e7.

3. yy"" +3y'y" =0.

4. y" =3yy', y(0) =-2,y'(0) = 0,y"(0) = 4,5.
JlunelHbIE ypaBHEHHE C MOCTOSHHBIMU KO3 (pUIMEHTaMU
5. 2y" = 5y'+ 2y =0.

KonTpoabHas padora Ne4

Bapuant Ne5

VpaBHeHuUE, T0MYCKAIOIIUE TIOHKEHHE MOPSIKA

1. y'"' = 2yy'.

2. xy"' =y" —xy".

3. y'y" =2y

4, y" cosy +y'?siny =y', y(—1) =%,y’(—1) =2.
JIuHeiinble ypaBHEHUE C OCTOSAHHBIME KO3()PHIMEHTAMU
5. y" —4y'"+ 5y = 0.

KonTpoabHnas padora Ne4

Bapuant Ne6

YpaBHeHHe, AOMYyCKAIOIIe MOHIKEHNE TTOPsIKa

1. yy" +1=y"

2. y'"? =92 41,

3. w'=y(+D.

4. yy" = 2xy'?, y(2) =2,y'(2) = 0,5.

JIuHeWHBIE YpaBHEHHE C TTOCTOSTHHBIMU KOA(PQUITUESHTAMHI
5. y" +2y"+ 10y = 0.

KonTtpoubnas padora Neq4

Bapuant Ne7

VYpaBHeHHE, JONMYCKAIOMINE TOHMKEHHE TIOPSIIKa

1. y'(e*+1)+y =0.

2. y' =e”.

3. 5y"""? — 3y"yV = 0.

4. 2y"" — 3y’2 =0, y(0)=-3,y'(0) =1,y"(0) = —-1.
JIuHeliHbIe ypaBHEHHUE C TIOCTOSTHHBIMU K03 unmenramMu

5. y'+4y =0.

KonTtpouabnas pabora Neq4
Bapuant Ne8

VYpaBHeHuUe, JoMycKaroe TOHMKEHHUE MTOPSIKa
12

1. y'"' =y,
2. yll _ xylll + y”’3 — 0'



3. yy"+y? =1
12} 4 6 z !
4, x%y" —3xy’ = xLZ -4y, y(1) =1,y'(1) = 4.

JIuHelinble ypaBHEHUE C TOCTOAHHBIME KO3 PUIMEHTAMU
5. y"" —8y=0.

KonTtpouabnas padora Ne4

Bapuant Ne9

VYpaBHeHHE, JONYCKAIOLIHE TOHWKEHUE TIOPSIIKa

1. yyll — yIZ _ yl3.

2. 2y'(y" +2) = xy'"?.

3. y'=xy'+y+1.

4. y"" =3yy', y(0) =-2,y'(0) =0,y"(0) = 4,5.
JIuHeliHbIe ypaBHEHHUE C IOCTOSHHBIMU K03 punmenramu

5. yV —y =0.

KontpoabsHnas padora Ned

Bapuant Nel0

VYpaBHeHHE, TOMYCKAMOIIHE TOHIKSHHE MTOPsIKa

1. y'" =2@" = Dctgx.

2. y*—y3y" =0,

3. xy'" =2yy' —vy'

4. y" cosy +y'?siny =y', y(-1) =%,y’(—1) = 2.
JIuneiiHble ypaBHEHUE ¢ TIOCTOSTHHBIMU KO3 PHUIIHECHTAMH
5. yV + 4y = 0.

KonTtpouabHnas pabora NeS

Bapuant Nel

JIuHeliHble ypaBHEHHs ¢ HOCTOSHHBIMH KO3(QUIIMEHTaMK
1. yV + 64y = 0.

2. y"" =3y"'+ 2y =0.

3. y'+3y —4dy =e ¥ + xe V.

4, y'" — 8y’ + 20y = 5xe** sin 2x.

5. y'+2y'+y=0,y2)=1y'(2) =-2.

KonTtpouabnas pabora NeS

Bapuant Ne2

JIuHeiHbIe YpaBHEHHUS C TOCTOSHHBIMH KOd(QUIIEHTaMH
y'=2y'+y=0.

yV+4y" +3y=0.

y" +2y' — 3y = x%e”.

y" —7y" 4+ 10y = xe ?* cos 5x.
y'+y=4e%,y(0) = 4,y'(0) = -3.

a s wnN e

KonTtpouabnas padora NeS



Bapuant Ne3

JIuHeliHbIe ypaBHEHUS ¢ TOCTOSTHHBIMU K03 punmenramu
4y" +4y"' +y = 0.

y'" —2y" =3y =e*,

y" — 4y’ + 8y = e?* + sin 2x.

y" —2y"+ 5y = 2xe* + e* sin 2x.

y" —=2y"'=2e*,y(1) =-1,y'(1) = 0.

a s~ wnN e

KonTtpouabnas pabora NeS

Bapuant Ne4

JIuHeliHble ypaBHEHHS C TOCTOSIHHBIME KO3 duimeHTaMu
yV — 6y +9y"" = 0.

y" +y = 4xe*.

y"" — 9y = e3* cos x.

y" —=2y'"+y = 2xe* + e*sin2x.

y'+2y"+ 2y =xe7*,y(0) =y'(0) =0.

ok wbdE

KontpoabsHnas padora Ne5

Bapuant Ne5

JIuHeliHbIe ypaBHEHUS C TOCTOSTHHBIMH KO3 PHUIIMEHTaMU
1. yV —10y"" + 9y = 0.

y" —y =2e* —x2.

y" =2y"+y = 6xe*.

y" —8y' + 17y = e**(x? — 3x sinx.

y"' =y =0,y(0)=3y'(0)=-1y"(0)=1

oA wN

KonTtpouabnas padora NeS

Bapuant Ne6

JIuHeliHble ypaBHEHHS C OCTOSIHHBIMU KO3 duimeHTaMu

yV +2y" +y=0.

y" +y' — 2y =3xe*.

y' +y =xsinx.

y""+y' =sinx + xcosx.

y"" =3y' =2y =9e*,y(0) = 0,y'(0) = -3,y"(0) = 3.

o s wnNeE

KonTtpoubHnas paGora NeS

Bapwnant Ne7

JluneiiHble ypaBHEHHMsI C MOCTOSHHBIMU KO3 puiineHTamu
y" =3y" +3y'—y=0.

y" —3y"+ 2y = sinx.

y" + 4y’ + 4y = xe?*.

y"" —2y" + 4y' — 8y = e?* sin 2x + 2x2.

o s e

KonTposbHas padora NeS

yV +y" = 2cosx,y(0) = —=2,y'(0) = 1,y"(0) = y""(0) = 0.



Bapuant Ne§

JInnenyrie YpaBHCHHA C ITOCTOSAHHBIMU KOBCI)(I)HHHGHT&MI/I
y"=y"=y"+y=0.

y" +y = 4sinx.

y" — 5y’ = 3x? + sin5x.

y" — 6y’ + 8y = 5xe?* + 2e**sinx.
y'+2y"+y=0,y12) =1,y'(2) = -2.

arwnNeE

KonTtpouabnas pabora NeS

Bapuant Ne9

JIuHeliHble ypaBHEHHS C IOCTOSIHHBIMU KO3 duimeHTaMu
yV —5y" + 4y = 0.
y" =5y’ + 4y = 4x%e
y"' —2y"+ 2y =e* + xcosx.
y'+2y' +y=x(e™* — cosx).

y" +y=4e*,y(0) =4,y'(0) =-3.

2x

o ks wn e

KonTtpouabnas padora NeS

Bapuant NelO

JIuHeliHbIe ypaBHEHUS ¢ TOCTOSTHHBIMU K03 punmenramu
yV + 8y’ + 16y’ = 0.

y" —3y"+ 2y = xcosx.

y" + 6y’ + 10y = 3xe™3* — 2e3*cosx.

y'" —y" —y"+y=3e* + 5xsinx.

y'" —=2y"'=2e*y(1)=-1,y'(1) = 0.

ok wnE

KonTtpouabnas padora Ne6
Bapuant Nel
JIuHeltHbIe CUCTEMBI C TOCTOSIHHBIMH KOA(Q(PHUIIMEHTaMU
X=2x+y
{y =3x +4y
XxX=x+z-Yy
©

1.

y=x4+y—z, A =114,=21=-1)

Z=2x—2z

3 {3’c=y+29’t

' y =x+t?
2 -1 -1
4. x=Ax,A=1 0 -1
3 -1 -2

KonTtpouabHnas paGora Ne6

Bapuant Ne2

JIuHeltHbIE CUCTEMBI C TOCTOSIHHBIMH KO3 QHIIMEeHTaMU
X=x—-Yy

. {5/ =y—4x



X=x—2y—2z
{y y—x+2z; A4 =041,=21=-1)

Z=x—2z
3 X=y-— 5cost
' { —2x+y

-2 2

4, x—Ax,A—l 4 =2

1 5 =3

KonTtpouabnas pabora Ne6
Bapuant Ne3
JIuHelHbIe CUCTEMBI C TOCTOSIHHBIMM KO (PHULIMEHTaMU

x+x—-8y=0
1 { b
y—x—y=0
xX=2x—y+z
2. {y=x+2y—z; A =1,4,=2,13 =3)
z=x—-y+2z
3 {X=3x+2y+4e5t
' y=x+2y
-1 -2 2
4, XxX=Ax,A=-2 -1 2
-3 -2 3

KonTtpoubHnas pabora Ne6

Bapuant Ne4

JIuHeHBIE CHCTEMBI C TOCTOSIHHBIME KOA((PHUIIMEHTaAMH
X=x+Yy

L {3’/ =3y —2x

{ XxX=3x—-y+z

N

y=x+y+Z,(/11:1,/12:2,A3:5)
Z=4x—y+4z
3 {x=2x—4y+4e‘2t

y=2x—2y
-3 2 2
4. x=Ax,A=-3 -1 1
-1 2 0

KonTtpoubHnas paGora Ne6
Bapuant Ne5
JIuHetHbIe CUCTEMBI C TOCTOSIHHBIMH KOA(PPHUIIMEHTaMU
1 x=x—3y
' {5/ =3x+y

X =4y —2z—3x
2 { y=z+x ; 4L =1L21=21;=-1)

Z=6x—6y+5z

{3’5 =4x +y—e?
3. .
y=y—2x



KonTpoabHas padora Ne6

Bapuant Ne6

JIuHelHbIe cCUCTEMBI C TOCTOSTHHBIMU KO3 dULIMEeHTaMU
{fc +x+5y=0

L y—x—-y=0

X=x—-y—z
2' { 5’=X+y ;(/1121;/12,321i2i)

Z=3x+z

3 {J'C=2y—x+1

' y=3y—2y
2 1 -1
4. x=Ax,A=-1 0 1
1 1 0

KontpoabsHnas padora Ne6

Bapuant Ne7

JIuHeHbIe CUCTEMBI C TOCTOSTHHBIMU KO3 (UIIMEHTaMH
xX=2x+y

1 { ‘=
y=4y—x

X=2x+y

2 {y=x+3y—z;(Al=2,12,3=3ii)
z=2y+3z—x

3 {x=5x—3y+283t

' y=x+y+5et

0 1 1
4. x=Ax,A=1 0 1
2 21

KonTtpoubHnas pabora Ne6

Bapuant Ne8

JIuHetHbIE CUCTEMBI C TOCTOSIHHBIMU KOA(QQHUIIEHTaMU
x=3x-—y

L {5/ =4x—y
XxX=2x+2z-y

2 { y=x+2z ;A =12,3=+i)
Z=y—2x—2z

3 {x=2x+y+et
' y=-=2x+2t
0 1 1
4, x=Ax,A=1 1 0
-1 0 1

KonTtpouabsnas padora Ne6
Bapuant Ne9
JIuHeitHbIE CUCTEMBI C TOCTOSIHHBIMH KOA(PPHUIIMEHTaMU



x =2y —3x
T
y=y—2x
X=4x—-y—z
2. {y=x+2y—z; (A =24, =23 =3)
z=x—-y+2z
3 X=x+2y
' {yzx—Ssint
-2 1 2
4 x =Ax, A = — 0 2
-2 0 3

KonTpoabHas padora Ne6
Bapuant NelO
JIuHelHBIE CHUCTEMBI C TOCTOSIHHBIMH KOA((PHUIIMEHTaMH
1 {x —5x—-3y=0
y+3x+y=0
X=2x—y—z
2 {y=3x—2y—32; A =01=1;=1)
z=2z—x+y

X =2x—4y
3 {yzx—3t+36t
0 1 -1
4, x=Ax,A=1 0 -1
2 2 -3

KonTtpomupyemsie kommerennuu: OITK-1, OITK-3, TT1K-2

Oyenxa komnemenyutl OCyecmeaisienmcs 8 Coomeemcmauu ¢ madauyet 4.

Bonpocsl k 3auery:

YpaBHEHHs IEPBOTO MOPAAKA, PA3PEIICHHBIE OTHOCUTEIBHO IIPOU3BOAHOM.
YpaBHEHUs C pa3IeIAOIUMUCS IIEPEMEHHBIMU U IPUBOIALINECS K HUM.
JInneliHbIe ypaBHEHHUs IEPBOTO NMopsaKa. MeTon Bapranuy oCTOSTHHOM.
VYpasHenue bepuymum. Ypasaenue Pukarru.

VYpaBHenus B noiHbeix Auddepenimanax. Heodxoammoe u 1ocTatouyHOe yCIOBHE
Olinepa. UaTerpupyromumii MHOXKHUTEb.

agkrownE

6. [TpuHIIUTT CKATBIX OTOOPAKEHUM.
dy
7. Teopema cyliecTBOBaHUS U €IMHCTBEHHOCTH PEILIEHUS] yPaBHEHUS i =f (X, y).
X
8. Teopema 0 HeNpepbIBHOM 3aBUCUMOCTH PEIIEHUs OT MapaMeTpa U OT HadallbHbIX
YCJIOBUM.
dy
9. OcoObie Touku. OcoOble penieHns ypaBHEHUS i =f (X, y).
X
10.  JIuddepeHnmanbHapie ypaBHEHUS, HE pa3pelIeHHbIE OTHOCUTEIHHO MPOU3BOIHOM.

Merton BBeZieHUS TapameTpa Il ypaBHEHUH BUIA F(x, Y, y') =0.
11.  Vpasuenue Jlarpanxa, ypaBuenue Kiepo.
12. Teopema cymecTBOBaHUS U €MHCTBEHHOCTH PELICHUS YPAaBHEHUS F(X, Y, y') =0.

13.  Oco0bble TOYKH U 0COObIE pelIeHHs] YpaBHEHUS F(x, Y, y') =0.



14.  CaeneHue ypaBHEHHUH N-TO mopsaka K cucreme N auddepeHnnanbHbIX ypaBHEHHUH
l1-ro nopsaka. Teopema cCyleCTBOBaHUS M  E€IMHCTBEHHOCTH PpEIICHUS  YypaBHEHUS

y® = f(x, Y, y',...,y‘”‘l)).

15.  Ilpocreiimue ciryyan MOHUKEHUSI TOPSAIKA.

16.  Jluneitnble quddepeHnranbaple ypaBHeHHS N-ro nopsiaka. CBoicTBa TMHEHHOTO
oreparopa.

17.  Teopembl O pelIEHUSX JIUHEHHOTO OJHOPOJHOTO YpaBHEHHsS N-TO TOPSIKA.
DyHIaMeHTaIbHAsA CUCTEMA PEIICHUM.

18.  ®opmyna Octporpaackoro—JInyBumis.

19.  JluneliHbIE OJHOPOJHBIC YpaBHEHUS C TIOCTOSHHBIMU KOdhdUIHECHTaMHU.
Paznuunble ciiyyan KOPHEN XapaKTepUCTUUYECKOIO YPaBHEHUS.

20. VYpaBuenus DOiiepa. I[IpeoOpa3oBanue ypaBHEHHS Dijiepa B ypaBHEHHE C
NOCTOSTHHBIMU K03 punimentamu.

21.  JluHeliHBIE HEOJHOPOJHBIE YpAaBHEHMsI N-ro mopsjaka. Teopembl O peleHHsX
JMHEWHOTO HEOJHOPOAHOTO YPaBHEHHUS.

22. MeTtoa BapUaluy MOCTOSHHBIX.

23.  JluHeiiHble HEOJHOPOAHBIC YPaBHEHUS C IMOCTOSHHBIMH Kod(pduumenramu.
Merton HeonpeaeneHHbIX KO3 PHUIIHEHTOB.

24.  HuterpupoBanue gudQepeHIHaTIbHBIX ypaBHEHUH TPU  TIOMOIIM  PSIOB.
[Tepuonuueckue pemenus auddepeHInalIbHbIX YpaBHEHU.

25. Merox Majoro mapamerpa M €ro NPUMEHEHHE B TEOPUU KBA3HIMHEWHBIX
KoJie0aHui.

26.  KpaeBas 3agaua.

27.  Pemenue kpaeBbIX 3aj1a4 MetoaoM (pyHkuun ['puna. CoiictBa ¢pynkuuu ['puna.
[Toctpoenue ¢pynkuuu I'puna.

28.  Cucremsl TuQdepeHIraIbHbIX YpaBHEHUI. OcHoBHbIE MIOHSTHSL.
['eomerpuueckass W (u3myueckass WHTEPHpPETAHMS PEIICHUs CUCTeMbl AuQQepeHIraTbHbIX
YpaBHEHUM.

29.  MuterpupoBaHWE CHCTEMBI ITyT€M CBEACHHS K OJIHOMY YypaBHEHHIO Oolee
BBICOKOTO MOpSAKA.

30.  HaxoxaeHune MHTETPUPYEMBIX KOMOWHAITHIA.

Kontponupyemsie kommnerenuuu: OITK-1, OITK-3, T1K-2

Oyenka KomMnemeHYyull 0Cyuecmeisiemcs 8 COomeemcmeuu ¢ maoauyet 4.

Bonpocsl k 3k3ameny:

YpaBHEHUs IEPBOTO MOPAAKA, PA3PEILICHHBIE OTHOCUTEIBHO IIPOU3BOAHON.
VYpaBHEHHUS C pa3IEIAOMAMUCS IEPEMEHHBIMH U IPUBOISAIINECS K HAM.
JIuneliHble ypaBHEHHUs IIEPBOrO Nopsiaka. Meron Bapuanuy OCTOSTHHOM.
VYpaBuenue bepnymu. YpaBHenue Pukarru.

. VYpaBHeHus B noaHbx auddepennnanax. Heobxonumoe u JOCTaTOUHOE YCIOBUE
Ointepa. IHTErpupyromuii MHOKHATEb.

orwdPE

6. [TpuHIMI CKATBIX OTOOPAKEHUH.
d
7. Teopema CcyliecTBOBaHUS ¥ €JMHCTBEHHOCTH PEIICHHS YPAaBHEHHS d_y = f (X, y).
X
8. Teopema o HEMpPEepHIBHOW 3aBUCUMOCTH PEIICHHS OT IMapaMeTpa M OT HadaIbHBIX
YCJIOBUM.

dy

9. Oco06bie Touku. OcoOble penieHus ypaBHEHUS i =f (X, y).
X

10.  duddepenunanbubie ypaBHEHUS, HE pa3peIIeHHbIE OTHOCUTEIHHO MPOU3BOIHOM.

Meron BBeeHUS ITapamMeTpa Il ypaBHEHUHN BUJA F(X, Y, y') =0.



11.  Vpasuenue Jlarpanxa, ypaBueHnue Kiuepo.

12. Teopema cymecTBOBaHUS M €MHCTBEHHOCTH PEIICHHUS YPAaBHEHUS F(X, Y, y') =0.
13.  OcoGble ToukH U 0coOble peulenus ypasHenns F(X, Y, y') =0.
14.  CsepaeHue ypaBHEHHI N-TO MOpsaKa K cucteme N quddepeHmaIbHbIX ypaBHEHHMA

l-ro nopsaka. Teopema cCyliecTBOBaHMSI M €IUHCTBEHHOCTH PpELICHUS] YpaBHEHHUS

y™ = f(x, Y, y',...,y‘”‘l)).

15.  Ilpocreiimue ciyyan MOHUKEHUS MOPSAKA.

16.  Jluneiinble quddepeHnmanbaple ypaBHeHHS N-ro nopsiaka. CBoicTBa TMHEHHOTO
oreparopa.

17.  Teopembl O pemIEHUSX JUHEHHOTO OJHOPOJHOTO YpaBHEHHsS N-TO TOPSIKA.
DyHIaMeHTaIbHAsA CUCTEMA PEIICHUM.

18.  ®opmyna Octporpaackoro—JInyBumis.

19.  JluneilHble OJHOPOJHBIE YpPAaBHEHHUS C MOCTOSHHBIMU KO3((UIMEHTaMHU.
Paznuunbie ciryuan KOpHEH XapakTepUCTHYECKOTO YPAaBHEHUSI.

20. VYpaBuenus DOiinepa. I[IpeoOpa3zoBaHue ypaBHeHUs Oiiepa B ypaBHEHUE C
MOCTOSTHHBIMU K03 punmenramu.

21.  JluHeliHBbIE HEOJHOPOJHBIC YpPAaBHEHMsI N-ro mopsjaka. Teopembl O peleHHsX
JMHEWHOTO HEOJHOPOAHOTO YPAaBHEHHS.

22. MeToa BapUaliy MOCTOSHHBIX.

23.  JluHeiiHblEe HEOJHOPOAHBIC YPaBHEHUS C TMOCTOSHHBIMH Kod(pduumenramu.

Merton HeonpeaeneHHbIX KO3PPHUIIHEHTOB.
24.  WuterpupoBanue udQepeHInaIbHbIX YpaBHEHHH TpU  TIOMOIIM  PSIOB.
[Tepuonuueckue pemenus auddepeHInalIbHbIX YpaBHEHU.

25. Merox Maioro mapamerpa M €ro NPUMEHEHHE B TEOPUU KBA3HIMHEHHBIX
KoJIeOaHU .

26.  KpaeBas 3agaua.

27.  Pemenue kpaeBbIX 3aj1a4 MetoaoM (yHkiun ['puna. CBoiictBa ¢pynkuuu ['puna.
[Toctpoenue ¢pynkuuu I'puna.

28.  Cucremsl TuddepeHIraIbHbIX YpaBHEHUH. OcHoBHbIE MIOHSTHSL.
['eomerpuueckass W (usmyeckass WHTEpPHpETANUs pelmeHus cucteMsl auddepeHnnanbHbIX
YpaBHEHUM.

29.  HuterpupoBaHWE CHCTEMBI ITyT€M CBEACHUS K OJIHOMY YypaBHEHHIO Oolee
BBICOKOTO MOpSIKA.

30.  HaxoxaeHune MHTETPUPYEMBIX KOMOWHAITHIA.

31.  Cucremsl JuHEHHBIX JU(QepeHIHaTbHbIX ypaBHEHUH. TeopeMbl O pelIeHUsX
CHCTEMBI JIMHEHHBIX MU PepeHIINaTbHBIX YPaBHEHUH.

32. Meroa Bapualu NOCTOSIHHBIX.

33. Cucrembl nuHEHHBIX JOud@epeHIuaNnbHbIX ypaBHEHUH C  TOCTOSHHBIMU
ko3 duurenTamu. Pasznuynele cirydan KOpHEH XapakTepUCTHUECKOTO YpaBHEHHS.

34.  OmnpeneneHne yCTOMUYUBOCTH PEUICHHUS CUCTEMBI MU (HepeHIINATBHBIX YPaBHEHUH
1o JIamyHoBY.

35. OnpeneneHre aCUMITOTHYECKON YCTOMYMBOCTU. TOYKA MOKOSI.

36.  IIpocreiimme TUIIBI TOUEK TOKOSI.

37.  Bropoii meron JlsmynoBa. Teopema JlsmyHoBa 00 ycroitumBocTH. Teopema
JIsmyHoBa 00 aCHMITOTHYECKONW YCTOWYMBOCTH.

38.  Teopema YeraeBa 0 HEYCTOHIHBOCTH.

39.  HccnemoBaHue Ha YCTOHYHBOCTH IO MTEPBOMY PUOIINKESHUIO.

40.  Teopema JlamyHoBa 00 UCCIIEIOBAHUH 110 IEPBOMY MPUOIHKEHHIO.

41. [Ipr3HaKku OTPULIATENHLHOCTH IEMCTBUTENIBHBIX YacCTEH BCEX KOPHEW MHOTOWICHA.
Teopema I'ypBuna.

42.  Cnyuait manoro ko3¢ GuireHTa Mpy MPOU3BOAHON BBICIIETO TOPSJIKA.



43.  OmnpeneneHue YCTOWYUBOCTH TPU TOCTOSHHO JACHCTBYIONIMX BO3MYIIECHUSIX.
Teopema MasikuHa.

44,  Teopema KoBajseBCcKOW O CyIIECTBOBAaHMM M €IMHCTBEHHOCTH pEIICHUS
YPaBHEHUSI B YACTHBIX MPOU3BOIHBIX.
45.  JlunHeliHbIe OJHOPOAHBIC U KBAa3WIMHEHHBIC YPaBHEHUS B YaCTHBIX MPOU3BOIHBIX
HEepBOro MopsAaAKa. XapaKTePUCTHKH yPAaBHEHHH.
< oz
46. Teopema 006 001IeM penieHUN YpaBHCHHS z X, (Xl, Xy yeenr X, )— =0.
i1 OX;
47.  OngHOpOAHBIE U HEOJHOPOAHBIC YPaBHEHHS B YACTHBIX MIPOU3BOIHBIX OT (DYHKIIUU
N IIepEeMEHHBIX.
48. Bapuanuonnoe ucuncnenue. Bapuanus pyHKIIMOHANIA U €€ CBOHCTBA.
49.  OcHoOBHas TeopeMa BapHALUOHHOTO HCUHCIICHHS.
50.  OcHoBHas leMMa BapHAllMOHHOTO HCYHCIICHHUS.
51.  IIpocreiimas 3aga4a BapHallMOHHOTO UCYUCIICHUS C HETIOJABMKHBIMU I'PaHUIIAMHU.
VYpaBHenue Ditnepa.
52.  Ilpocreiimue cirydyan HHTETPUPYEMOCTH ypaBHEHUs Diiiepa.

%
53. OyHKIHUOHAIBl BUJA jF(X, yl,yz,...,yn,y'l,...,y'n)dx. Cucrema ypaBHEHUU
Xo
Oiinepa.
54.  DyHKUMOHAJIBI, 3aBUCSIIME OT IPOU3BOJAHBIX 00Jiee BBICOKOIO MOpSAKAa —
X

J. F (X, vy, y® )dx. Vpasnenue Ditnepa—Ilyaccona.

55.  dyHKUMOHAJBI, 3aBUCALIUE OT (QYHKIUN HECKOJbKUX HE3aBHUCHUMBIX IEPEMEHHBIX

— ” F(x, Y, Z, g , ﬁldxdy. Ypasaenue OcTporpaackoro.
D ox Yy

56. IIpocreiimas 3a7a4a c [IOJABUKHBIMU rpaHULIAMU. VYcnosue
TPAHCBEPCAIBHOCTH. Y CIIOBHE TPAaHCBEPCATbHOCTH.
57.  BapuauumonHas  3ajaya Ha  YCJIOBHBIM  dkctpemyM.  CBsizu  Buja

¢(X’ yl’ y2""' yn):O

Xy

58. Teopema 00 »5KcTpemyMe (YHKIHOHANA IF(X, yl,yz,...,yn,yi,...,y;])dx npu

Xo
HAJIMYUH YCIOBUH @, (X, Yir Yoreens yn): 0 (i=12,...m; m<n).
59.  Msonepumerpuueckas 3agava.

Kontponupyemsie kommnerennuu: OITK-1, OITK-3, T1K-2

Oyenka KomMnemeHYyull OCyuecmeisiemcst 8 COomeemcmaeuu ¢ maoauyet 4.

Mertoauyeckne marepuajbl K Kypey «duddepeHunanbHbie ypaBHEHUD)

JAudpepenunaibHbie ypaBHEHHs NEPBOro NMOPSAKa.
1. ITonsitne 1 depeHHATBLHOIO YPABHECHHS.
Onpeoenenue. JlupdepeHnanbHbBIM — ypaBHEHHEM N-TO  TOpSAOKAa  Ha3bIBaeTCA
COOTHOLICHUE BUJA

Ficyys...;y™)=0 (1.1)

MEXy He3aBUCUMBIM MTEPEMEHHBIM X, €r0 GYHKIIMEH ) U TPOU3BOTHBIMHU y', y”, cens y<“).



OyHknua Yy = go(x) Ha3bIBaeTCs peuieHneM nuddepennuansHoro ypasuenus (1.1), eciau

nocne 3amenst y Ha @(X), y'ma ¢'(x), ..., y™ Ha gz)(”)(x) — ypaBHEHHE IPEBPAIIAEcTCs B
CIIPaBEUINBOE TOXKJIECTBO.
Huddepenunansuoe ypaBHeHue |-ro mopsijaka umeer BUI:
F(xy;y)=0 (1.2)

Huddepenunansuoe ypasHenue |-ro nopsiaka (1.2), pasperieHHOe OTHOCUTENbHO Y’

3aIMCBhIBACTCS B BUJE:
y'="f(xy) (13)
u Ha3piBaercs auddepeHIMANBbHBIM - ypaBHeHHEeM | mopsaka, pa3pelieHHbIM
OTHOCHUTEJILHO MPOU3BOJIHOM.
I'padpuk  pemenus auddepeHunanbHOr0  ypaBHEHUss OyleM  Ha3bIBaTh
WHTErPAIIBHON KPUBOM.

2. Iu¢depenuuanbHoe ypaBHeHHE PAJHOAKTHBHOIO pacnaja.

3aodaua. 3a 30 mueit pacnanocs 50 % nepBOHAYAIBHOTO KOJIMYECTBA PaJMOAKTHBHOTO
BellecTBa. Yepes CKkosbko JHEH ocTaHeTcs 1 % BemiecTBa OT IEpBOHAYAIBHOIO KOJIMYECTBA?

Pewienue. 3akoH paJuMOaKTHBHOIO paclnaja: KOJIMYECTBO PAJHMOAKTUBHOIO BEIIECTBa,
pacrajamouerocs 3a €IUHMIY BPEMEHH, HPONOPLHMOHAIBHO KOJMYECTBY 3TOrO BEILIECTBA,
UMEIOILErocs B paccMaTpUBaeMblii MOMEHT.

O603HaunM uepe3 Q(t) Konn4ecTBO paJMOAKTHBHOIO BEIIECTBA B MOMEHT BpeMeHH t.

3a mpoMexyTok BpeMeHH oT t 1o t + At pacnagaercs KOJIMYECTBO BEIIECTBA PABHOE, C
onnoii croponsl — Q(t + At) — Q(t), ¢ Apyroii CTOpOHBI, COrIACHO 3aKOHY PaJHOaKTHBHOTO
pacmaga — KkQ(t')At, rme t'e (t;t +At), k — xo3dduimeHT MTPOMOPIHOHATBHOCTH.
CrnenoBarenbHO, UMEEM PAaBEHCTBO:

Q(t +At) - Q(t) = — kQ(t')At,
Nnn

Qt+A1-Q(t) _
At -kQ(t").

Cuwmrast pynkimoo Q(t) muddepenuupyemoin m mepexons K mpeaeny npu At — 0,
noJiyuuM AuQdepeHnnaibHoe ypaBHEHUE

dQ(t)

—kQ(t)
NN
Q'(t) =-kQ(t)
Pemennem nomydeHHOTo MU GepeHINATEHOTO YPaBHEHUS ABIseTCS (PyHKIHMS:
Q(t)=C-e™.

ITpu t = 0 umeem: Q) =C= Q, — mepBoHaUANBEHOE KOMMYECTBO BEIIECTRA.
CrenoBarenbHO, pacraj paJlioaKTUBHOTO BELIECTBA OMUCHIBACT (DYHKIHUS:

Q) =Q,-e ™
Ilo ycnoButo 3a1a4u UMeEM:

QW) | =5

HIIN



—K —30k
Qo =Qee t‘t=30 =Q, e

N~

1503051
e3Ok — 2’
T.C.
30k =1In 2.
CieqoBaTeabHO:
k = i In2;
30

Takum 06pa30M, MOJIYYHJIN:
In 2

Q) = Qe ®

Ocratoch HaliTh Takoi MoMeHT BpeMeru t korma Q(t) = ﬁ Q..
HNmeewm:
1 f%t In2
—Q, = —In100 =———t
T 30
t = 30In100 - 60In10 - 60- 2,303 ~190.
In2 In2 0,693

Takum oOpazom, 1 % OT mepBOHAYATIBHOTO BEUIECTBA OCTAaHETCS MpuMepHO depe3 199
JTHEH.

Omegem: 199 nueil.

W3 paccmaTtpuBaeMoro npumepa BUJIHO, 4TO JU(PepeHINaIbHOMY YPaBHEHUIO BUA

y'=-ky

YJOBJIETBOPSIIOT OYE€Hb MHOTO ()YHKILIMH, @ UMEHHO (DYHKIIMM BUIA

y =ce .

B teopun nuddepeHnmanbHbIX ypaBHEHHH BEUHBIM TEOPETUUYECKUM BOIPOCOM SIBIISIETCS
BONIPOC O TOM, HACKOJIBKO MHOIO peleHuid wuMmeeT auddepeHraIbHoe ypaBHEHHE.
OkaspiBaercs, 4To Kaxjaoe auddepeHnraribHOe ypaBHEHHE UMEET OCCKOHEYHOE MHOKECTBO
pelmeHui, M TO03TOMY IPUXOJWUTCS CTaBUTh BONPOC HE O YHUCIE PEUICHUH JaHHOTO
nudepeHIaIbHOTO0 YPaBHEHHS, @ O TOM, KaK MOXXHO OTHCAaTh COBOKYITHOCTh BCEX pEIICHUN
JTaHHOTO MU depeHaTbHOT0 ypaBHeHUs. OTBET Ha ATOT BOIPOC JAaeT TEOpeMa CYIIeCTBOBAHUS
U €IMHCTBEHHOCTH pelieHus 11 depeHInaTbHOr0 ypaBHEHNUS.

3. Teopema cymecTBOBAHMSA M €IUHCTBEHHOCTH pemieHus AuddepeHnnanbHOro
YPaBHeHHs NepBoro nopsaka. 3agaya Kommu.
Teopema (o cywiecmeosanuu u eOUHCHEEHHOCMU peuwieHus OugpepenyuanbHo2o
YPAGHEHUA NEPBO20 NOPAOKA).
IIycts
y'=f(xy) (13)
muddepeHranbHOe ypaBHEHHE MIEPBOTO MOPSIKA.

ycts dpynxims f = (X;y) 3anaHa Ha HEKOTOPOM OTKpPBITOM MHOXkecTBe D Tmockoctn R?.



[Tycts pynaxuun f(X;y) u ?y(x; y) e C(D)..

Torna:
1) V(Xy:Y,)eD cymectByer pemenue y = @(x)ypasHenus (1.3), ynoBneTsopsiomiee
YCJIOBHIO:
¢(Xo ) =Y
2) eciu ABa pelieHus Y = (o(x) uy= y/(x) ypaBHenus (1.3) coBmamaer XoTsi Obl A
OJTHOTO 3Ha4YeHHUs X = X;, T.€. €CIIK go(XO): l//(XO), TO 3TH PEILICHUSA TOXIECTBEHHO paBHBI JUIA

BCEX TeX 3HAUYCHHI IEPEMEHHOI'0 X, AJI1 KOTOPBIX OHHU 00a OIIpECACIICHEI.
FGOMeTpI/I‘leCKOG COACPIKAHUE TCOPEMBI 3aKIHOYACTCA B TOM, UTO YEPE3 KaXKAYIO TOUKY

(XO; Yo ) € D mpoxoaut onHa 1 TOJILKO 0OJIHA HHTErpalibHast KpuBas ypaBHenus (1.3).

WuTerpanpHas KpuBas — rpaduk pemeHus y = go(X) ypaBHeHus (1.3).

3aoaua Kowu. Ilycte nano nuddepenumansHoe ypaBHenue | mopsiaka y' = f(Xx;y).
Tlycrs Gyrkums f(x;y) onpexenena B obnactu D e R?, (X,;Y,)€ D;

Pemuts 3amauy Komm amst ypasHenus (1.3), 3HaunT Haiité QyHKIUIO Y = @(X) TaKylo,
9TO:

a) y = @(x) — peuenue ypaBHenus (1.3);

6) ¢(X5) =Y,

Venosue Y, = @(X,) — OyneM Ha3bIBaTh HAYATbHBIM YCIOBHEM.

Onpeoenenue (oouiee peuienue ouggepenyuanvnozo ypasuenusn | nopsaoka).

Ilycts

y'="f(xy) - (13)

muddepenimansioe ypaBaenue, rae ¢yukius f(X;y) ompenenena B obmactu D e R?:
byHKIHUIO Y = (p(x; C) OyneM Ha3bIBaTh OOIIMM pemeHneM ypaBHenus (1.3), ecu:

a) Ve dynkuus y = (p(x; C) pewienue ypaBHenus (1.3);

0) V(XO; yo)e D e, : gﬁ(XO;CO): Yo, T.€. U KaXI0# Touku ( X,;Y,) € D 3c,: rpaduk

byHkuuu Yy = (D(X; Co) HPOXOJUT Yepe3 TOUKY ( X,; Yo )
Onpeoenenue (wacmnozo pewtenusn ougpgpepenyuanvnozo ypasnenus | nopsaoka).
Pemenue ypaBaenus (1.3)

y =gp(x:c,)

npoxozsiee yepe3 TouKy ( X,; Y, ) € D Ha3bIBaeTCs €ro YacTHBIM PEILICHUEM.

4. TI'eomerpuueckass uHTepnperanus Au@depeHuranbHOI0 YpaBHEHHs IMEpPBOro
nopsaKa.
Paccmotpum nuddepenuunansHoe ypaBHenue | nopsaka
y'=f(xy), (13)
rae ynkmus f(X;y) onpenenena B obmactu D e R?. Dro ypaBHEHHUE 33/1a€T B KaXKIOU

Touke (X;y) obmactu D 3naueHue yrioBoro ko3¢ uimenTa KacaTeIbHONW K MPOXOASIIEMY Yepes3
3Ty TOuKy rpaduky pemenus ypaBuenus (1.3). T.e. ansa kaxmoit Touku (X;y) MOXKHO BBIYUCIHUTH



d .
IIPOU3BOJHYIO d_y CrnenoBarenbHo, nuddepenuuansioe ypaBHeHue (1.3) B kaxmoil Touke
X

obsactu D 3amaet HamnpaBiieHHe KacaTelbHOM, onpeensieMoe 3HaueHueM f(X;y).

MHOeCTBO TakMX HampaBieHH 00pa3yroT mose HampaBiieHud audQepeHnnanbHOro
ypaBHeHus (1.3).

CrnenoBatenbHO, HaxoxjaeHue pemienus auddepennumanpaoro ypaBaenus (1.3)
3aKJIIOYAETCs B HAXOXKJICHUM KPUBOHM, HA3bIBAEMOM WMHTETPAJIbHOM KpPUBOM, HaIIpaBICHUS
KacaTeJIbHOM K KOTOPOU B Ka)KJIOM TOYKE COBHAJAET C HAIIPABICHUEM ITOJIS.

Ilpumep 4.1. y' = Y
X

d . . .
Nwmeewm: d_y = X. B kaxmoi Touke, omimmuHoi ot ToukH (0;0), yriaoBoit koddduimeHt
X X
KAacaTeJIbHOM K HCKOMOW HHTErpPAJIbHOM KPUBOM PABEH OTHOULICHUIO X; T.€. COBIAAACT C
X

YIJIOBBIM KO3 (DUITHEHTOM MPSIMO#A, HAMTPABJICHHON U3 Hayajla KOOPAUWHAT B Ty ke TOUKY (X,Y).
O4eBHIHO, YTO MHTETPAIbHBIMU KPUBBIMU B JJAHHOM ciy4yae OyayT MpsiMble Y=CX,T.K.
HAIpPaBIIEHUE 3TUX MPSAMBIX BCIOJIy COBIAAAET C HAMPABICHUEM IOJIA.

5. JTuddepenunaibubie ypaBHeHust Buaa Yy’ = f(x).
PaccmoTpum nugdepennmanbsHoe ypaBHEHNE
y'=f(x) (5.1)
B stom npocreiiiem ciiydae, Kak ciaeayeT U3 Kypca HHTErpajlbHOro UCUMCIIEHUs, o01ee
petieHue ypaBHeHus (5.1) 3anuceIBaeTcs B BUJIE:

y =If(x)dx+C, (5.2)
KOTOPOE COEPIKHUT MPOM3BOIBHYIO MocTosHHYI0 C. ECTH H3BECTHO HAYAIBHOE YCIOBHE
y(xo ) = Yo,
TO COOTBETCTBYIOIIEE YACTHOE PEIIEHHE UMEET BHI:
y=Yo+ [ F(x)dx. (5.3)

6. InddepennuanbHbie ypaBHeHHS ¢ pa3ieJIeHHBIMH MepeMeHHbIMM.
Onpeoenenue. luddepennmaibHoe ypaBHEHNE BH/IA:

fz(y)dy = f1 (X)dX (6-1)
HazbIBaeTcs nuddepeHmanbHbpIM YpaBHEHHEM C pa3eIeHHBIMU ITePEMEHHBIMHU.
[Tycte  dyHKIIMN fl (X) " f2 (y) — HenpepbiBHbIe (QyHKIMU. [Ipennmomoxxkum, YTO

bynkuus y(X) sBisercs peuieHueM ypaBHeHus (6.1). Torna npu moacraHoBke GyHKIMH Y(X) B
ypaBHeHue (6.1), TOTy4rM TOXKAECTBO, MHTETPUPYS KOTOPOE MOTYIUM:

j f,(y)dy = J' f,(x)dx +C, (6.2)
rae C- IMMPOU3BOJIbHAA IMTOCTOSTHHAA.
Ilpumep 6.1. Petium ypaBHeHue: xdx+ ydy =0.

Nmeem:



2 2

X
J'xdx+_|'ydy=C:>7+y7:C = x*+y?=2C,

— CEMENCTBO OKPYKHOCTEH € LIEHTPOM B Hadajle KOOPAMUHAT.

7. AnddepennuaibHbie ypaBHEHHS ¢ Pa3esilOIMMHUCS epeMeHHbIMU.
Juddepennnanbabie ypaBHEHUS BUA:

y, = fl(x)' fz(y) (7-1)
Ha3bIBalOTCs MU EepeHINATBHBIMA YPABHEHUSIME C Pa3JICIISIONIUMUCS TIEPEMEHHBIMH.

VYpaBaenus (7.1) MOKHO NMPUBECTH K YPABHEHHIO C Pa3AelCHHbIMU NIEPEMEHHBIMH, 2 UMEHHO K
BUTY:

Y ,0)- ()

nimn

3ameTuM, uTO TIpH AeneHun Ha GyHKIHO T,(Y) MOXKHO MOTEPATH YAaCTHOE pelicHHE, a
UMEHHO perneHue Y = Y(X) npu KoTopoM (GYHKIUS fz(y) obparaercs B Hylib, a eciid (pyHKIHUSI
f,(y) paspsiBHas, TO BOIMOKHO TOSIBICHHE JTUIIHAX PEICHHA.
ITpumep 7.1. Pemium ypaBHEHUE: X(1+ y’ )dX — y(1+ x? )dy =0.
ydy  xdx

Nmeewm: X(l+ ysz = y(1+ xz)dy - W PR

= In(l+y?)=In{l+x?)+C =

(1+ yz): C(1+ xz).

8. IlonsiTHe OPTOrOHAJIBHBIX TPACKTOPHIA.
Onpeodenenue. OpPTOTOHWIBHBIMU TPACKTOPUAMM  33JaHHOTO CEMEWCTBA KPHUBBIX
HAa3bIBAIOTCA JIMHHUU, IICPECCKAOINUEC JIMHUN JAaHHOTO ceMelcTBa noa nNpsAMbIM YTJIOM.

o 9 2
Ilpumep 8.1. Haiinem opToroHajabHbIe TPaeKTOPHH ceMeCcTBa mapabon Y = ax”.
Vraosele kodddunuentst — K, u K, , kacaTenbHbIX K KPUBBIM JaHHOTO ceMeiicTBa U K

HCKOMBIM OPTOrOHAJIBHBIM TPACKTOPHUAM IOOJIXKHBI B Ka)I(HOﬁ TOYKE YAOBJICTBOPATH YCIIOBHIO
OpPTOrOHAJIBHOCTHU:

y

o 2
Jlnst cemelictBa mapabon y =ax®, T.K. a = — , HAXOJUM:
X

2
k, :2ax=2-l2-x:—y.
X X
CrnenoarenbHo, AudQepeHnnanbHoe ypaBHEHHE UCKOMBIX OPTOTOHAJIBHBIX TPACKTOPHMA
HUMECT BUA:
, X

y:_Z_y’



nim

dy X
HIIN
2ydy +xdx=0.

HNuTerpupys noiaydeHHOE ypaBHEHUE, MOTYUYHUM:
2
2 2
—+y° =C
2

— CEMEMCTBO BJIIHUIICOB.

9. Indpepenunanbubie ypasHenus suaa y' = f (ax + by).

Paccmotpum nuddepennmanbHoe ypaBHEHUE BUA:

ﬂz f (ax+by), (9.1)
dx
rae a u b — nocrosHubie BenmuuuHbl. YpaBHeHue (9.1) 3aMeHO# nepeMeHHOM
z=ax+ by
npeodpaszyeTcs B ypaBHEHUE C Pa3IeIAIOIMIUMUCS IEPEMEHHBIMH.
JlefiCTBUTEIIBHO:
az =a+b dy
dx dx
1581071
gz =a+b- f(x)
dx
1581071
dz
———— =dx
a+b-f(2)

— YpPaBHEHUE C Pa3ACIICHHBIMU IIEPEMEHHBIMU.
Ilpumep 9.1. Petium ypaBHEHHE: Y = 2X + Y.

Crnenaem 3aMeHY MTepEMEHHOM:

Z=2xty
Torna nomyuunm:
’ ’ dZ dz X+C
2'=2+y > —=24+7z=> ——=0x=> In2+2)=x+C=> 2+z=e""=
dx 2+12
z=e"°-2.
Y4uuThIBas 3aMeHy, OTYIUM:
y=e""-2x-2.

10. 3aga4ya 0 KOHIEHTPALMH.

3aoaua. B cocyn, copepxamuii 10 JUTpOB 4YMCTOM BOABI, HENPEPHIBHO IOCTYMHAET
pacTBOp CO CKOPOCTHIO 2 JIUTPA B MUHYTY, B K&KJOM JINTpe KOTOporo coaepxutcs 0,3 Kr comuu.
[Toctynaroniuii B COCyl pacTBOpP MEPEMEIINBAETCS C BOJION, U CMECh BBITEKAET U3 COCYJa C TOM
&Ke CKOpocThio. CKOJIBKO COJIM OyIET B COCyie Yepe3 S MUHYT?



Pewenue. Ilycte y(t) KOMMYECTBO COJIM B COCYAE€ B MOMEHT BpeMeHH t. Paccmorpum

BPEMEHHOU MHTEPBaJ (t; t+ Atj .

3a Bpemsi At B cocyn mocrymaer 0,3-2- At Kr COJIM, @ BHITEKACT — m -2- At xr. conu,
rae t' e (t;t+ At).
CrnemoBaTenbHO, MOXHO HAMUCATh, YTO
y(t + At) — y(t) = 0,6At — 0,2y(t")At,
NI
y(E+A)-y() _ 0.6-0,.2y(t').
At
IMepexons K mpezeny B nocieanem paserctse npu At — 0, monyunm:
y'(t) =0,6-0,2y(t) .
[TonydyeHHOE ypaBHEHHE SIBJISIETCA YPAaBHEHHUEM C Pa3JCISIOIIMMUCSA IMEPEMEHHBIMH.
Paznensis nepeMeHHbIC U HHTETPUPYSI MTOJTyYEHHOE YPABHEHUE, TTOTYUHM:

0,611—%,2;/: %z—O,Zdt = In(y—3)=-02t = y=3+Ce .
Y4uThIBask HAYAIBHOE YCIIOBHE
y(0) =0,
TOJTYYHM:
c=-3.
CnenoBatenbHO,
y=3-3"%,

IIpu t = 5 momyyaem:
y(5)=3-3e"! ~19«r.

Omeem. Yepes 5 MuHyT B cocyae O0yzaer 1,9 kr comnu.

11. Onnopoanbie 1u¢¢epeHnANbHbIC YPABHEHHS NIEPBOIo MOPsSiAKA.
Onpeoenenue. ®yHxuus f(x; y) Ha3bIBAETCS OJJTHOPOJHON (yHKIMEH IepBOro MopsKa,

ecmn f(txty)= f(xy).

X+
Ilpumep 11.1. ®yHxuus f(X; y): < ;/ OJTHOpOIHAsT (DYHKIIHSI IEPBOTO MOPSIKA.

:tx+ty:t(x+ y): X+Y _
tx—ty t(x-y) x-y

f(xy).

Neiicteurensuo: f(tx;ty)

X —xy+y?

Hpumep 11.2. Dynxuns f(x;y)=—; .
X"+ Xy+Yy

OJITHOpOIHAsI (PYHKIIMSI BTOPOTO MOPSAKA.

t2x* —t’xy +t?y? tz(x2 — Xy + yz)

eficteurensuo: f(tx;ty)= =
s () 2x% +t2xy +t2y2  t2(x2 +xy +y?)

= f(xy).




3ameuanue. Ecnu f (X; y) OJHOpOAHAs DYHKIHS TIEPBOTO MOpsiaka, To f (X; y): f (1; X)
X

X+
Ilpumep 11.3. Paccmorpum dpynknuio f (x; y): x+y :

X—y

X

Nmeem — f(X;y)= =
) =y x(l—yj 1-Y

x(1+ yj 1+
s ) M)
X X
Onpeoenenue. luddepeHnuanpHoe ypaBHEHHE IEPBOTO TOPSIKA
y'=f(xy) (1.3)
HA3bIBACTCS OJHOPOAHBIM U (depeHIInAIbHBIM YpaBHEHHEM MEPBOTO TOPSIKA, €CIU
Gyuxmust f (X, y) SBIISICTCS OTHOPOTHON (DYHKIIMEH ITepBOT0 MOPSIIKA.

VYuursiBas 3aMedyanue, ypaBHeHue (1.3) MoxHO 3anucarh B BUJE
y' = f[l; y] (1.3)
X

JIns penreHust 0MHOPOAHOTO U HEPEeHINATBFHOTO YPaBHEHHs IEPBOTO MOPSAAKA BBEIEM
HOBYIO (DYHKIIHIO:

=Y
X

17011

y =X
Torga

y'=2'X+12
IToncrasnsis B ypaBHenue (1.3"), momydunm:
2x+2=f(12)
WA
2x=f(lz)-z2 (11.1)

[losnyueHHOE ypaBHEHME SIBJISIETCS YPaBHEHHEM IIEPBOrO IMOPsIKA C pa3lessIOIIUMUCA
NIEPEMEHHBIMH.

Paznensss  mepemeHHble, yuuTBHIBass  OCOOEHHOCTH  pEUICHHS  ypaBHEHUS  C
pa3fengoIUMUcs MepeMEeHHbIMY, Halaem peuieHue ypaBHenust (11.1). CnenaB oOpatHyro
3aMeHy, HaiijieM pemieHue ypaBHenus (1.3).

Ilpumep 11.4. Pemum ypaBHeHue: Yy' = y +1g y .
X X
Tak kak ypaBHEHUE SBISETCS OJHOPOAHBIM UG (GEepeHINATBLHBIM YpaBHEHUEM TIEPBOTO

y

MOpsAJKa, CETaB 3aMeHy — = Z, UM Y = ZX IOJIY4YHUM:
X



y dz sinz cosz dx
= =

y’:l+tg— = ZIX+z2=72+tgz = Xx=tgz = —-X= ——dz=—m
X X dx cosz sinz X
sinz=0 = Injsinz|=In|x|+C n 2=k = sinz=Cx u z=mx = sinL=Cx u L=«
X X
— sinY = Cx
X

U Yy =7xx . Tak KaKk pemieHue Y = 7zxx MOJIydaeTcst U3 perieHus Sin Y _cx npu C=0
X

TO oOlIIee pelIeHne 331aHHOTO YpaBHEHUS ABJIsIeTCsl GyHKIUS Sin Yy Cx.
X
Omeem. sin Y = Cx.
X
PaccmoTpum ypaBHeHue
ax+by+c
y/ — f 1 1y 1 (112)
a,x+b,y+c,
ax+by+c
1) Ecmu 2XERYFG o y' = f(x). Pemennem monyueHHOro ypaBHeHUs

a,Xx+b,y+c,

sisercs pynximsa Y = f (k) x+c.

2) Eciu mpsimeie a X+b,y+c, =0 u a,x+b,y+c, =0 nepecekarorcsi, To ypaBHEHHE
(11.2) mpuBOIMTCS K OJHOPOAHOMY IIyTEM MEPEHOCa Hayajaa KOOPAMHAT B TOYKY HEPECeUEeHHs
npsameix 3, X+by+c, =0wun a,x+b,y+c, =0.

Ilpumep 11.5. Peuium ypaBHEHUE:

,  X=y+1
CX+y-3

Haiinem Touky nepeceuenust npsimpix X-y+1=0 u X+y—3=0.

X-y+1=0 X—y=-1 x=1
= =
X+y-3=0 X+y=3 y=2

C,I[CJ'IEIGM 3aMCHY IICPEMCHHBIX !

Nmeewm:

X = X+1,
y=Y+2.
Tornma
dy X+1-Y-2+1
dX X +1+Y+2-3
501058
o _X=Y (11.3)
dX X +Y

[TonyyeHHOe ypaBHEHHE SBJSCTCS OJHOPOIHBIM UG GEPESHIIMATBLHBIM ypaBHCHHEM
MIEPBOTO MOPS/IKA.
Cnemaem 3ameny Y=zX. Torma Y'=2z+ Xz'u nocne mojacraHoBku B ypaBHenue (11.3),
HOJTYYUM:
X =Xz

2+ XZ' = )
X + Xz




T IR b N NI et S e _lozoz-r
X + Xz 1+7z 1+z 1+z
dz ,  72°+2z-1
aX T z+1
22+1 X 22 +2z-1=0 = Eln‘22+22—].‘=—|n|X|+C u
z°+2z-1 X 2
7=-1+2 =
2
zz+22—1=% u z=-1+2 = %+2%—1:% u %:—u\/ﬁ =
Y24+2YX-X?=Cn
Y = (-1++2)- X = (y—2)* +2(x-1)y-2)-(x-1)° =C u

(y—2)=(-1£+2)-(x-1) =

Y2 +2Xy—Xx2 —2Xx—6y+7=C u (y-2) = (-1£/2) - (x-1).
Omeem. y? +2xy—Xx? —2X—6y+7=Cu (y-2) = (-1£+/2) - (x-1).
3) Ecmu mpsimeie a, X+b,y+c¢, =0 u a,x+b,y+c, =0 nmapamrtensusl, To a,X+hb,y=

k(a,X+b,y), r.e.

ax+by+c,

ax+by+c,
a,x+b,y+c,

J - [zc(alx+ b,y)+c,

j .

[Tonyunnu ypaBHEHHE BUA:

y'= f(ax+by),

KOTOPOC ABJIACTCA YPABHCHUCM C Pa3ACIIAIOIMUMHACA IEPEMECHHBIMU.

Ilpumep 11.6. Petiim ypaBHEHHE:

Taxk kak

Crenaem 3aMeHy

y' = 2X+y+1
4x+2y -3

2x+y+1  (2x+y)+1
4x+2y-3 2(2x+y)-3

2X+y=z Amm y=2—2X.

Torpma y' = z'—2 u ypaBHEHUE IPUMET BU:

o z+1.
22-3
Nmeewm:
o z+1 . z+1 Z,:52—5 %ZS(Z—].) 22_3dz:5dx .
2z2-3 22 -3 2z-3 dx 2z-3 z-1

z=1>=>



3

ij_idz=5_|'dx u z=1 = 2z-Injz-1=5x+C u z=1 =

2(2x+y)—In2x+y -1 =5x+C
m2x+y=1= (2y-x)-In2x+y-1=C u 2x+y—-1=0.
Omeem. (2y—x)—|n|2x+y—]4:C u2x+y-1=0.

12. JIuneiinbie 1uddpepeHunaibHble YPABHEHHS IEPBOT0 MOPSIAKA.
Onpeodenenue. [lnddepeHnnansHoe ypaBHEHHE IEPBOTO MOPSIKA BUA:

y'+ p(x)y =q(x), (12.1)
rae p(X) u g(X) Hekoropble (GYHKIHMU MEPEeMEHHOW X, OyaeM Ha3bIBaTh JHHEHHBIM
QG hepeHIaIbHBIM YpaBHEHHEM TIEPBOTO MOPSIIKA.
Ecau q(X)=0, To ypaBuenue (12.1) Ha3bIBaeTCS JTMHEHHBIM OJJHOPOIHBIM ypaBHEHUEM
y'+p(x)y=0, (12.2)
KoTopoe  sBisieTcs  audepeHIUaNIbHBIM ~ YpaBHEHHUEM € Pa3ACisONIMMUCS
HIePEMEHHBIMH.
Pa3znenuB nepemennsle, pemnM ypasHenue (12.2). Mmeem:

CI—y:—p(x)y:> d;/:—p(x)dx: In|y| =—.[ p(x)dx+C =

dx

—_" p(x)dx

y =Ce (12.3)

OyHK1Ms, 3a1aHHas paBeHCTBOM (12.3), siBnsieTcs perienneM ypaBHeHus (12.2).
Hna pewmenuss ypaBHeHuss (12.1) mnpumeHMM MeTOJX BapHalUUd IPOU3BOIBHOTO
noctosiHHoro. Pemenne ypasuenus (12.1) Oyzaem uckatb B BUJIE:

y = C(x)e I PO (12.3)
Haiinem y':
y'=ce "™ L cre 1" Cp)
(12.4)

s onpenenenus pynkuuu C(x), pyHkuto y(x), 3anannyro paseHcTBoM (12.3), u

dyukmoo y'(X) , 3aganHyro paBeHcTBOM (12.4), moacraBuM B ypaBHenue (12.1). Mmeewm:
c'ge 1™ + e T Cpx) + pac e T = a0 =
C,(X)e—jp(x)dx Ip(x)dx .

Takum oOpazom, umeem:

C(x) = [q(x)e

[ToxcraBnss nonyuenHoe 3naueHue C(x) B (12.3), momydnm:
y= g I P00 (C +Iq(x)ejp(x)dxdx) (12.6)

Takum oOpazom, pemenue ypaBHenus (12.1) 3amaercs popmymnoii (12.6).

=q(x) = C'(x) =a(x)e

Joagy (12.5)

IIpumep 12.1. Pemnm ypaBHenue: y' — 1 y = x>,
X



3nece p(x) = 1 u ((X) = X*. ClieoBaTeIbHO:
X

*fidx 2 Iidx In| 2, —In|x| 2 1 X x°
y=e" X (C+_[xe x dx)=e (C+.[xe dx)=x(C+jx -=dx) =x(C+—)=Cx+—.
X 2 2

X3
Omeem. Y = CX+ 5

13. YpaBHenue bepnyin.
Onpeoenenue. YpaBHeHHUE BUIA

y'+ p(x)y =q(x)y" (13.1)
Ha3bIBACTCS ypaBHEHHEM bepHyIuu.

Ecim N =0, 10 510 NMUHeiiHOEe qrdhepeHInaibHOe ypaBHEHHE TEPBOTO TOPSIKA.
Eciu N =1, 310 ypaBHEHHUE C pa3aeISIONMMHUCS TIEPEMEHHBIMU.

IIpu N#0wu N #1 pasnenum o6e yactu ypasuenus (13.1) na y". Tomyuum:

' 1

Yt ()5 = a(%) (13.2)

y y
BBC,I[GM HOBYIO IICPEMCHHYIO!

1
yn—l =17
Torna:
=7y "=z (Y ") == U-n)y "y = z':in :iz'.
y' 1-n

IToncraBnsiem B ypaBHeHue (13.2), momydum:
2+ p()2 = 4(x)
WIN
z'+(1-mp(x)z=Q1-n)a(x)
[TonyyeHHoe ypaBHEHHE SABISETCA JIMHEHHBIM Au(QepeHInanbHbIM — ypaBHEHUEM
HepBOro mopsijika. Pa3peninB ypaBHEHHE OTHOCHUTENIbHO (YHKIMHU Z(X) ¥ y4IUTHIBAS 3aMEHY,

Haxo UM QYHKIHO Y(X).
2

Ilpumep 13.1. Pemum ypaBHeHue: Yy’ — y_x .
2x 2y
Nmeewm:
2
y’_iyzx_.l’ n= —1’

2X 2y
W

2yy!__y2 — X2

CnenaB 3amMeny



Torna

7'=2y-y
[Tonyunm:
7'-=z=x.
X
W3 npumepa 12.1 nonydyaem oTBeT:
2
X
2=y =x(C+>)

2

Omeem. y° = x(C +X?)

14. YpaBuenue Pukkartu.
Onpeoenenue. YpaBHeHHUE BUIA

y'+p(X)y+a(x)y” = f(x) (14.1)
OyzneM Ha3bIBaTh ypaBHEHUEM PHUKKaTH.
ITpwm f(X) = 0 — umeem ypaBHenue bepHyuim.
B o6mem Bune ypaBHeHHe PukaTtu He pemraercsi, HO MOXHO 3aMEHOH NEepeMEeHHOMH

npeoOpa3oBath B ypaBHeHHE BepHyIuIn, eciu U3BECTHO OAHO YacTHOE pemeHue Y =Y, (X).

Paccmorpum dynkimio z = y(X) — Y, (X), rae y(X) pemrenne ypasHenus (14.1).
Torna
y=z+Yy,ny' =2"+(y,)
[Toncrasnss B ypaBHenue (14.1) cnemyer:
2'+(Y,) + p()(Z+Y,) +a(x)(Z +Y,)* = F(x)

10171

2'+(Y,) + POz + p(x)Y, +a(X)2* +24(x)2y, +d(x)(y,)" = f(x)
VuuteiBas, uto GpyHKums Y, (X) sBusercs perienneM ypaBHenus (14.1), nomydnm

2'+(p(x) +24(x)y,)z = —q(x)z* (14.2)

[MonydeHHOE ypaBHEHHUE SBISICTCS ypaBHeHHEM bepHyum oTHOCHTENbHO (yHKIUH Z(X) C

IIpumep 14.1. Penum ypaBHerue: y' —y> = —i.

X 2
Nmeewm:

mm=amm:4,u@:%n

1
Jlerko mpoBepuTh, 4T0 HyHKIUS Y, (X) = — SBISETCS pEICHUEM 3aJaHHOTO YPaBHEHUSI.
X

JlercTBUTENBHO,
1 , 1 1 1 2 2 2
Y2 (X) :;3()’2) :—X—2:>————:——:>__:__

x?  x? x2 X2 X2

BBenem HOBYIO (DyHKIIHIO:

200 =y -



nim

y(x) = z(x)+£.
X

[ToxcraBiss B ypaBHEHUE, TOIYYHUM:

1 1 2 1 1 1 2 2
I'-= -+ =-S - -1 -21 - =- -2 1=170
X X X X X X X X
Pasnenum Ha 72
iz_g.lzl
72 X 1z

[lonyyeHHoe ypaBHEHHE SBIISETCS ypaBHEHHEM bepHyuM, KOTOpoe pemaercs ¢

IIOMOIIBIO 3aMCHBI:

u(x):%.

Torna:

!
1

1 ~ _ . ~ .z
S=uszt=u=s (Y =us -2t =u's S =
z z

Iloncrasinss B YpaBHCHHC

MOJIYYHUM:

[ 2ax 24y 3
u-2u-1su+lu-1su-e he (C_Iede dx) =e‘2'”X(C_J.ez'”XdX) :iz(C—X—).
X X X 3

Taxum oOpazom:

_C x_3¢-%
x* 3 3x?
T.x.
1
7=—
u
TO UMCEM..
3x2
Z= z
3C —x
CrnemoBaTenabsHO,
y- 3x? W1
3C-x x
0 y 3x?2
meem. = -
aCc-x°

15. In¢ppepenunaibHbie ypaBHEeHHs B MOJHBIX AuddepeHumnanax.
Onpeoenenue. 1lycts nano auddepeHnuaisHoe ypaBHEHHE
M (X, y)dx + N(x, y)dy =0 (15.1)

Ecnmu neBas wacte nauddepenumansHoro ypaBHeHus (15.1) sBiseTcss MOJHBIM

muddepenimaiom Hekotopot pynkuuu U (X, y), T.e.



dU = M(%, y)dx+ N(x, y)dy
To ypaBHenue (15.1) HaszpBaercs audQepeHHIHaNbHBIM YpAaBHEHHEM B  IIOJHBIX
muddepeHmanax.
B sTom cnyuae nuddepennuansaoe ypaBaenue (15.1) MoxxHO 3anucaTh B BUJE:
du(x,y)=0.

Ecmu dynkims y = y(X) sBistercs pemenuem ypaBuenus (15.1), to

du(x, y(x)) =0
, CIIeZIOBaTEIbHO, (YHKIUS

Ux y(x))=C,
rae C — nocTostHHAas, SIBJIsIETCS 00IIUM pernieHrueM ypaBHenus (15.1).
Ilpumep 15.1. Pemum ypaBHeHue: ydx+ xdy =0.
VYpaBHeHHE B OTHBIX JU(QepeHnmnanax, T.K.

ydx+ xdy = d(xy) .

CHG,I[OBaTeJIBHO, Q)YHKHI/IH Xy:C SABJIACTCA O6H_II/IM peHICHUEM 3aJIaHHOT'O YPABHCHMUA.

Teopema. ]Jlns Ttoro utoOBl JeBasg 4yacTh ypaBHeHHs (15.1) sBislach MOJHBIM
muddepeHraioM HekoTopor QyHKkuuum U (X,y), HEOOXOAWUMO | JIOCTATOYHO, YTOOBI
BBINOJIHSUIUCH YCIIOBUSL:

oM oN
y x
Hokaszamenscmeo. Heo6xonumocts. Ilycts Gpynkuus U (X, y) Takosa, uTo
dU = M(X, y)dx+ N(x, y)dy.
C npyroit cropoHbl, Mo omnpeneneHuto aupepeHuana GyHKIUN IBYX MEepeMEHHBIX

HUMECM:

du :a—de+8—Udy
OX OX

CnenoBartenbHO,

M(x,y)=‘2—‘;;N(x,y>=%

C nmpyroii cTOpOHBI
o°U oM . o°U _ON
oxey oy  oyox  ox

B CUJ1y HE3aBUCHUMOCTU CMEIIaHHOH HpOHSBOIIHOﬁ BTOpPOTIO mopsAAKa OT HopsAaKa

T epeHIIMpPOBaHUs, HIMEEM:

o°U B o°U
X0y  Oyox
T.€.
oM oN
ERES
oM  ON .
HocrtaTtoynocts. IlycTh —=&. [Tokaxkem, uro MokHO Haith (yHKIHIO U(XY)

Takyro, 4to dU = M (X, y)dx+ N(x, y)dy.



Bribepem ¢yukmmo U(X,y) Tak, 9T00BI

ouU
— = M(X,
ax (x,y)

T.C.

U(x,y) = [M(x,y)dx+gp(y)

Xo
rine o(y)Ipou3BoiIbHAs QYHKIMS IEPEMEHHOM .

Omnpenenum QyHKIUIO ¢(Y) Tak, YTOOBI BBIIOJIHAIOCH YCIOBHE

oU
—=N(x, V).
Y (x,y)
HNmeem:
o M0 0o <[ o )= J 2 (ks p'(y) -
=N(X, Y) = N(X,, ¥) +0'(y) = N(x, y),
T.C.
@'(y) =N(X,,Y).
CrnenoBarenbsHO,

y
o(y) = [N(x,, y)dy+C.
Yo
Taxum oOpazom, MOTyUNIIH:

U(x,y)zJX.M(x,y)dx+Jy'N(x0,y)dy+C

Teopema ooxa3zana.
Ilpumep 15.2. Peuium ypaBHEHUE:

(3x? +6xy*)dx + (6x°y +4y*)dy =0.
B sTom ypaBHEHUHN
M (X, y) = 3x* + 6xy?,
N(X,y) =6x’y+4y°.
Tak kak

M
M =12xy u N =12xy
oy OX

TO YpaBHEHHE SIBIISIETCSl ypaBHEHUEM B MOJTHBIX AuddepeHinanax.
Nmeewm:

N _ 3% +6xy’?,
OX

oU 2 3
— =6X"y+4y°.
oy

HNuTerpupys nepBoe ypaBHEHUE MOTYYEHHON CUCTEMBI 10 IEPEMEHHOM X, TTOTYUYHM:

U(x y)=x>+3x°y* + o(y)



Hns onpenenenus (QyHKOMH ¢@(Yy) BOCIOJIB3YeMCs BTOPBIM YpPaBHEHHEM CHCTEMBI.

[Tonmyuum:

D _bxty+gi(y) =6xy +4y°,

oy
WU

@'(y) =4y’
OTKyJa
o(y)=y"

CrnenoBateibHO,

U(x,y)=x>+3x°y* +y*.
Taxum oGpaszom, oOlriee perieHrne 3aJaHHOTO YPaBHEHUS UMEET BU:
x* +3x’y* +y* =C.

16. Anddepennuanbubie YPABHEHUSA B MOJIHBIX g depeHnuanax.
HNuTerpupywommii MHOKUTETb.

B HEKOTOpBIX Citydasix, KOT/Aa JIeBas 4acTh ypaBHEHUS

M (X, y)dx+ N(x, y)dy =0 (15.1)

HE SIBISICTCS TOMHBIM AWQPQPEpeHINaTIOM HEKOTOPOW (YHKIMH, JIETKO I0A00paTh
¢yHkuio W(X,y), mociie yMHOKEHUS Ha KOTOPYIO, JeBas yacTh ypaBHeHus (15.1) mpeBparaercs
B NOJTHBIN qudepeHman:

dU= p Mdx + p Ndy.

Takas ¢ynkuus p(X,y) Ha3bIBAETCSl HMHTETPUPYIOLUIUM MHOXHTENEM. 3aMEeTHM, 4YTO
YMHOXXEHHE Ha MHTETPUPYIOIIUNA MHOXKHUTEND W(X,y) MOXKEM MPUBECTH K MOSBICHUIO JIUITHUX
YaCTHBIX peIIeHUH, 00palaroIuX STOT MHOKUTEIb B HYIIb.

B o6mem cirydae Ui HaXOKICHUST HHTETPUPYIOMIETO MHOXKHUTENS HA/I0 MO00paTh XOTs
OBI OZTHO HE PaBHOE TOXKIECTBEHHO HYIIO PEIIEHNE YPAaBHEHHSI B YACTHBIX MPOU3BOIHBIX:

LI
oy OX
T.K.
N_ M
ox oy
To nmeeM:
N M
iII‘l,u~M—gln,wN:a——a— (16.1)
oy OX ox oy

B of6mem cny4dae perieHne 3TOrO0 ypaBHEHHS B YACTHBIX MPOU3BOIHBIX SIBISETCS
3agaueil He Oosiee MPOCTOM, YeM pelleHrne camoro ypaBHeHHs. OJHAKO B HEKOTOPBIX CIydasx
noa00p YacTHOro perleHus ypaBHeHus (16.1) He npencTaBiseT 3aTpyIHEHUH.

CuuTasi, 4TO UHTETPUPYIOIIMH MHOXUTENb SBISIETCd (QYHKIHEH TOJIBKO OJHOTO
aprymMeHTa, Harnpumep, sBJsSeTcsl PyHKIHUENH TOIbKO OT X WJIM TOJIBKO OT ), UM TOJIBKO OT X+,

2 2
WIN TOJIBKO X° +Y“, MOXKHO yxe 0e3 Tpyna pemuTs ypaBHeHue (16.1) u ykazaTb ycioBusi, npu

KOTOPOM HUHTETPUPYIOIIMI MHOMKUTENb CYHIECTBYEeT. TeM caMbIM BBLACHSAIOTCA KJIAcChl
YpaBHEHUH, AJI1 KOTOPBIX HHTETPUPYIOIINN MHOKHUTEIb JIETKO MOKET ObITh HalIeH.



Ilpumep 16.1. Haiinem ycinoBus, MpU KOTOPBIX YpaBHEHUE
Mdx + Ndy =0

UMEET HWHTETPUPYIONINI MHOXUTENb, 3aBUCAIIMN TOJIBKO OT TEPEeMEHHOH X, T.e.
= p(X).
VYpasuenue (16.1) npumer Bux;:

A NN M
dx ox oy
CrnenmoBarensHO,
(W_GN
oy OXx
Inu= dx+InC,
e
1501058
(m_aNj
%)
u(x) =Cexp I%dx ) (16.2)

Moxno cyutats C = 1.

—J / N 3aBHCHT TOJBKO OT NEPEMEHHOM X, TO HUHTETPUPYIOLIUN

MHOXHTEJb, 3aBUCSIIMN TOJBKO OT NEPEeMEHHOM x, cymiecTByeT M paBeH (16.2), uHaue
MHTErPUPYIOIIETO MHOXKUTENS BUAA £ = g(X) HE CYLIECTBYET.

Ilpumep 16.2. PaccMoTpuMm JnuHeWHOe udQepeHnnaIbHoe YpaBHEHHE IIEPBOTO
nopsaka. [lokaxkeM, 4YTO y 3TOr0 ypaBHEHUSI €CTb MHTETPUPYIOIINI MHOKUTENb, 3aBUCSILUN OT
nepeMeHHou X. rak, umeem:

Y L p(xyy = Q)
dx
NJIn
[P(X)y —Q(x)]dx +dy =0.
3rece M(x,y) =P(x)y—-Q(x) n N(x,y) =1.

Nmeewm:
oM ON

OX
oy X P(x),
N
CJICAOBATCIBHO, I/IHTCI‘pI/IpyIOH_H/II\/II MHOXHUTECJIb UMCECT BU.

21(X) = exp j P(x)dX.
YMHOXkasi Ha UHTETPUPYIOLIUI MHOKHUTEIb YPABHEHUE

[P(X)y —Q(x)]dx +dy =0,

MOJIYyYUM:

{P(x)y —Q(x)}- ejp(x)dxdx+ejp(x)dxdy 0.



IlomyyeHHOEe ypaBHEHHME SBISIETCS YpPaBHEHHEM B MOJHBIX JuddepeHumanax. s
HaxoxaeHus ¢pynkuuu U(X,Y), umeem:

U P(x)dx
= P00y -Qo}-e!™%,
x
oU [P0oax
—=e :
oy
N3 BTOpPOrO ypaBHEHUS MTOITYYEHHON CUCTEMBI UMEEM:
U(x,y) = Iejp(x)dx ejp(x)dxy (%)
[MoxcraBnss momyuenHoe 3HaueHue ¢yHkiuu U(X,y) B MepBOE€ YpaBHEHHE CHUCTEMBI,
MOJTYYUM:
oU P(x)dx P(x)dx P(x)dx
&~ " P00y + /(0 = Poel ™y - Q(el
WIH
P(x)dx
p'(x) = -Q(0)e!
W
P(x)dx
o(¥) = ~[Qe!
CnenoBarteibHO,
F’( Jdx P(x)dx
U y) =™y~ [Qeoe!
Hcxons n3 Buga o0111ero pemeHus
U(x,y)=C
noJrydaeM o0I1ee pelieHre JMHeWHHOTo nuddepeHnanbHOro ypaBHEH!S IEPBOTo MOpsaKa
P(x)dx P(x)dx
e 7%+ [Quoel ™).

17. u¢¢epeHunajbHble YpPaBHEHUS IMEPBOro MOPSAKAa He pa3pelleHHbIe
OTHOCUTEJIbHO NIPOU3BOJAHOI.
HNuddepennranbapie ypaBHEHHUSI MEPBOTO TMOPSAKA HE Pa3pelIeHHbIE OTHOCUTEIHHO
MIPOU3BOAHOM, UMEIOT BUL:
F(xy,y)=0 (1.2)

Ilpumep 17.1.

(¥)* = (x+y)y'+xy =0.
Paspelnas 3a1aHHOE YpaBHEHHE KaK KBAJPATHOE OTHOCHTENBHO Y, OTyUHM:

y'=xumy =y.
[TonydeHHbIe ypaBHEHUSI UMEIOT PEIIEHUS

2

X
y=—+C u y=Ce",
2
KOTOpBIE SIBIISTIOTCS PEIICHUSIMU 3aJaHHOTO YPABHEHHUS.
VYpaBuenue (1.2) MokeT ObITh PELICHO MyTEM pa3pelieHHsl YpaBHEHUSI OTHOCUTENIHHO Y’
¥ pelleHus MoaydeHHbIXx npu dtom ypasuenui Y = f.(X,y),(i=12..), yxke paspemeHHbIx

OTHOCHUTEIIHO Tpou3BoaHON. OmHAKO Jajieko He Bceraa ypaBHeHue (1.2) merko paspemiaercs



OTHOCHUTEJIBHO Y', emé pexe monydeHHsle npu 5ToMm ypaHenus Buga Y = f.(X,y),(i=12...)

JIETKO PEIIAOTCsl, IO3TOMY 4YacTO MPUXOAUTCS MHTErpUpoBaTh ypaBHeHMs Buaa (1.2) uHbIMU
METOJaMHU.
PaccmoTpuM HEKOTOpEBIE Citydau.
1. VYpasnenwue (1.2) umeer Bua:
F(y)=0, (17.1)
IPUYEM CYLIECTBYET, IO KpalHe# Mepe, OJIH ACHCTBUTENBbHBII KOpeHb Y’ =h 3Toro ypaBHeHus.
T.x. ypaBHenue (17.1) He conepxuT x u y, To b = const. CinenoBatenbHo, y' = b.
WHuTerpupys nociaennee ypaBHEHUE, OIy4aeM
y-C
.
T.x. b sBnsiercs pemennem ypasuenus F(b) =0, momydaem

e

y'?+3y' +2=0.

y=bx+C=b=

oOmiee pemenue ypaBuenus (17.1).
Ilpumep 17.2. Peuium ypaBHEHHE:

W3 BrIlIE CKA3aHHOTO CJICAYCT, UTO

2
(y—cj +3(y_cj+2=o
X X
o01iee perieHue.

2. VYpasuenue (1.2) umeer BUn:
F(x,y)=0 (17.2)

PaccmoTpuM 4acTHBIM cilydaid 3TOTO ypaBHEHHS, a UMEHHO CIIy4ail, KOrja ypaBHEHHE

(17.2) MOXHO pa3pelInTh OTHOCUTENBHO X, T.€. 3aIIUCaTh B BUJIE:

x=f(y).
Brenem mapametp
y'=1t
Torna
x= f(t).
CnenoBateibHO,

dy =y'dx=t- f'(t)dt
17001
y = jt - f/(t)dt.
Taxum o0pa3zoM, GpyHKIHISL
x=f(0),

yzj't-f’(t)dt

ABJCTCA pCHICHUEM 3aJaHHOI'O YPAaBHCHHU .

Ilpumep 17.3. Pemum ypaBHEHHE:
x=(y) -y-L.



nJIn

niIn

Brenem nmapametp

y' =t
Torna
x=t>-t-1.
CrenmoBartensHO,
dy =t f'(t)dt = t(3t* —1)dt
3t t?
=5
Takum 00pa3om, MOTYUHIIN PEIICHNE 3aIaHHOTO YPaBHEHHUS B MapaMeTpUIECKOi hopme
x=t>-t-1,

y=§t“—1t2 +C.
4 2

Ilpumep 17.4. PeriMm ypaBHEHHUE:
X{l+y? =y

T T
'—tgtte| - == |.
y-tate(-7:7 ]

x,/1+tg2t =tgt = x| 12t =tgt = x =sint.
cos

Benem napamerp

Torna

CnenoBartenbHO,
dy = y'dx =tgt - costdt = sin tdt

y = _[sintdt =—cost+C.

Takum 06pa3om, MOTYUUIIH PEIICHUE 3aIaHHOTO YPaBHEHUS B MapaMeTPUIECKOil opme:

X =sint,
y =—cost +C.

W3 nocneqHen CUCTEMBI JIETKO IOJIYYUTh
x?+(y-C) =1.
3. VYpaBuenwue (1.2) umeer Bux:
F(y,y)=0 (17.3)
PaccMoTpuM bacTHBIN Ciydall 3TOTO ypaBHEHUS, a UMEHHO CIIy4ail KOI/la YpaBHEHHE

(17.3) MOXHO pa3penIuTh OTHOCUTENHHO Y, T.€. 3aIUCaTh B BHJIE:

y="1).
Beenem napamertp
y' =t
Tornma
y="f().

CrnenmoBarenbsHO,



nJIn

nJIn

N

ax=2 - T Wy
y' t

x:'[@dt.

Ilpumep 17.5. Pemium ypaBHEHUE:

Benem napamerp

Torga
1 T
=Jl+tgt=——te|-Z;2 |
y d cost [ 2 2]
CrnenoBarenbsHO,
1 . 1 1
ax =3 :(— . -(—smt)j-—dt = ——dt
y' cos“t tgt cost
1
X=|——-dt+C.
cost
Taxum oOpa3om, NOTYyUNIIH pEelIeHNEe 3aJaHHOTO YPaBHEHHUS B TapaMeTprUiecKoi opMme:
X= Ldt +C,
cost
y=—1_
cost
4. PaccMoTpuM 001l ciaydai.
F(x.y,y)=0. (1.2)
a) Ilyctb ypaBHenue (1.2) pazpeminuMo OTHOCUTENBHO Y, T.€. UMEET BU/I:
y=f(xy) (17.4)
Bsenem napamertpsl
X=Xy =p.
Torga
y=f(xp).
CnenoBateibHO,
dy _of o dp
dx ox oJp dx
oo, o do

T X op dx’



OTKyJa

® (X, P, C) =0.
Taxum oOpa3oM, MOTydnIH:
{(/)(X, p,C)=0,
y = f(x p).
0) Ilyctb ypaBHeHue (1.2) pa3peiiMo OTHOCUTENBHO ), T.€. UMEET BUJ:
x=1(y,y) (17.5)
BBenem napamerpol
y=v;y'=p
Torna
x=f(y, p).
CnenoBarteibHO,
dx = a dy + a dp
o "~ op
WIn
dx_df o dp
dy dy dp dy
170071
1 o of d
—_= 4 — — ,
p oy op dy
OTKyJa
o(y,p,C)=0.
Taxum oOpazom, MOTYyUNIIH:
{¢(y; pIC) = Ol
x=f(y,p).
18. YpaBHenmue Jlarpanxa.
VYpaBuenue Jlarpanxa siBIsieTcS YaCTHBIM cilyyaeM ypaBHeHUs (17.4) 1 umeeT BUA:
y =xp(y)+y(y’).
Bsenem napamertpsl
X=Xy =p.
Torpa
y =xo(p)+y(p).
Hanee
dy = p(p)dx + x¢'(p)dp +y'(p)dp
WIn
d iy g ' m 9
= p(p)+ X0 ()41 (p)
dx dx dx

nJIn



p—p(p) = (x'(p) + v/(p»%.

I/I3 IIOCJICIHET O paBeHCTBa nonyqaeM:
dx , ,
(p—co(p))$= X@'(p)+v'(p)

ITonyyenHoe ypaBHEHME SIBIIAECTCS JIMHEMHBIM YPAaBHEHHMEM IIEPBOIO IOPSAIKA, pELICHUE
KOTOPOr0 UMEET BUA:

(o(x, p,C)=O.

Taxum oOpazom, MOTYyUUIIH:

{¢(X, p,C)=0,
y =Xo(p)+w(p).
Cnyuaif, korma p—¢(p)=0 mnpencrasusger coboil ypaBHenue Kiuepo u Oyzmer

pPaCcCMOTPCH HHIKC.

Ilpumep 18.1. Periim ypaBHEHHUE:

y=2xy'-y"”.
BBenem mapameTpsl

X=Xy =p.
Torma

y=2xp—p°.

HuddepeHunpys, NoaTyquM:
dy = 2pdx + 2xdp —3p>dp

5010%0
ay _ 2p+2x%—3p2@
dx dx dx
1
2y dp
p=2p+(2x-3p°)—
dx
1
-p= (2x—3p2)@.
dx
Taxum 00pa3oM, MoONydnIIn JABa ypaBHEHHE
-~ p% =2x-3p°
dp
niim
p=0.
[IepBoe ypaBHEHME, ITEpENNCaB B BUJC
L + 21 -X=3p
dpp

HMCECT pCUHICHUC

Ini

X=e pZ(C+J.3p_elnp2dp):i2(C+§p4):%+3i'
p 4 p



Takum 006pazom, MOTyIUITH

N3 paBencTBa

moJiydya€M 4aCTHOC pCIICHUC

19. YpaBuenue Kiepo.
VYpasuenue Kiiepo siBnsieTcst 4acTHBIM Clly4aeM ypaBHEeHHUs JlarpaHika u ©MeeT BU/I:

y=xy'+w(y).
Bsenem napamerpsl
X=Xy =p.
Tornma
y=xp+y(p)-
Hanee

dy = pdx + xdp +y'(p)dp

NN
dy _ dp_..ydp
dx_p+xdx+W(p)dx

NN
oy AP
p=p+(X+l//(I0))d—
X

NN

Lixepp) =0,
X

OTKYyJa, HJIn

P _y
dx
NI
x+y'(p)=0.
B MEpBOM CJIydac nojaydacm
p=C
TOTr1a
y=xC+y(C)

— CEMENCTBO UHTETPaIbHBIX MPSMBIX.
Bo BTOpoM ciydae pelieHue onpenensercsl ypaBHEHUSIMMU:

{y=xp+w(p),
x+y'(p)=0.



Ilpumep 19.1. Petium ypaBHEHUE:

y=xy'-y"”.
BBenem nmapametpsi:

X=Xy =p
Tornma

y=px-p°.
Hanee

dy = pdx + xdp—3p*dp

NIn
% — p + X%_3p2 %
dx dx dx
NnIn
d
p=p+(x—3p569
X
NnIn

(x-3p1) %P o,
dx

OTKYJa, HJIn

P _y
dx
NI
x—3p® =0.
B nepBoM cnydae nosrygaem
p=C
TOrAa
y=xC-C?

— CEMEICTBO HHTCTPAJIbHBIX ITPAMBIX.
Bo BTOPOM CJIydac pCHICHUC ONIPCACIISACTCA YPAaBHCHUAMMU:

x=3p?,
y=xp—p°>=3p°-p°=2p%

Taxum oOpazom, MOTYyUNIH:

y=xC-C?
17001
x=3p?,
y=2p’.
Ilpumep 19.2. Pemum ypaBHEHHE:
y — Xyr _ y72.
Bsenem napameTpsl
X=xXy'=p

Torna



Hamee
dy dp dp
— = X——-2p—
dx P dx pdx
nJIn
dp dp
=p+X——-2p—
P=P dx pdx
nJIn
(x—2p) % o,
dx
OTKyZa
nin
dr _,
dx
NnJIn
x—2p=0
B nepsomM ciyuae nosyyaem
p=C
TOrga
y=xC-C?

— CEMEICTBO HHTCTPAJIbHBIX ITPAMBIX.
Bo BTOPOM CJIydac pCHICHUC OIIPCACIIACTCA YPABHCHUAMU

X=2p,
y=xp—p’=2p°-p®=p’

OTCIO,I[a nojrygyacm

X
y_if'
Taxum oOpazom, MOTyUNIIH:
y=xC-C?
501041
X2
y_if'

20. MeTtoa nmocye0BaTeIbHbIX MPUOIHIKEHU .
PaccmoTrpum 3anauy Komu:

y'=f(xy),
y |x:xo = yO :
WuTerpupys ypasuenue (1.3) noxyqum:
IyUx:If(xyxR,

N

(1.3)
(20.1)



Y() - y(%,) = [ f(x y)dx,

Xo
WM, YYUThIBast paBeHCcTBO (20.1),
X
yO) = yo + [ F(x,y)dx.
Xo
[TocnenoBarenbHbIe MPUOIMKEHHUS CTPOUM CIECAYIOUIMM 00pa3oM:

Yo (X) = Yo:

Y (%) = Yo + [ £ Yo ())dx,

Xo

Y2 ()= Yo + | £0x, ¥, ()

Xo

Yo (X) = Yo + [ £ Y5 (9)dx.

Xo

Takum 00pa3oM, MbI MOJYYUM MoOCieAoBaTeabHOCTS GyHKIUA Y1(X), Y2(X), Yy3(X), ...,

yn(X), ... .

Teopema. Tycts dyukims f(X,y) HempepbiBHA B HEKOTOPOi OKpeCTHOCTH TOUKH (X4, Y,) -
Toraa Flim yn(X) = y(X) mpu N—-+oo, Tae ¢pyHkius Y(X) TakoBa, 4To,
y'(x) = f(x y(x),
y |x:><0 =Yo-

ITpumep 20.1. Metos1oM nocie10BaTeNbHBIX TPUOIMKEHUH peIluM 3a1a4y
y'=Y,
Y lo=1.

Nwmeem:

yo(X) =1
Yy, (X) =1+_X[ f (X, Y, (x))dx =1+iy0(x)dx =1+Jx‘dx =1+X,

2

Y2(X) =1+§ f (X, Y, (x))dx =1+§y1(x)dx =1+E(1+ x)dx =1+x+%,

X X X 2 2 3
ys(x)=1+_[f(x, yz(x))dx=1+Iy2(x)dx=l+j(1+x+x7de =1+x+%+%,
0 0 0 " -

X2 X3 Xn n Xk

X)=1+X+—+—+...+—=) —,

(%) 2 3 n! ,gjk!

Taxum 00pa3oM, MOTy4HIH



k 0

lim (y, (x)) = Ilmz

Takum 00pa3om, MBI TOTYYWIH TOCIIEIOBATEILHOCTh MPUOIMKCHUN, TIPEIET KOTOPOH

Xk
k! kOkl

ects Qpynkuus Y(X) =e*.

21. MeTona Jitjiepa.
Paccmorpum auddepennmansHoe ypaBHEHHUE MTEPBOTO MOPSIIKA

y'=f(xy)
C HA4YaJIbHBIM YCIIOBUEM
Y lxex, = Yo
PaccmoTtpum otpesok [a,b]. ITycts a=Xo.
Torna

y'(%) = T (%: Yo)
PaccmoTpuM mnpsmyro, NpoXOoAsIIyld 4Yepe3 TOYKy € KoopauHaTtamu Mo (XO; yo), c
yrioBbIM Koddpuumentom pasusiM Y'(X,) = F(X,;Y,) . YpaBHenue umeer Buj:
Y=Yo = F % Yo)(X=%,) -
[Myctb (X1; Y1) HEKOTOpasi TOYKA HA ATOM MPSIMOIA, T.€.
Y = Yo+ T (X Yo) (X — %)
Ceifuac PacCMOTPHM MPAMYIO TIPOXOJIAIIYIO Yepe3 TOuKy ¢ KoopmuHatamu Mi(X;; yl) c
yrioBeIM ko3 urmentom pasueiM Y'(X) = f(X;;Y,) . YpaBHeHne umeer Bux:

Y=Y = TG y)(X=x).
[TycTh (X2; Y2) HEKOTOpAst TOUKA HA ATON MPSIMOM, T.€.
Yo=Y+t f (X1’ yl)(XZ _X:L)
Jlanee, pacCMOTPUM TNPSIMYIO MPOXOSAIIYI0 Yepe3 TOUKY ¢ KoopaAuHaTamu M> (Xz; y2) c
yri0BeIM K03 uimentom paBueM Y'(X,) = f(X,;Y,). YpaBHeHue uMeeT BUA:
Y=Y, =%y, )(X=X,).
[TycTs (X3; Y3) HEKOTOpasi TOYKA HA ITOU MPAMOH, T.€.
Yo=Y, + F 065 Y2) (% = X,)
UT. ]I
Takum 00pa3oM, MbI TOCTPOMM JIOMaHHYIO ¢ BepirHamu B Toukax M, = (X,; Y,),
M; =04 W), M, =(X,:Y,), My = (X3 ¥3), -
Jlomannyio M M;M,M, ...0ynem Ha3biBaTh ToMaHHOM Ditnepa.
Jlns mocTpoeHus JIoMaHoOM Jilepa Ha OTpeske [a, b] , OTPE30K JEeNAT Ha N PaBHBIX

YaCTeM.
b-a
Torza h=—— — mar pa36uenns otpeska [a,b].
n

Ilycts



X, =4,
X, =X +h=a+h,
X, =% +h=a+2h,
X, =X,+h=a+nh=Db
[Toctpoum touku My, M,,M,,M,...M. Ilocrpoennyto 1omanyio Dinepa, 0003HaAYNM
gepes Y, (X).
Teopema. rl]m y,(X) =y(x), roe Y(X) — pemieHHe 3aJaHHOTO YPaBHEHHS C 3aJaHHBIM

Ha4YaJIbHBIM YCJIOBUCM.

Ilpumep 21.1. Meronom Ditiepa pemum 3aaady:
y' =1,
Yl,0=0, xe[01]=[a,b].

ITycte N =10. Umeem f(X,y)=1x,=0,y,=0,h= % Torna:

X —i X —3 X _2 X =1
1 101 2 10,..., 9 10, 10 i
CiietoBaTenspHoO,

1 1

y1:y0+hf(xo,y0):O+E.1:E’

1 1 2

= +hf X, :_+_,l:_’

Y, =Y, +hf(x,y,) TRETIGEET)

2 1 3

= +hf X, :_+_,1:_’

Ys = Y2 (2y2) 10 "10 10
9 1

=y, +hf(X,,y,)=—+—-1=1.
Yio = Yo (9YQ) 10 10

Jlerko 3aMCTUTD, YTO ITOJYUCHHAA JIOMaHas NpCACTABIISACT co0oif OTPEC30K HpHMOﬁ y=X.

22. MeToa HeonpeaeJeHHbIX KO3 uumneHToB.
Paccmotpum ypaBHEeHME

a ()y' +a,(x)y=f(x).
[Tycts Gpynkmun a,(X),a, (X), f(X) MOXHO pasiokKUTh B CTENEHHOM PSii B OKPECTHOCTH

TOYKHU XO . Torga PCHICHUC YPABHCHUS MOKHO IIPCACTABUTH B BUJIC

Y0 = 3. C, (=%

Ilpumep 22.1. MetoaoM HeOMNpeaeIeHHBIX KO3 GUIIUSHTOB PEIINM 3a7a9y
y'+2y =2-3X,
y(0) =0.

Pemenue 3aaun OyaeM UCKaTh B BUJIE CTETIEHHOTO Psizia



y(X) =C, +C,X+C,X* +... = icnx” :
=0
U3 navansroro yenosust Y(0)=0=C, =0.
y'(X) =C, +2C,x+3C,X* +...+ incnx”’l = i(n +1)C,,,x"
[ToacTapisst B ypaBHEHHE, OTYUHM: h "
i((n +1)C,, +2C )X" =2-3x = 2x" - 3x" + 0x* +...+ 0x" .
=0

[TpupaBHHBasg KOAPPUIUEHTH! IPU OJMHAKOBBIX CTEICHSX, MTOIY4UM:
n=0,C, +2C,=2=C, =2,

n=12C,+2C, =-3=C, =—%,
2
n=23C;+2C,=0=C, =—§CZ,

n=34C,+2C,=0=C, =—%C3,

T.€. IpA

T Ll CoTR e e e
n n n-1 n n-1 4 3 n-(n-1)-..-4.3

B (_l)nzn—l C _ (_1)n2n & B (_1)n2n (_Zj
oo o 2 nl 4)

pu nN>3.
Taxum oOpaszoMm, numeem:
o ( 1\NoHn o n 2
y(x)=C0+C1x+C2x2+&Zﬂx”:0+2x—zx2—zzﬂ=2x—zx2—1(1—2x+4i+
20 n 2 4<= nl 2 4 2

~J
\l

+Z(_2X) )+———x+zx2 I 3y T
n! 2
n=3 :

SN
N

Jlerko pOBEPHTH, YTO TOT KE PE3YNIbTAT MOTYUUM, €CITH MPUMEHUM HOPMYITY ISt
penieHus JuHeiHoro nuddepeHImanb-HOr0 YpaBHEHUSI IEPBOTO MOPSAKA.
JlecTBUTENbHO, UMEEM:

3 3 7 3
= (C+[(2-3x)e”dx) =e ¥ (C+e* —=xe¥* +=e™)=Ce > +——=Xx
y=e(C+[(2-3x)e™dx) =e( : 7&%) 15

T.x. mpu X=O:>Y=03C=—%,TO



JAnddepennuanbubie ypaBHeHHs N-T0 MOPSIAKA.
23. IudPepenunaibubie ypaBHeHHs N-10 nopsiaka. Teopema cylmecTBOBaHUS U
eIMHCTBEeHHOCTH pemieHus. 3agaya Komm. [lonsiTue 0011ero pemenus.
Onpeodenenue. JluddepeHIMATBLHBEIM yYpaBHEHHEM N — TO TOPSAIKAa Ha3bIBAETCS
ypaBHEHUE BUJA!

FOGY, YL Yy y™) =0, (1.1)
re Y =Y(X),y = Y'(X),... " =y (x).

Paccmotpum ypasrenue (1), paspemennoe otHocutensio Y™ T.e. ypaBHeHue BHza:

yO =f(xy,Y,....,y" ), (23.1)

rae f— 910 pynkuus (n+1)-ro mepemeHHOTO.
Ilycte  ¢yukmms f  ompemenera B HEKOTOPOW — OKPECTHOCTH — TOYKH

' (n-1) +1
(X0, Yo, Yor-- Yo ) ER™
Teopema (o cywiecmeosanuu u eOUHCMEEHHOCMU peuleHus OugghepenyuanrvbHo2o

ypasHnenusn N-20 nopaoka).
[Tycte nano nquddepeHnnanTsHOoe ypaBHEHNE N-TO MOPSIKa

vy =f(xy,Y,....y" ), (23.1)
rae Y =y(X),y' =y(¥),...y* =y (X).
ITycts Touka My = (X,, Yo, Yor-- - yo(n_l)) e R™", a yukuus f HempepsIBHA B HEKOTOPOi
of of of
okpectHocTH Touku M, . ITycTh — oD © C{O(MO)}.
oa oy oy
Torna cymectByet pemienue ypaBHeHus (23.1) y = y(x) Takoe, 4To
Y o= Yor Y b, = Yore - Y L = Vo
¥ TAKOE PELICHUE EUHCTBEHHO.

3aoaua Kowu.
Haiitu pemenne ypaBHeHUs

(n-1)

yO =f(xy,Y,...y" ), (23.1)
y = Y(X), YIOBIETBOPSIOIIEE HAYaIbHBIM YCIIOBUSIM:
Yy =Yor Y hix, = Yore o Y2 oy = Vo (23.2)

Onpeoenenue (06uezo peuwienus oughpepenyuanvhozo ypasnenus N-20 nopaoKa).
Oyuxmno @ =@(X,C,,C,,...,C,) OymeM Ha3biBaTh OOIIMM pEUICHHEM YpaBHEHUS

(23.1), ecnu:
1) npu kaxaoMm ¢pukcupoanaom C ,C,,...,C, dbynkuus
o=¢(x,C,;,C,,...,C,)
€CTh peleHue ypaBHeHus (23.1).

2) ¥Xos Yor Yoreos Yoo ) 3C10,Coph-.., C,p TaKHE, UTO:



(/’(Xo’Clo’Czo"'-’Cno) = Yo,
q)’(XO’ClO’CZO""’CnO) = y(’w

(P(n&) (X01C10+Cspy--,Cpp) = y(nil)-

Onpeoenenue. Pemenne @=¢(X,C,,C,,...,C,,) Oymzem Ha3bBaTh YaCTHBIM
peleHneM.

3ameuanue. OOmiee perieHUe — OOIMMA WHTErpaj, a 4YacTHOE PEIICHHE — YaCTHBIM
uHTerpai. I'paduk pemieHuss — MHTErpajibHas KpUBasi.
Ilpumep 23.1. PaccMoTpuM ypaBHEHHUE

y" =0.
Oynkius y=C, +C,x+C,X 2 JBISETCS OOLIHM pelIeHreM 3aJJaHHOTO YPaBHEHUSI.
Haitnem pemienue, yaoBIETBOPSIONIECE HAYAIbHBIM YCIOBUSIM:
Xp=0,Yo =1y =Ly;=1.
HMmeewm:
Xo=0=C,+C,-0+C,-0=1

y'=C, +2C;x,

X =0=>C,+2C,-0=1
yﬂ:2C3,

Xo =0=2C, =1,
C,=1C, =1C, 1

1
CrnenoBarenbHo, QyHKIMS Y =1+ X+ > x* — 4acTHOE pelleHHte.

24. [IndpdepeHnuaibHbIe ypaBHEHUS], T0NYCKAIOIIME MOHUKEHUE NOPSIAKA.
1. PaccmoTpum ypaBHEHHE BHIa

y® = f(x). (24.1)
21.]'[5{ 3aaHHOI'0 YpaBHCHUA JICTKO MOXKHO HanTH 0611166 pPEIICHUE, MMOCICA0BATCIIEHO
TIOHIDKAs MOPSIOK YpaBHEHUS Ha equHuUIly. FiMeeM:

y® = f(x),
y™ = [ f(xdx+C,,

y? :j{[ f(x)dx}dx+Clx+C2,

y-o =I{[{|'f(x)dx}dx}dx+C1X—22+sz+Ca,
y:j{[...{[f(x)dx}...dx}dx+Cl(n%;)!+C2(n%;)!a.ﬁcn.

Ilpumep 24.1. Pemium ypaBHEHUE:
y” =0.



Hmeewm:
y" = _[de+Cl =C;;

y'=_|.Cldx+C2 =Cx+C,;

2

y:01%+C2x+C3.

2. PaccMoTpuM ypaBHeHUE Buaa

f(ny(k),y(k+l),---;y(n)) =0 (242)
BBeieM HOBYIO HEU3BECTHYIO (DYHKIIHIO
y® =z,
Torna
y(k+1) — Zl,
y(n) — Z(n_k),

U ypaBHEHHUE MPUMET BU]L
f(x,z,2,....,2") =0
MOPSAIOK, KOTOPOTO HIKE MOPSAIKA 3aJaHHOTO YPaBHEHUSI.
Ilpumep. 24.2. Peuium ypaBHEHUE:
A+ x°)y" +y?+1=0.
BBeneM HOBYIO QyHKITHIO

Torna

¥ YpaBHEHHE MTPUMET BH]T
(1+x*)z'+2* +1=0.
[Tony4yeHHOE ypaBHEHHE PELIaeTCsl METOIOM pa3jecHHs epeMeHHbIX. MTak, umeeM
dz dx C,—x

=— = arctg(z) +arctg(x) = arctgC, = z = :
1+2° 1+x° 9(z) 90 oG 1+C,x

Taxum 0Opa3oM, MOTY4HIH

, Ci—X
1+Cx

Otcrona

C,— X C X C 1 1 1
= dx = 1 dx-— dx = Lodx+|— - ——dx—| —dx=1+ — [In0l+C,x
Y -[1+Clx -[1+Clx J‘1+Clx J‘1+C1x J.Cl(1+C1x) J‘Cl ( CZJ (1+Cx)

1

—ix+C2.
1

3. PaccmotpuMm ypaBHEHHE BUIa



f(y,y,y"...y")=0

PaccmoTpuM dacTHBIN ciaydail Takoro ypaBHEHHUS, @ MIMEHHO YpaBHEHHE

f(y,y',y")=0.
BBenem HOBYIO HEM3BECTHYIO (DYHKIIUIO
y'=p.
Torga
y_don_d  (dy dp
y =, )= dy(p)dx =y
U YpaBHEHHE ITPUMET BHU]L
f(y,p,p) =0,
,_dp
roe p = dy .
Ilpumep 24.3. Pemim ypaBHEHUE:
yyrr_l_ y!Z :1.
BBenem HOBYIO HEM3BECTHYIO (DYHKIIUIO
y'=p.
Torga
_d,n_d, ydy dp
y' = )= Oly(|0)OIX = dy
U YpaBHEHHE MTPUMET BH]L
d
ypd—p+ p*=1.
y
Paspnernss nepeMeHHsle, TOIyYUM
ﬂpzzﬂ wm 1—p° =0.
1-p y
Wrak:
ﬂpzzﬂ:—lln(l— p?)=Iny+C, = In(l- p?) = Inc—;_:>1— p’ =C—;:> p?
1-p° vy 2 y y
2 2 2
Takum o6pazom, y* = y _ch wm Yy =+ y 2C1 ,ﬂzi y 2C1 .
y® dx y

WHTerpupys nosrydeHHbIe ypaBHEHUS, ITOJIy4aeM

i};ﬁdy:dx:iw/y2 -C, =x+C,.
y -G

C 1pyroii cTopons! u3 paBerctsa 1— p° =0 umeeM y'=+1=>y = +x+C.
Takum 06pa3om, MOTYUUIIN PEIICHUS 3aJaHHOTO YPaBHEHUS
+,)y*-C, =x+C, u y=+x+C.
Ilpumep 24.4. Pemium ypaBHEHUE:
y'?+2yy'=0.
BBeqieM HOBYIO HEM3BECTHYIO (YHKITHIO
y'=p.



Torna

o9y _de
y —dx(y)—dy(p)dx—dyp
nu ypaBHeHI/IC HpI/IMeT BU]L
p2+2py@=0.
dy

Pasnenss nepeMeHHbIE, IOTy4HM
dp
+2y—=0 wm p=0.
p+2y dy p

Urak:
@zﬂ:—zmp:Iny+C:>Ini2:InCy:>i2:Cy:> p=+ i
-p Yy p p Cy

Taxum 0Opa3oM, MOTydnITH:

dy . [1 2 cy)
d_i:i C—y:>\/C_ydy:idx:>§(Cy)4 =1x+C,

C npyroii ctopoHsl U3 paBeHcTBa p =0 numeeM y'=0= y=_C.
Taxum oOpa3om, MOTYUMIH PEIICHUS 3aIaHHOTO YPaBHEHUS
2

S(Cy)% =+x+C, u y=C.

25. JIu"eliHasi 3aBUCHMOCTb U HE3aBUCHMOCTh (PyHKIM.

Onpeoenenue. Iycrs ynxuun Y, (X),Y,(X),...,Y,(X) ompenenenst Ha otpeske [a,b].
CkaxeM, 4T0 (DYHKI[MU JIMHEHHO 3aBHCHMBI Ha OTpe3Ke [a,b], ecim CylecTBYIOT MOCTOSHHBIE
a,,0,,...,Q, — HE BCE PABHBIE HYIIIO, TAKKE, YTO BHINOJIHIETCS PABEHCTBO

a Y, (X)+a,Y,(X)+...+a,y,(X) =0,Vx e[a,b] (25.1)

Ecnu paseHcTBO (7) BBINONHSETCS TONBKO NpU & =, =...=qa, =0, 10 QyHKIMMK

Y, (X), ¥, (X),..., ¥, (X) HasbIBaroTcs NTMHEHHO HE3aBUCUMBIME Ha OTpe3Kke [a, b].

3ameuanue. Boipaxenune .Y, (X)+a,Y,(X)+...+a,Y,(X) Oymzem Ha3pBaTh JIHHEHHON
xomOuHarmen dyukiuii Y, (X), Y, (X),..., ¥, (X).

Hpumep 25.1. Oynxupn 1 X, X°,..., X" 1uHeiiHO He3aBHCHMBI Ha oTpeske [a,b] = R.

JIeHCTBUTENBHO, YCTh QYHKIMH JIMHEHHO 3aBUCHMBL. ITO 3HAYHT, YTO I, Xy, ..., O, —
HE BCE PAaBHBIE HYJIIO TAKKE, YTO BHINOJIHAETCS PABEHCTBO

agl+a X +a, X’ +...+a,x" =0,Vx e[a,b].

[TocienHee paBEHCTBO NPOTHBOPEYUT OCHOBHOM Teopeme anrebpul. ClienoBaTesbHo,
(GYHKIMU TMHERHO HE3aBUCUMBI.

Hpumep 25.2. Oyuxunn €,e,... " k # k;,I,]=12,...,n nuueiino He3aBUCUMBI Ha
ar060M oTpeske [a,b].

JeiicTBuTenbHO, MycTh (QYHKIMU JUHEHHO 3aBucumble. Torna da ,a,,...,0, — HE Bce

n

PaBHBIC HYJIIO, TAKHUE, YTO HMECT MCCTO PAaBCHCTBO



e + " +.. + e =0,vx e[a,b].
[ycte &, # 0. Pasnenus nocneanee paBeHCTBO HA €, MOMy4UM:

(ko —ky)x

a, +a,e +ael T g e =0,

[MpopuddepennrpoBaB NoIyIEHHOE PABEHCTBO, TOTYIHUM:

a,(k, —k)e® ™ " 1 (k, —k)e"“ ™+ +a,(k, —k)e"“™* =0,vx e[a,b].
Pa3yienuB nony4enHoe paBeHcTBo Ha e )% momyuum:

a, (K, — k) +a,(k, —k)e® ™+ +a, (k, —k)e" ™ =0,vx [a,b].
[Tocne muddepeHnnpoBaHUs MOCIECTHETO PABEHCTBA, MOTYIHM:
ay(Ky —k)(Ks —k,)e ™ + v a (k, —k)(k, —k,)e® ™ =0,vx e[a,b].
[Tponmomxkas 3TOT Mporecc, MOIYInuM:
a,(k, —k)(k, —k,)...(k, —k, _,)e" " =0,vx [a,b]
T.x.
k, —k, #0,k, -k, #0,...,k

TO U3 MOCJICAHCTO PABCHCTBA CJIICAYCT, YTO

—k, , #0,e® D %0, vx e[a,b]

n

a, =0,
4ro mpoTtuBopeunt mnpeanonoxeruto o, #0. CrenoBarensHo, (QYHKIMH  JHHEHHO

HC3aBUCHUMBIC.

26. Onpenenurens Bponckoro.
Onpeoenenue. Iycrs dyuximu Y, (X), Y, (X),..., Y, (X) onpenenensr Ha orpeske [a,b].

Onpenenurenem Bporckoro gpynkumii Y, (X), Y, (X),..., Y, (X) HaszpBaercs onpeneanTens

Y1 Y o Ya
A R
W) =Wy, Yoo Yyl =] i
yl(n—1) y2(n—l) yn(n—l)
Ipumep 26.1. Iycts 3anansl pynkmn Y, (X) =1y, (X) =X, X €[a,b]. Torna
1 X
W (x) = =1=#0Vxe[a,b].
01
Hpumep 26.2. Tycts 3anansl yakmun Y, (X) =1, Y, (X) = X, Y, (X) = x*, x € [a,b]. Toraa
1 x x?
W(x)=0 1 2x/=2=0Vxe[a,b].
0 0 2
Hpumep 26.3. Tycts 3apans dynxmun Y, (X) = X, Y, (X) = X%, x e [a,b] =[-L1]. Torma
2
X X
W (X) = =x°.
) 1 2x

3amerum, uro W (x) =0 npu X = 0.



Teopema. Tlycts pynkuun Y, (X),Y,(X),...,Y,(X) nuneiiHo 3aBucHMBI Ha oTpe3ke [a,b].
Torna wux onpezaenuresab BpPOHCKOro TOXIECTBEHHO paBeH Hymo Ha orpeske [a,b], T.e

W(x) =W[y,,¥,,...,¥,]=0vx e[a,b].

Hokazamenvcmeo. T.K. QyHKUUU JMHEHHO 3aBUCUMBI, TO Jy,Q,,...,0, — HE BCE

n

paBHBIE HYIIIO TAKUE, YTO
oy, (X)+a,y,(X)+...+a,y,(X) =0,Vx e[a,b].
ITycts o, #0. Torna

(04

a ) -1
Vo) ===y, 00 - =2y, (X) —...- =y, (X).
an an an
CrnenoBarenbsHO,
Y1 Y, Yn
’ ! 1
W (x) = Y1 Y, Yn _
(n-1) (n-1) (n-1)
Y1 Y, e Ya
ay a, Oy
Yoo Yy (——yl——yz—---—Lynlj
an aﬂ an
a, a, a,
iV SV e Yy ~0
al’] aﬂ an - !
(n-1) (n-1) a oy % (- Oy (n-1)
y1 yz __yl __yz T T - yn—l
al’l an al’l

T.K. IOCJIEAHUN CTOJNIOEI] €CTh JINHEHHAss KOMOMHALINS MTPEAbIAYIINX.
Teopema ooxa3zana.

27. JIunerinbie nudpepeHnuaibHbIie ypaBHeHus: N — ro nopsaka. Teopema
CYLIECTBOBAHUA M €IMHCTBEHHOCTH pPeLIeHHU.
Onpeodenenue. YpaBHEHHE BUIA

a,(X)y™ +a,(x)y" ™ +...+a, (x)y = f(x), (27.1)
rae Y = y(X), Oynem Ha3pIBaTh THHEHHBIM AU (HepeHIHaATEHBIM YpaBHEHUEM N—TO MOPsAKa.
Onpeodenenue. YpaBHEHHE BUIa
a,()y™ +a,(x)y"? +...+a,(x)y =0, (27.2)
OyzeM Ha3bIBaTh OJHOPOAHBIM JIMHEWHBIM TU(QPEepPeHIINATbHBIM YPaBHEHHEM N-TO TOPS/IKA.

Bynem mnpenmomarate, uro a,(X)#0,VXxe[a,b]. Torma ypaBrennme (27.2) MoOxHO

nepenucarh B BUJIC
y® +a, X))y +...+a,(x)y=0 (27.3)
Teopema (cywecmeoeanus u eOUHCMEEHHOCHMU peUleHUA TTUHEUH020 00HOPOOHO20
oughghepenyuanvnozo ypagnenusa N — 20 nopaoka).
[TycTs nano oxHOpOaHOE JIMHEHHOE MU depeHIaIbHOe YpaBHEHUE N-T0 MOpsIKa
y® +a, X))y +...+a,(x)y=0 (27.3)



[Tycts dysxuun a,(X),a,(X),...,a, (X) HenpepsiBasl Ha oTpeske [a,b].

Torma VX, €[a,b] u Vy,, Yo, yo(n_l) 3 pemenue ypaBnenus y = y(X) Takoe, 4To:

y(xo) =Y,
! X — 1
Y'(X) = Yo (27.4)
YO (%) = ¥,
1 TAaKOC pemeHHe CANHCTBCHHO.

VYcnoBus (27.4) 6yneM Ha3bIBaTh HAYAJIbHBIMU YCIIOBUSIMH.
3ameuanue. OyHkuus y(Xx)=0 sBISETCSd PELIEHUEM OJHOPOJHOIO JIMHEWHOIO

QG epeHIaIbHOr0 YPaBHEHUS, YIOBIECTBOPSIONIAs HYJIEBbIM HAUYaIbHBIM YCIOBHSM.

28. OnHopoaHble TuHelHbIe T depeHIHAIbHbIC YPABHEHUSI N — IO MOPSIAKA.
CsoiicTBa.

Oé6osnauenus: L[y]=y"™ +a,(x)y"™ +...+a, (x)y
Ceoiicmea:

1. L[Cy]=CL]y]

Cneocmeue. Ecmu L[y]=0= L[Cy]=0

2. LIy, + Y, 1= LIy, 1+ LIy, ].

Cneocmeue. Ecim L[y, ]=0,L[y,]=0=L[y,+V,]=0

3. L|:iciyi:| = ici Ly;]

Cneocmeue. ycrs L[y, ]1=0,i =12,...,n. Torna L{Z‘Ci yi} =0.
i=1

4. Ilycte LUX)+iV(X)]=0, tone U(x) u V(X) AeHdcTBUTENbHBIE (QyHKIMH
MIEPEMEHHOM X.

Torma L[U(X)]=0 u L[V(x)]=0.

JlercTBUTENbHO,

LU +iV]=LU]+iLV]=0= L[U]=0u L[V]=0.

5.Teopema. Tlycts Gyuxiun Y, (X),Y,(X),..., Y, (X) sBistorcs THHENHHO HE3aBUCHMBIME
pCLICHUSAMH OJHOPOJHOTO JHMHEWHOro au(depeHIHnanbHOr0 ypaBHEHUs N-TO TOpsAKa Ha
orpeske [a,b]. Torma onpenenurens Bporckoro dpyukumii Y, (X), Y, (X),...,Y,(X) He paBeH Hyir0
HU B OJIHOM TOUKe oTpe3ka [a,b].

Hoxazamenscmeo. Ilycte onpenenutens Bporckoro dymxmuii Y, (X), Y, (X),..., Y, (X)
paBeH HYJIIO B HEKOTOPOH TOYKE X, , T.€.
Y1 (Xo) Yo%) o Ya(Xo)

W(x )= Vi) Yo%) e Ya(Xe) |

" 060) ¥ () e ¥ (%)



PaccMoTpuM 0AHOPOIHYIO CUCTEMY JIMHEWHBIX YPABHECHHUIA:
Y, (Xo) +a,Y, (%) +...+a, Y, (%) =0
oY (Xo) +a, Y5 (%) +...+a, Y, (%) =0
(28.1)
al yl(nil) (XO) + aZ y2(n71) (XO) +...+ an yn(nil) (XO) = 0
T.. OJJHOPOJHYIO CUCTEMY OIHOPOAHBIX JIMHEHHBIX YPaBHEHHM OTHOCHUTEIIBHO HEWU3BECTHBIX

a,,0,,...,a,. Onpenenurens 3TOH CHCTEMbI SBIETCA omnpelenuTeneM BpoHckoro ¢(yHknuii

Y, (X), ¥, (X),..., ¥, (X) B TOUKE X0, T.€. OMpEaCITUTEND

i(%) ¥ (%) e Ya(X)
L(x > (X L (x
yi(%) Y2 (%) Ya(X) _W(x,) =0.

(n-1) (n-1) (n-1)
Yoo (%) Yo T(%) o Yoo (%)

CrnenoBaTenbHO, pacCMOTpEHHass CHCTeMa HKMeEeT HEHYJIeBOe pellleHue, T.e.
da,,a,,...,a, He Bce paBHbBIE HYIIO, SIBJIAIOLIMECS pelIeHneM cuctemsl (28.1).

Paccmotpum dyHKIHIIO

y(X) =y, (X) + @, Y, (X) +...+ Y, (X).

C oxmnoii ctopoHbl, ¢yHKIws Y(X) pemieHue ypaBHenus (27.3), a ¢ apyroil CTOPOHBI
byHkims Y(X) yaoBieTBOpsieT B CHIy cuUCTeMbl (28.1) HyJeBbIM Ha4YaabHBIM YCIOBHSM H
CIICIOBATENBHO B CHITYy TEOPEMbI €IMHCTBEHHOCTH QyHKIHUS Y(X) =0 Ha oTpeske [a,b] T.e.

a Y, (X)+a,y,(X)+...+a,y,(x) =0,Vx e[a,b].

T.x. HE Bce ¢4, ,,...,&, PaBHBI HYIIO, TO MOCJIEAHEE PABEHCTBO O3HAYAET, YTO (DYHKIUH

Y, (X), ¥, (X),..., ¥, (X) muHElHO 3aBUCHMBI, 4TO TIPOTHBOPEYHUT YCIOBHIO TEOPEMBL.

Teopema ooxa3zana.

29. CTpykTypa 0o01mero pemeHus 0AHOPOIHOIO JIHHETHOro AuddepeHnnaJIbLHOro
YPaBHeHHS N-TO0 MOPAIKA.
Teopema. Ilyctb naHO OAHOPOJHOE JMHEHHOe nuddepeHaIbHOE ypaBHEHUE N-TO
nopsiKa
y® +a, X))y +...+a,(x)y=0 (27.3)

[Tycts dpyrxmun &, (X),a,(X),...,a,(x) € C[a,b].
[ycts dyukimu Y, (X), Y, (X),..., Y, (X) — nuHeiiHO He3aBUCHUMBIC PEIICHUS ypaBHEHUSI
(27.3). Torga pynkuus
y(¥) =Cy,(X) +C,y,(X) +...+C,y,(X) (29.1)
ABJIseTCS O0mmM permennem ypasuerus (27.3), T.e. VX, €[a,b] u VY, Yq...., yo(nfl) eR"
3C,,Cyp,...,C,y  Takme, uTO dysxmms  Y(X) =C ¥, (X) +Cr Y, (X) +...+C Y, (X)
YOBIETBOPSAET HAYAIBHBIM YCIOBHSIM:

y |x=x0: yO’ y’ |x=x0: y(,)""’ y(n_l) |x=x0: yO

(n-1)



Hoxazamenvcmeo. Tx. oyukumu Y, (X),Y,(X),...,Y,(X) - nuHeiiHO He3aBHUCHMBIC
penieHus: ypaBHeHH (27.3), To UX JTUHEHHAass KOMOMHAIIMS TOXKE pelIeHue ypaBHeHus (27.3), T.e.
byHKIUS

y(x) = C1y1(x) +C,Y, () +...+Cy, ()
pemieHue ypaBHenus (27.3).

Ocranock nokasath, uto VX, €[a,b] n ¥y, Voo, ¥o " ) €R" 3Cy,Chpre.,Cho.
nocrosiuble, Takue, 4ro ¢ynkmus Y(X) =C, Y, (X)+C,, ¥, (X) +...+C Y, (X) ynosaerBopsier
YCIOBHSM

Cio¥1(Xo) +Cy ¥ (Xo) +.--+C oV (%) = Yo

Cuo¥i (o) +Coo¥5 (%) + ..+ CooYn (%) = ¥ (29.2)

(n-1 n-1)

Coo¥a" (%) +Coo Yo" P (%) o+ Cro ¥ 2 (%) = Vo

Onpenenurenb 3TOH CUCTEMBI

Vi(%) Yo (X0) o YL(Xp)
Vi(%) Ya(Xo) o Ya(Xp)
yl(n_l) yz(”‘l) s yn(n_l) (XO)

ABJISICTCS ~ ONpenenuTesieM  BpoHCKOro il JMHEMHO ~ HE3aBUCHMBIX  PELICHHM
Y, (X), ¥, (X),..., ¥, (X) ypaBuenus (27.3). T.x. onpezenntens BpoHCKOro HUTE HE PaBEH HYIIO,
T0 cucreMa (29.2) umeer exuncreenHoe pemterne Cp,C,,...,C .

Teopema ooka3zana.

Onpeoenenue. Jluneiino uesapucumspie pemenus Y, (X),Y,(X),..., Y, (X) Oyaem HaspiBarh

dbyHIaMEHTAILHON CUCTEMOM pelieHnit ypaBHeHus (27.3).
Cneocmeue. Y ypaBHeHHs (27.3) MakcUManbHOE YHCIO JIMHEHHO HE3aBUCHUMBIX
pemeHuit paBHo N.

Teopema. ITycts nano nuneitHoe nuddepeHnantbHoe ypaBHEHHEe N—T0 MopsIKa

y® +a,(x)y" P +...+a, (x)y=0, (27.3)
rae a,(X),a,(X),...,a,(x) eC[a,b].
Ilycts
vy +b, (x)y"™P +...+b (X)y=0, (29.3)

nuHeliHoe muddepeHImatbHoe ypaBHerne N-ro nopsiaka, rae b, (x),b, (x),...,b, (x) € C[a,b].
[Tycts pynxuun Y, (X), Y, (X),..., Y, (X) 00pasyor GhyHIaMEHTAIBHYIO CHCTEMY PEIIEHHI
JUtst ypaBHeHui (27.3) u (29.3).
Torma a,(x) =b,(x),a,(x) =b,(x),...,a,(x) =b,(X)vx €[a,b]
Hoxazamenscmeo. Berarem u3 ypaBaenus (27.3) ypaBaenue (29.3). [lomyanm:
(8, () — b, ())y " + (8, (x) = b, (x))y " +...+ (&, (x) ~b, (x))y = 0 (29.4)
T.x. yuxmun Y, (X),Y,(X),...,Y,(X) SBISIOTCS JTUHEHHO HE3ABHCHMBIMH PEILCHUSMH

ypaBHeHu# (27.3) u (29.3) TO OHM SIBISIFOTCS JINHEHHO HE3aBUCUMBIMU PEILICHUSIMU U yPaBHEHUS

(29.4).



Iycte  3X, :a,(X,) #b,(X,), T.e.a,(X,)—b(X,)#0. Tak kax ¢ynkumu a(x) u b(x)

HENPEPBIBHBI,  TO

a,(x) —b, (x) = 0Vx € O(X,).

CYLIECTBYET

OKPCECTHOCTD

TOYKH

Xo

O(X,) Takas,

qTo

CnenoBatenbHO, ypaBHeHHE (29.4) mopsaka N—1 mmeeT N JIMHEHHO HE3aBHUCHMBIX
pELIeHUH, YTO MPOTUBOPEUHUT ciaeAcTBUI0. ClieI0BaTENbHO,

a, (x) =b,(x),a,(X) =b,(X),...,

Teopema ooxazana.

30. ®opmyaa JluwBmiist — OCcTporpaackoro.

[Iycth nano ypaBHeHue

y® +a,(x)y"P +...+a,(x)y=0

a,(x)=b,(x).

(27.3)

Iycts Y, (X),Y,(X),...,Y,(X) — ¢ynnamenranbhas cucrema pemenuii. Ilycts Y(X)

IMPOU3BOJILHOC PCHICHUC

JIMHEMHO 3aBUCUMBI. DTO 3HAYUT, 4TO OIPCACIUTCIIb BpOHCKOFO 9THUX (I)YHKI_II/Iﬁ

WIYs Yoo Yo Y1 =

Y1 Y, Yn
Y1 Yo o e Yn
n-1 n-1
v, "y, Ly,
T.x.
A Yo - Vi
yo A Yo o o Yn
v,y Y,

MOXXHO 3a11ucaTb B BUJC:

(n)
y —

-y

(n-1)

=0.

IOCICaIHEC

yl y2 yn y
Yy Y Yn y'
yl(rFl) y2(rFl) yn(nfl) y(n—l)
yl(n) yz(n) yn(n) y(n)
=WI[y,,¥,,.... ¥, ]# 0Vx e[a,b],
Y. Y, Ya
ool Y1 Ve Yoo, |0
.y, Y,
TO
yl y2 yn
Y Y; Yr
y, "y, y, "
(n) (n-1) (n)
Y1 Y, e Y y(n—l) +
WIY., Ysheh Vil

ypaBuenust (27.3). Torma dyskmmu  Y(X), Y, (X), ¥, (X),..., ¥, (X) —

(30.1)

PaBCHCTBO



Oyuxiun Y, (X), Y, (X),..., Y, (X) sBasiorcs peniennsiMu ypaBaeruii (27.3) TO coriacHo

MpEeABIIYIIEeH TEOpPEME CIICTYET, YTO

yl y2 ce yn
Y Yo o Vi
yl.(;]LZ) yz(n—Z) ' yn(n—2)
e T (30.2)
WIY1sYarees Yal
T.x.
Y1 Y2 e Y
Y1 Yo o Yn
W,[yl’yzi""yn]: )
yl(H) y2(H) o yn(an)
yl(n) yz(n) yn(n)
TO paBeHCTBO (30.2) npuHUMAET BUJ
- VL’ = (X)
W
WIH
dWW =—a, (x)dx.
WHTerpupys Noixy4eHHOe ypaBHEHUE, TOJIyYUM
InW = —_[ a,(x)dx+C
WIH

ay, (x)dx

W =W(x0)e_I .

[TonmyyeHHoe paBeHCTBO HasbIBaeTcs hopmysnoi JlntoBuiis — OCcTporpaackoro.

3ameuanue. Ecnu nana ¢pyHnaaMeHTalbHasi CUCTEMa PELICHUH OJHOPOAHOrO JTMHEHHOTO
muddepeHIMaNbHOT0 ypaBHEHUsT N-To mopsanaka, To paBeHCTBO (30.1) maer BO3MOXKHOCTH
BOCCTAaHOBUTB 3TO ypaBHEHHUE.

Hpumep 30.1. Tlycts N=2,y,(X)=e",y,(X) =e*. Torna umeem

—X X

e € y
—e* e y|=y"2-y"-0+y-(-2)=0,
e_x eX yﬂ

178111
y'—y=0
ypaBHenue, s koroporo ¢ynkimuu Y, (X)=e",Y,(X) =€" o06pasyror GyHIaMEHTAIbHYIO
CHCTEMY.
C mnomompio Gopmynsl JluoBumis — OCTpOrpajgckoro MOXHO HNOHU3HUTEL TOPSIOK
nuddepeHIaIbHOTO YPaBHEHHS, €CITH U3BECTHO €0 PEIIICHHE.
Ilpumep 30.2. Ilyctb 3a1aHO ypaBHEHHE

y'+a,(x)y" +a,(x)y=0.



[TycTb n3BecTHO, 4TO GyHKIUS Y = Y1(X) pelieHne 3aJaHHOTO ypaBHEHHS.
Torna, eciu GyHkims Y = Y(X) — pelieHnue 3aJaHHOTO yPaBHEHHSI, TO

W C Ial(x)dx
T.x.
y r g
W(x) = y A=Yy —YiY,
1
TO
, , —| a(x)dx
Yy —yiy=C.e j '
W
Y _ ’ Ial(x)dx J.ai(x)dx
WY =NY Gy o facs :(yj =c," ;= =cc[T
Y1 Y1 Vi Y Y1 Y
OTKY/1a [OJIy4YaeM, 4TO
Ial(x)dx
y=Cy,+C, I‘dx Y1
Yi
oO11ee penieHre 3aJaHHOTO YPaBHEHHUS.
Ilpumep 30.3. IlycTb 3a1aHO ypaBHEHHE
y"—=3y'+2y=0.

Jlerko npoBeputh, uto GpyHkuus Y, (X) =€* sBusercs pelrueHneM 3a1aHHOTO yPaBHEHHS.

ITycts pyHKIUs y = y(X) pelieHue 3aJaHHOTrO ypaBHeHus. Toraa, T.K.

y’ :eXy(_eXy’
y

X

W(x) =

TO, coryiacHo gopmyie JIntoBuiuist — OcTporpaickoro

e*y' ey =C,e | "

)5010%0
’
ex ’ X e3x
2 Y oc, = L] =cer = L =g 4c,[erdx=C, + Cpe”
e X e2x ex ex
Takum 0Opa3om, ONy4IHIH 001Iee pelIeHHEe 3aJaHHOTO YPaBHEHNUS
y=C,e* +C,e*
Ilpumep 30.4. Ilyctb 3a1aHO ypaBHEHHE
y"+y=0.
Jlerko mpoBeputb, 4to yHkmus Y, (X) =COSX sBiIsieTcs pEIICHHEM 3aJaHHOrO
YpaBHEHUS.

[Tycts pyHKIus y = y(X) pelieHue 3aJaHHOTrO ypaBHeHus. Toraa, T.K.
COSX Yy

W0 = —sin X

=y'CoSX+ ysin X,

TO, corntacHo opmyie JlutoBmmisa — OcTporpaackoro
y'cosx—y(-sinx)  C,
cos” X cos” X




NI

cosx,) cos’x  COSX
Takum 006pa3om, MOTydnsIN o0IIee pelIeHrne 3aIaHHOT0 YPaBHEHUS
y =C, cosx+C,sin x

( y j_ C, = y =C,+C,tgx= y=C,cosx+C,sin x.

31. JIuHeiiHbIe OTHOPOJAHbIE YPABHEHUS N — I'0 MOPSAAKA € MOCTOSIHHBIMH
ko3 puumeHTamMn.
PaccmotpuM oiHOpOIHOE JIMHEMHOE ypaBHEHUE N—TO MOPSAKA:

y® +ay"™ +a,y"? +...+a,y=0, (27.3)
rae a,,a,,...,a, —const
Bynewm uckatpb pemenue ypaBHenus (27.3) B Buje:
y=e.
Torna yr — kekx1 yﬂ — k2ekx1“ ., y(n—l) — k(n—l)ekx’ y(n) — knekx.
Hoxncrasmsist GyHkmmoo Y =€ u ee mpousBoaHbIe B ypaBHeHHe (27.3), HOMyIHM:
k"e® +ak" e +a,k" %" +...+a,e" =0,
Tak kax e = 0m1g mo6oro 3HaYeHUs X, TO, COKpallas MOCJIeJHee PaBEeHCTBO Ha e,
HOJTYYUM:
k" +ak"™ +a,k"*+...+a, =0 (31.1)
VYpaBuenue (31.1) Oymem Ha3pIBaTh XapaKTEPHCTUYECKUM YpPaBHCHHUEM ypaBHCHHUS
(27.3). KopHu XapakTepuCTHYECKOTO YypaBHEHHsS OyleM Ha3bIBaTh XapaKTePUCTUUECKHUMHU
yuciaamu ypaBHenus (27.3).

[Ipu pemennn xapakrepucTuueckoro ypaBHeHus (31.1) BOZMOXKHBI Cllydau:

1. Bce kopHUM XapaKTEpUCTUYECKOTO YPaBHEHUS JEHCTBUTENbHBI U PA3THMYHBI.

2. Cpemu JACWCTBUTENHHBIX KOPHEH XapaKTePUCTHUYECKOTO YpaBHEHHUS HEKOTOPHIE
KOPHHM KpaTHBIE.

3. Cpenu KOpHEU XapaKTePUCTUYECKOTO YPABHEHHSI €CTh KOMIUICKCHBIEC KOPHHU.

PaccMoTpuM Kaxkablil U3 3TUX CIy4aeB B OTAEIbHOCTH.

1. Bce KopHH XapakTEepUCTUYECKOTO YPABHEHHUS IEUCTBUTENBHBI U Pa3JIUYHBI.

Nmeem, yTo KOpHH
ki Kyyoo ko e Rk 2k i j=12,...n.
Torna pynkuuu
y, =y, =e .y, =e"
SBIISIIOTCS JINHEHHO HE3aBUCUMBIMH pelIeHUsMU ypaBHeHud (27.3). CienoBarenbHO, COrJIAaCHO

TEOpeMe O CTPYKType PpeIIeHUs OJHOPOJHOIO JIMHEHHOro an¢pdepeHIualIbHOr0 ypaBHEHHUS,
uMeeM, 4yTo QyHKIUS

y=C,e" +C,e +...+C e"
rae C,C,,...,C npou3sBoIbHEIE MOCTOSHHBIE, O0MIEE pelenne ypaBHenus (27.3).

Ipumep 31.1. Petiim ypaBHEHUE



y"—=3y'+2y=0.
XapakTepucTUueCcKoe ypaBHEHHUE 33JIaHHOTO YPaBHEHUSI UMEET BU/T
k?-3k+2=0,
KOPHHU KOTOPOT'0 COOTBETCTBEHHO PaBHbI
k, =1k, =2.
CrnenoBarenbHO, 001Iee peLICHNE 331aHHOTO YPaBHEHUS UMEET BUJL
y=C.e* +C,e*
Ilpumep 31.2. Peium ypaBHEHUE

L4 ’
y"—y'=0.
XapakTepucTUueCKoe ypaBHEHHUE 33JIaHHOTO YPaBHEHUSI UMEET BU/T
k®-k=0,

KOPHH KOTOPOTO COOTBETCTBEHHO PaBHBI
k,=-Lk=0,k =1.
CrnenoBatenbHO, 0011I€€ PEIICHHE 3aJaHHOTO YPAaBHEHUSI UMEET BUJ]
y=Ce " +C,+Cze"

2. Cpeau AecCTBUTENBHBIX KOPHEH XapaKTepUCTHUECKOTO YPAaBHEHHSI HEKOTOpBIE
KOPHH KpaTHBIE.

I[Tycts KopeHs K, umeer kpaTHOCTD ;.
Ecmu k=0, To XapakTepucTHYeCKOe YpaBHEHHE MOYKHO 3aIMCaTh B BUIE:
a; n—-g; n-1-¢; _
k“ (k™ +ak +...+a,,)=0
T.€. ypaBHeHue (27.3) uMmeer BUL:

y" +ay™ 4+ +a,, ¥y =0

2 -1
Jlerko IpPOBEPUTH, YTO (byHKHI/II/I 1, X, X ,...,X”’I SBISIIOTCST  PCHICHUSIMM  OTOT'O
YpaBHCHUS.

CnenoBarenbHo, npu KopHe K,=0 ¢ KpaTHOCTBIO @; uMeeM, YTO (YHKIUH

2

1 X, X ,...,Xai_lpeI_HCHI/ISI ypaBHeHus (27.3).

Ilpumep 31.3. Peium ypaBHEHHE

v " __
y ' -y'=0
XapaKTepHCTquCKoe YPaBHCHHE 3aIaHHOI'0 YPaBHCHUA UMECT BU/L
k*-k? =0,

KOPHH KOTOPOI'0 COOTBETCTBEHHO PaBHBI
k,=-1k, =0,k; =0,k, =1
CJ'IeJIOBaTeJ'II)HO, 06H1ee PEIICHUC 3aJIAHHOTO YPABHCHHA UMECT BU]L
y=Ce “+C,+C,x+C,e"
B cinyuae, korga ki #0 — TO c MOMOILBIO 3aMEHBI
y =e"*z
HNPUXOJUM TOIBKO YTO PACCMOTPEHHOMY CIIYYaro.

Ilpumep 31.4. Pemum ypaBHEHHE
ylll_3y"+3yl_ y — 0.



XapakTeprucTUYEeCKOe ypaBHEHUE 3aJaHHOTO YPAaBHEHUSI UMEET BU/T
k®—-3k*+3k—-1=0

I
(k-)°=0,
KOpHH KOTOPOI'0 COOTBECTCTBCHHO PAaBHLI
k, =k, =k, =1.
BeneM HOBYIO (DYHKIIHIO Z C IOMOIIBIO MTOICTAHOBKU
y=e*z.

Torna
y'=e*z+e*z' =e*(z+72),
y'=e"(z+22'+17"),
y'=e(z+32'+32"+ 7"
[Toxcrasnss B ypaBHEHUE, OIy4YUM
e*(z+3z'+32"+7"-32-62'-32"+32+32'-2) =0

NnJIn
z"=0.
XapakTepuCTUYECKOE YPAaBHEHUE 33/IAHHOTO YPABHEHHS UMEET BU
=0
KOPHHU KOTOPOIo COOTBETCTBCHHO pPAaBHBI
L =1,=1,=0

CrnenoBarenbHoO, QyHKIIMH
z2,=17,=X%X12,=X
SBJISIIOTCS TIMHEWHO HE3aBUCHUMBIMH PEILICHUSIMUA YpaBHEHUS
2" =0.
Torna pynkuun
y, =€y, =xe’,y; = x’e”
SIBIISTIOTCS TMHEWHO HE3aBUCHMBIMH PELICHUSMU YpaBHEHUS
y"-3y"+3y'—y=0
U 001Iee pelIeHre 3aJaHHOTO YPaBHEHHSI IMEET BH/T
y=C,e* +C,xe* +C,x%",

Takum o6pa3oMm, ecau K, sBIsSe€TCSs KOPHEM XapaKTEPUCTHYECKOTO YpPaBHEHHs

KPaTHOCTU &, TO GYHKIIUU

ekix’ Xekix,. . Xai —1ekix



SIBJISIFOTCSI TMHEHHO HE3aBUCUMBIMU PEIICHUSIMU ypaBHeHUs (27.3).
Ilpumep 31.5. Pemium ypaBHEHUE
y"v —3y"+3y"—y'=0.
XapaKTepuCcTUIEeCKOe YpaBHEHHE 3aJaHHOTO YPABHEHUS IMEET BH/
k*—-3k®+3k*-k=0
WIH
k(k-1)% =0,
KOPHH KOTOPOTO COOTBETCTBEHHO PaBHbI
k, =0k, =k, =k, =1.
CrnenoBarenbHO, QyHKIHS
y=C, +C,e* +C,xe* +C, x%e*
SIBIISICTCS PEUICHUEM 33/IaHHOTO YPaBHEHUSI.

3. Cpenu KopHel XapaKTEPHCTHYECKOTO YPABHEHHUS €CTh KOMILIEKCHBIE KOPHH.
Tak kak KOpHU - KOO(QPUIMEHTHl XapaKTEPUCTUUYECKOIO YpaBHEHHS IPEAINOIararoTcs

I[eﬁCTBHTeHBHLIMH, TO KOMIIJICKCHBIC KOPHU XapPaAKTCPUCTUYCCKOTO YPAaBHCHUA MOT'YT TOABUTBLCA
TOJIBKO COIIPAKCHHBIMU  [TapaMHU. Te. ecmm K=o+ Iﬁ - KOPCHbL XapaKTCPUCTHYCCKOI'O

ypaBHEeHHS, TO K = — 1 - TOXe KOpEHb XapaKTePUCTHUECKOTO YPaBHEHHUSI.

[Tape xommiekcHbIX KopHeH k=a+if U K=a —iff COOTBETCTBYIOT KOMILICKCHbIC

perieHus

el X — g™ cos X +ie™ sin

el X — ™ cos A —ie™ sin X .

Takum o00pa3oM, Mape KOMIUIEKCHBIX COMNPSIKEHHBIX KOPHSIM COOTBETCTBYIOT JBa
JICHCTBUTEIIBHBIE PEILICHUS e’ cos X u e™sin X, KOTOpBIE SIBISIFOTCSI TMHEWHO HE3aBUCUMBIMU

pelieHusMu ypaBHeHus (27.3).

Ecnn xommutexcHble kopHH K = +iff 1 K =a —if XapakTepuCTUYECKOTO YpaBHEHHS

KpaTHbIE, KPATHOCTH M, TO PYHKIIHUU
8™ cos X, Xe™ cos X, xe” cos/X,..., X" e™ cos X,

e”sin fx, xe™sin fx, x’e™sin X,..., x"e® sin A



00pa3yroT CUCTEMY JTMHEHHO HE3aBUCHMBIX PEIICHUIA U3 2 M-perieHui.
Ilpumep 31.6. Peium ypaBHEHUE
y"+y=0.
XapakTepUCTUYECKOE YPAaBHEHUE 3aJaHHOTO YPaBHEHUS UMEET BUJL
k?+1=0
KOPHHM KOTOPOT'O COOTBETCTBEHHO PaBHbI
k, =—i,k, =1.
T.K. 0=0 u =1
CnenoBarenbHO, QyHKIUSL
y =C, cosx+C,sin x
SBIISIETCS PELICHUEM 33/IaHHOTO YpaBHEHHUSI.
Ilpumep 31.7. Peuium ypaBHEeHUE
y"—4y"'+8=0.
XapaKkTeprucTUYECKOe ypaBHEHNE 3aJJaHHOTO YPAaBHEHUSI UMEET BU/T
k? -4k +8=0,
KOPHHM KOTOPOT'O COOTBETCTBEHHO PaBHBI
k=2%2i.
T.K. 0=2 u =2
CnenoBartenbHO, GYHKIHS
y = C,e** cos2x +C,e* sin 2x

ABJIACTCA pCHICHUEM 3aIaHHOT'O YPABHCHUS.

32. HeonHopoaHble JTHHEHbIC YPABHEHHUsI N — I'0 MOPS/AKA.
Memoo eapuayuu npou3eo1bH020 ROCMOAHHOZ0.

PaccmoTpum ypaBHEeHUE

y" a0y +a,(x)y"? + .. +a (x)y = f(x), (32.1)



x e [a;b}

VYpaaenne (32.1) Oynem Ha3bBaTh HEOJHOPOTHBIM JTUHEHHBIM ypaBHEHHEM N — TO
MopsI/IKa.

3neck & (X),8,(X),...,a,(X), f(X) pynxiun onpenencuusie Ha orpesxe [a,0].
BBeneMm 0603HaueHuME:

LIyl=y® +a,(x)y"™ +a,(x)y"? +...+a,(X)y.
Teopema 1. Tycts L[Y,]1=0 u L[y']= f(X). Torma L[y, +y 1= f(x).
Teopema 2. Tlycts L[y, ]= f,(X),LLy,]= f,(X). Torma L[y, +y,]= f,(X)+ f,(X).
Teopema 3. Ilycts L[u]=U, L[v]=V. Torma L[u+v]=U +V .

Teopema (0 cmpykmype oouezo peuwienus HeOOHOPOOHO20 TUHEIHO20 YPAGHEHUA N-20
nopsaoka).

[lycTh 1aHO HEOITHOPOAHOE JINHEHHOE YpaBHEHUE N-TO MOpsJIKa

y® +a, )y ™ +a,()y"? +...+a,(X)y = f(X). (32.1)
[Mycts dpyrxmun &, (X),a,(X),...,a,(x) € C[a,b].

[Mycts yrrmun Y, (X), Y, (X),..., ¥, (X) — muHeliHO He3aBUCHMBIE PELICHHS OIHOPOIHOTO

ypasrenns L[y]=0, a ¢ynxums Y (X) HexoTopoe wactHoe pemenme ypauenms L[y] = f(x).

Torma obiee perienne ypaBHeHus (27.3) umeer BUJ
y(¥) =Cry;(x) +C, ¥, (X) +...+C,y, (X) + ¥ (X).

Dta TeopeMa JOKa3bIBAETCS AaHAJIOTUYHO TEOPEMBI O CTPYKTYpPE OOIIETO pelieHHs
OJTHOPOIHOTO MU (PepeHIINaTEHOTO YpaBHEHUS N-TO MOPSIKA.

I[J'ISI HaxXOXJACHUS YaCTHOTO PCIICHHA HCOAHOPOIAHOTO JIMHEMHOT O YpaBHECHHS N-TO
nopsika UCIOJb3YHOT MCTOA BapHUallu IPOU3BOJIBHOI'O ITOCTOSIHHOTO.

Ilycts naHo ypaBHEHUE

vy +a, )y +a,(x)y"? +...+a,(X)y = f(X). (32.1)

Iycts  Y,(X),Y,(X),...,¥,(X) — IHHEHHO HE3aBHCHMBIE pPEIICHHUS OJHOPOIHOTO
ypaBHEHUsI

y® +a, ()Y +a,(x)y"? +...+a,(x)y=0. (27.3)

Torma dbyHkIUs



y(¥) =Cy, +Coy, +...+Cpy,

— obmiee penienue ypaBaenus (27.3)

Pemenue ypaBuenus (32.1) Oyaem uckath B BUJIE

Y(¥) = C, (0¥, +C, ()Y, +...+C, ()Y, = D Ci (XY,

i=1

Torma
V(0= 3 Y, + 3 C MY,

[ToTpebyeM, 4TOOBI

Zci'(x)yi = O y
i=1
Torna
y'(x) =2 Gy
i-1
Hanee
y'(x) =2 Cl)Y +2.Cx)Y .
i1 i1
ITorpeGyeM, uTOOBI
Zci’(x) yi =0,
i-1
Tora

V00 =Y CO0V!

n
ITposokas BHIYMCIIATE IPOU3BOIHBIE QyHKIUH Y(X) = ZCi (x)y; mo mopsiaka n—1
i=1

n
BKJIIOUHUTENBHO, U TPeOys KaKJblil pa3 oOpalieHus B HyJIb CyMMBI ZC{(X) y®

i=1
> Ci)y® =0 (k=0,1,2,...,n-2),
i=1

MIOJIyYUM



Y00 = 3,09,
V()= > C(Y..

V(0= > C(y",

y"(x) = Z C(0y "7,
i1

y©P () =2 Cl)y"P +3 Ci(x)y™.
i=1 i=1
Moxcrapmss 3uaderus Y(X), y'(X),..., Y2 (x), Y™ (X) B ypasuenne (32.1), momyumm:

3 G0y, + € 0%, + 2,03 C 0y, ¢+ 2, 003.C, 00y, = F(0

>0y = ().

Taxum o6pazom, st onpeaesienus pyukuuit C1(X), C2(X),..., Ca(X), MONydnIn CUCTEMY

Zn‘,ci,(x)yi =0,
>Ci0Y! =0,

> Ci00y " = 1 ().

T.x. onpenenuTens MOJIy4EeHHOW CHCTEMBI SBISIETCS OmNpenenuTeneM BpoHckoro mis n
JMHENHO HE3aBHCUMBIX PEIICHWHA OJHOPOJHOIO JMHEHHOTO YpaBHEHHsS N — ro MHOpsAIKa, TO

cucrema paspermnma oraocutenbHo C(X),C, (X),...,C/ (X). Uurerpupys mony4eHHbIe 3HAYCHHUS

IMPONU3BOJHBIX, HAXOJAUM:

C,(X) =@, (X) +Cy,
C,(X) =9, (x)+C,,

C,(¥) =0,(x)+C,,

HJIN 1TIOCJIC ITOACTAaHOBKHU



y(x) = i(oi )y; (¥) +iciyi (X)=y + Yo -

Ilpumep 32.1. Petiim ypaBHEHUE
y"+ Yy =CO0SX.

JImHeitHO He3aBUCUMBIE pE€mICHUA COOTBETCTBYIOIIETO OAHOPOAHOI'O YPAaBHCHHA UMCIOT

BUJI:
y;(X) =cosX, y,(X) =sinx.
Pemienue HCOAHOPOAHOI'O YpAaBHCHUS UIIIEM B BUJIC
y(x) =C,(x)cosx+C,(x)sinx.
Torna
y'(x) =C, cosx+C; sinx—C, sin x+C, cosx.
TpebyeM, 4ToObI
C/cosx+C,sinx=0.
Torna
y'(x) =—C,sinx+C, cosx.
CrnenoBaTenbHO
y"(x) =—C;sin x+C, cosx—C, cosx—C, sin x.
HO,ZLCTaBJ'IHH B YpaBHCHUH, IMOJTYyIUM
—C,sinx+C, cosx—C, cosx—C, sin x+C, cosx+C, sin X = COSX,
Ui

—C/sinx+C, COSX = COSX.
Takum o0pazom, otHOcuTenbHO C1(X) 1 C2(X) UMeeM CUCTEMY:

C/cosx+C,sinx =0,
—C/sin x+C, COSX = COSX.

W3 cuctemsl noJjyryqyacm

C} =cos’ X,
C, =—sin xcosx,

WUJIM UHTETPUPYS IIOJTyYEHHbIEC YPABHEHUS



cos? X

C,(x)=C, + :C1+ic032x+i,

C,(x) =C2+;x+sm ZX.

Taxum o6pa30M, PEIICHUE 3aJTaHHOTI'O YPAaBHCHUSA UMECT BU:

. 1 1 1 . 1. :
y =C,cosx+C,sin x+Zcosx+Zcoszxcosx+§xsm x+Zsm 2xsin X.

33. JluneiiHble HEOJHOPOJHbIE YPAaBHEHHMSl N — I0 MOPSAKA C
NOCTOSTHHBIMHU KO3 PUIHEHTAMH.

PaccmoTpuMm nuHEIHBIE HEOJMHOPOIHBIC YPAaBHEHHSI N — TO MOPSIKA C MOCTOSHHBIMU
KO3 UITMEHTAMH

y® +ay™ 4. ray=f(x). (32.1)
Ilpumep 33.1. Peuium ypaBHEeHUE
y"—y' =X.
Nmeem
Yoous = Yoou T Yuacm -

PemmM cooTBeTCTBYIOIIEE OTHOPOTHOE YPAaBHEHNE
y"-y'=0.
XapakTepuCcTUUECKOe YpaBHEHHE 3aJJaHHOTO YPaBHEHUS UMEET BUJ
k®-k=0,
KOPHHU KOTOPOT'O COOTBETCTBEHHO PABHBI
k, =-1Lk, =0k, =1.
CrnenoBarenbHO, QYHKIHS
Yoo =Ci€7" +C, +C,e*
SBIISIETCS PEUICHUEM OHOPOAHOTO YpaBHEHHUS.

Pemenue HeoTHOPOTHOTO YpaBHEHUS OylieM HCKATh B BUJIE

y=Ci(x)e™" +C, () +Cs(x)e".



Torna
y'=Cle*+C,+Cie*-Ce " +C.e".
[ToTpebyeM, 4TOOBI
Cle*+C,+Cle*=0

Tornma

y'=-Ce ™ +Cge*.
CnenoBaTeabHO

y'=-Cle " +Cie* +Ce* +C,e”

[TotpebyeM, 4TOOBI

—Cle"+Cie* =0.
Tornma

y"'=Ce ™ +C.e”

Hanee
m

y"=Cle " +Ce"-Ce " +Ce* =x+Y'

Takum o6pa3zom, otHocuTenbHO C1(X) 1 C2(X) u C3(X) MMeeM cuctemy:

C, Ly
Cle™+C,+Cle* =0 2
1
-Ce"+Ce"=0 = Cl’zzxeX
Cle™ +Cie* =X C’ = _x
! =

NHTerpupys nosrydeHHble ypaBHEHUS, TOIYIUM
1 1
C(xX)==xe"-=e*+C,,
LX) = 5 xe" e+,

X2

C,(x) = _?"‘Cz’

C,(x)= —;xeX + ;ex +C..

[Moncrapnss nonydennbie 3HaueHust GyHKud Ci(X) u C2(X) u C3(X) B BBIpaOXCHHUU IS
dynxumm y(X)
y=C,(x)e”" +C,(x) +C;5(x)e’

MIOJIyYUM



2
y:(lxex—leX+Clje‘X+ —X—+C2 +[—1xe‘X+C3+1e‘XjeX:
2 2 2 2 2

2 2
=;X—$+C18_X—X2+C2—;X+C3ex+;=Cle_x +C2+C3eX—X2.

Takum 06pa3om, MOTyINIIH:
—X X
Y., =Ce” +C, +C.e”,

XZ

Yoae = 5
[Ipu pemieHUN IMHEMHBIX OJHOPOJHBIX YpPaBHEHUU C MOCTOSHHBIMU Kod(hdulreHTaMu
BO MHOTHX CiIydasx 0e3 Tpyla yaaeTcsl mofoO0paTh YacTHBIE PEIICHHUS U TEM CaMbIM CBECTH
3a/1a4y K PELIEHUI0 COOTBETCTBYIOIIMUX OJTHOPO/IHBIX YPAaBHEHUH.
1. PaccmoTpuMm ypaBHEHHE

y® +ay® Py +ay=P,(x), (33.1)
rae P, (X) - MHOTOUJIEH cTEmEHU M, T.€.

P.(X)=AX"+AX" +..+A.
3ameuanue. P,(x) =e"*- P, (x)
Iycts K = 0 siBNsieTCS KOpHEM XapaKTepUCTUUYECKOTO ypaBHEHHMs KpaTHocTu o. Torma

cymectByer muorowien Q. (X), takoi, uro pyHKIMsA

yvac = Xan (X) 1
SBJISICTCSL YACTHBIM pereHneM ypasaenust (33.1), rue Q, (X) — MHOrOUWIEH cremenu m.

Ilpumep 33.2. Peium ypaBHEHUE

m ’

=X.

y -y

Nmeem
yoﬁm = y()()n + yuacm .

Pemmm cooTBeTcTBYIOIIEE OJHOPOIHOE YpaBHEHHE

m 14
y" -y =0.
XapaKTepI/ICTI/I‘leCKOC YpaBHCHHE 3aIaHHOI'O0 YPABHCHUS UMECT BUJL
k®—k =0,

KOPHH KOTOPOTO COOTBETCTBEHHO PAaBHBI
k, =-1Lk, =0,k; =1.
CrnenoBarenbHO, QYHKIHS
Yoo =Ci€7" +C, +C,e"
SIBJISIETCS PELICHUEM OJJTHOPOIHOTO YPaBHEHUSI.
YacTHoe pelieHre 331aHHOT0 YpaBHEHUs OyeM MCKaTh B BUJIC
V... = X(@x+b) =ax® +bx.

Torna

14
wac

y! =2ax+b,y

uac

=2any’ =0.

qac
Iloxcrasnss B ypaBHEHUE, MOIYYUM
0—(2ax+b) =x.

[TpupaBHMBasg KO3PPHUIUEHTH! PU OAMHAKOBBIX CTEICHSX, TOTyYHM:



—-2a=1,
b=0,

WIId a:—l,bzo.
2

CrnenoBatenbHO, YaCTHOE PELLIEHUE

1>
=-=x°,
yqac 2

CrnenoBarenbHO, 001Iee pelIeHre 331aHHOTO YPaBHEHUS €CTh (DYHKIIHS

y=Ce*+C, +C,e* —%xz.

2. PaccmoTpuMm ypaBHEeHUE

y® +ay"P . +ay=e™P (x), (33.2)

rae P, (X) - mHOrounen cremnenu m.

[Tycts K = p KOpeHb XapaKTePUCTUICCKOTO YPABHCHHSI KPATHOCTH 0. TOr/ia CymecTByeT
muorowren Q. (X), rakoi, uTo QyHKIUS

Yue = X“€"Qp (%),

SIBISIETCS YaCTHBIM penieHneM ypasuenus (33.2), rae Q. (X) - MHOrowIeH CereneHn m.

Ilpumep 33.3. Peuium ypaBHeHUE

y" -y =xe*.
Nmeem

yoﬁm = ym)H + yuacm .

Pemmm cooTBeTcTBYIOIIEE OAHOPOJHOE YPAaBHEHNE

n ’
y"—y"'=0.
XapaKTepI/ICTI/I‘leCKOC ypaBHeHI/Ie 3a4aHHOI'O ypaBHeHI/ISI HNMECT BU
k®—-k=0,

KOPHH KOTOPOTO COOTBETCTBEHHO PABHBI
k, =-1Lk, =0,k; =1.
CrnenoBarenbHO, QYHKIHS
Yoou =Ci8"+C, +Coe”
SIBJISIETCS PELIGHUEM OJJTHOPOIHOTO YPaBHEHHSI.
YacTHoe pelieHre 331aHHOT0 YpaBHEHUs OyeM MCKaTh B BUJIC
V... = Xe*(ax+b) = (ax’ +bx)e*.
Torna
y! . = (ax® +2ax +bx +b)e”,

yr. = (ax® +4ax+bx+2a+ 2b)e*,

uac

y" = (ax’ +6ax+bx+6a+3b)e”.
[Toacrasnsist B ypaBHEHUE, TIOTYIUM
y" —y' = (4ax+6a+2b)e* = xe*
501050
dax+6a+2b=x.



[IpupaBHuBast K03HPUIHEHTHI TPU OJMHAKOBBIX CTEIICHSX, MTOTYYHM:
4a =1,
{Ga +2b =0.
Pemas nony4deHHyIo cuctemMy ABYX JIMHEHHBIX ypPaBHEHUH C IBYMsI IEPEMEHHBIMU,

[IOJIy4YUM a—l b——E
7 PR

CJ'IG,I[OB&TGJ'IBHO, YaCTHOC pCUHICHUEC

y —(lxz —ExjeX
uyac 4 4 )

CrenoBarenbHO, 001Iee pelIeHre 331aHHOTO YPaBHEHUS €CTh (DYHKIIHS
_ 1 3
y=Ce*+C,+Ce* +| = x*-Sx e~
4 4
3. PaccmoTpum ypaBHEeHHE

y® +ay™ 4. +ay=e”(P,(x)cosgx +Q(x)singx),
(33.3)
rae P, (X) - muorounen crenenn m, Q, (X) muorounen cremnenu |.
ITycth P +iQ — KOpeHb XapaKTEPUCTUUECKOIO YPABHEHUS KpaTHOCTH o. Toraa yacTHoe
pelieHre ypaBHeHus (4) MOXKHO UCKaTh B BUJE
y,.. = Xx“@™(P,(x)cos gqx+Q, (x)sin gx),
rie s = max{m, |}
Ilpumep 33.4. Pemium ypaBHEHUE
y"+4y'+4y =cos2X.
HNmeem
Yoous = Yoon T Yuacm -
PemmM coOTBETCTBYIOIIEE OHOPOIHOE YPAaBHEHHE
y'+4y'+4y =0
XapakTepruCTHYECKOE YPABHEHHE 3aJaHHOIO YPABHEHHS MMEET BU]I
k?+4k+4=0,,

KOPHH KOTOPOI'0 COOTBETCTBECHHO PaBHBI

CrnenoBarenbHO, QYHKIHS
Yoo = (Cy +C,x)e™".
ABJIACTCA pCHICHUCM OJHOPOAHOI'O YPAaBHCHUS.
Nmeem
cos2x =e% -1-cos2, .
HOBTOMy JaCTHOC PCUICHUC 3aJaHHOT'0 YPABHCHUA 6y,HCM HUCKaThb B BU/JIC
Yo = ACOS2X+ Bsin2x.
Torna
Y. . =—2Asin 2x + 2B cos2x,
y! =-4Acos2x —4Bsin 2x.

wac



[TonacraBnsist B ypaBHEHUE, TOTYYUM
—8Asin 2x +8Bc0os2x = cos2x .

Hcnonp3ys TMHENRHYIO HE3aBUCUMOCTh QyHKIMI SIN2X 1 COS2X , HOJIy4uM CHCTEMY
-8A=0,
8B =1.
Pemras nony4yeHHyro cCucTeMy JIBYX JIMHEMHBIX YPABHEHUH C IByMs IEPEMEHHBIMU,
1
noyunm A=0,B = g
CrnenoBaTenbHO, YaCTHOE pELICHUE
1.
Youe = =SIN2X..
8

CJ'IG,I[OBaTeJ'IBHO, 061]_[66 pCeHICHUC 3aIaHHOT'O YPABHCHHS €CTh (I)YHKI_[I/ISI

y =(C, +C,x)e” +%sin 2X.

Cucrembl 1 pepeHInAIBHBIX YPABHEHHI.

34. Cucrembl aupdepenuuagbabix ypaBHenunil. OOmme mnonstusa. Teopema
CyLIECTBOBAHUSA M €[IMHCTBEHHOCTH.

Onpeoenenue. Cuctemoil muddepeHnaIbHbpIX YpaBHEHUH OyJeM Ha3bIBaTh CHCTEMY

BUJIA:
Yi=f.06G Yo Va)
Yo=Y, Y500 Y0) (34.1)
Yo = fn(X1 Yir Yoo yn)
rne
Y1 = Y105 Yo = ¥ (%),
ot
dx dx
Teopema (cywecmeoganus u eOuHCmEEeHHOCMU Peuienus).
ITycth nana cucrema auddepeHnmanbabx ypasHenuit (34.1) x €[a,b].
Iycte ¢yuxkiun  f, f,,..., . — HenmpepbiBHBIE (QYHKIMH B OKPECTHOCTH TOYKH

(Xo1 Y100 Ya01eees ynO)’ e X, €[a,b].

—Li,j=12,...,n  HempepelBHBI B  OKPECTHOCTH TOYKH
j
(X07 Yior Yoo s ynO)’ rae X, €[a,b].

Torma VY5, Yags-- s Yno CYLIECTBYET PELIEHHE CUCTEMBI

y(¥) = (¥200, ¥, (X);., ¥, (X))

Ilycte  dyHKINM

Takoe, 4YTO

Y1(Xo) =Y Y2 (Xo) =Yo01-- Yn (Xo) = Yno-



35. Cucrembl JauHeliHbIX Ju(pdepeHnUAIBHBIX  ypaBHenuil. Teopema
CYLIECTBOBAHUSA M €[IMHCTBEHHOCTH.
Paccmorpum cucremy
Yi=2a, ()Y, +a,(X)y, +...+a, ()Y, + f,(x)
Y2 =3, (X)Y; +ay, (X)Y, +...+a,, ()Y, + f,(x) (35.1)

Yn = anl(x)yl +a‘n2 (X)yz +"'+a‘nn (X)yn + fn(x)

Ilycts
a(x) a,(x) ... a,(x)
A= ay(X) a,p(x) ... a,(x)
anl(x) aHZ(X) e ann (X)
y: (%) f,(x)
A A
Ya(X) f. (%)
Toraa cuctemy (35.1) MoXxHO 3anucath B BUJE:
Y=AY +F.
Ilycts
L[Y]=Y - AY,
torna cucrema (35.1) umeer Bua
L[Y]=F.

Teopema (cywjecmeogéanuna u eOUHCHIEBEHHOCMU DPEUWCHUA JUHEHHOU CUCeMbl
ougepenyuanvrvix ypasnenui).
Ilycth nana cucrema JIMHEHHBIX AU depeHInanbHbIX ypaBHeHui (35.1).

Hyets f;(X), (X) — HenpepwIBHBIE QYHKIMHI B OKPECTHOCTH TOUKH X, , Tae X, €[a,b].
Toraa YY,g, Yao:---» Yo € R" CyIIECTBYET pereHue

y(x) = (y1(%), Y2 (X),..., ¥, (X))
cuctemsl (35.1) Takoe, 9TO
yl(XO) = Y10 yz(xo) =Ya0r--1 Yn (Xo) = Yno-
Ilpumep 35.1. PaccMoTpuM cucteMy
Yi=-Y,
Y=Y
Nmeem
Vi==Y, =V ==Y, =-Y-
W
y1+Yy, =0.
Oo1iiee perieHne MOJTYyYeHHOTO YpaBHEHUSI UMEET BH/T
y, =C, cosx+C,sin x.



CieqoBaTeIbHO
y, ==y, =C,sinx—C, cosX.
Takum O6p330M, pEIICHUC BaﬂaHHOﬁ CHUCTEMBbI UMECT BU/
y, =C,cosx+C,sinx,
y, =C,sinx—C, cos x.

36. CBoiicTBa cucTeMbl JUHENHBIX TH( epeHnaIbHBIX YPABHEHUI.
1.L[CY]=CL[Y].
2.L[Y; +Y,]=L[Y,]+L[Y,], T.e. L — nuneiinslii oneparop.

3. I—[Zm:CiYi] = Zmlci LLY:].
4. LU +iV] = L[U]+iL[V].

OTH CBOICTBA ABJISAIOTCA CIEACTBUAMU COOTBETCTBYIOLIUX CBOWCTB MPOU3BOIHOM.
Teopema 1. Ilycte L[Y]=0. Torma L[CY]=0.

Hokazamenvscmeo. L[CY]=CL[Y]=C-0=0,rme 0=
0

Teopema 2. Tlycts L[Y,]=0,L[Y,]=0.Torma L[Y,+Y,]=0.
Hoxazamenvcmeo. L[Y, +Y,]=L[Y;]+L[Y,]=0+0=0.

Teopema 3. Tlycts L[Y,]=0, rue i =1,2...m. Torma L[ZCiYi] =0.

i=1

Hokazamenscmeo. L[Z CY.l= ZCi L[Y, 1= ZCi -0=0.
i1 i1 =

Teopema 4. llycts L[U +iV]=0.Toraa L[U]=0,L[V]=0.
Hokazamenvcmeo. L[U +iV]=L[U]+iL[V]=0= L[U]=0AL[V]=0.

37. JInneiliHasi 3aBUCHMOCTb U HE3aBHCHMOCTb cHCTeMbl GpyHkumuid. Onpegeauresnb

Bponckoro.
Onpeoenenue. I1yctb nanel GyHKIUN
Vi (X) Y1z (X) Yin (X)
Y2 (X) Y22 (X) Yan (X)
Y, ()= LY,0 = LY ()= T
ynl(x) yn2 (X) ynn (X)

Cxaxewm, uro ¢pyuakiua Y, (X),Y,(X),...,Y, (X) nuHeitno 3aBucumbI Ha oTpeske [a,b], eciu

cymectBytoT nocrosiuabie C;,C,,...,C, He Bce paBHBIC HYIIIO TAKUE, YTO

CY,(X)+CY,(X)+...+C,Y,(x)=0,vx €[a,b]. (37.1)



T.€. QYHKINU JTUHEHHO 3aBUCHMBI, €CIM CYIIECTBYET HEHYJIeBas JIMHEWHAs KOMOUHALINS
3TUX (PYHKIUI TOKAECTBEHHO paBHAs HYIIIO.

Crkaxewm, uro ¢yakuun Y;(X),Y,(X),...,Y,(X) NHMHEHHO HE3aBHCHMBI, €CIIH PaBEHCTBO
(37.1) Bemmonusiercst roapko ipu C; =C, =...=C, =0.

PaBencTBo (37.1) MOKHO TIepenucaTh B BUJIE.
Clyll(x) + Cz Y12 X)+...+ Cn Yin (x)=0
CiYun(X)+C,oYpn(X)+...+C Y, (X) =0

Clynl(x) + CZ yn2 (X) +..F Cn ynn (X) = 0
Onpeoenenue. ycts naust pynxunn Y, (X),Y,(X),...,Y,(X) . Onpenenurenem Bporckoro

OyJeM Ha3bIBaTh ONPEICIUTD

yll y12 ce yln
W (X) — y21 y22 ce y2n
ynl yn2 te ynn

Teopema 1. Ecnu dyuxuun Y (X),Y,(X),...,Y,(X) nuneiino 3aBucumsl Ha otpeske [a,b]

TO UX OMpeAeanTeIh BPOHCKOT0O TOX/ISCTBEHHO PaBeH HYIIO Ha [a,b].

Hokaszamenvcmeo. T.x. QyHKUMH JIMHEWHO 3aBUCHMBI, TO XOTS Obl OJMH M3 HUX €CTh
JTuHEeWHas KoMOMHAIMs ocTalbHBIX. B omnpenenutene BpoHCKOro cOOTBETCTBYIOMIMK CTOJIOCIT
€CTb JIMHEHHasi KOMOMHAIUS OCTalbHBIX. CIIe10BaTeIbHO, OTPEICINTENh PABEH HYJIIO.

Teopema doxazana.

3ameuanue. Ilycte L[Y] = 0 — omHOpomHAs cucTeMa JTHHEHHBIX AU PepeHIHATBHBIX
ypaBHenuit. Torma ¢ynkmus Y(x) = 0 sBiseTcss peUIEHHEM JTOW CHCTEMBI C HYJIEBBIMU
HavyaJIbHBIMH yCIIOBHSIMU.

Teopema 2. Tlycts dyuxuun Y (X),Y,(X),...,Y,(X) sSBIsIOTCS pelueHUSMH OIHOPOIHOM
CHCTEeMbI THHEHHbIX AuddepenmansHbix ypasuenuii L[Y] =0, x e[a,b].

[ycte X, €[a,b]:W(X,) =0.Torna  dyuxmun  Y,(X),Y,(X),...,Y,(X)  nuneiino
3aBUCHMBI Ha OTpe3ke [a,b].

Hokazamenvcmeo. ImeeMm

yll(xo) ylZ(XO) yln(xo)

Yar(Xo) Va2 (Xo) oo Vau(Xo)) _

W(x,)=0= 0

ynl (XO) yn2 (XO) ce ynn (XO)
PaccmoTpuM cucteMy JIMHEWHBIX YPaBHEHUU

Clyll(xo) +C2y12 (Xo) +"'+Cn Yin (Xo) =0

ClyZI(XO)+C2y22(xo)+"'+Cny2n(X0):0 (37.2)

Clynl(xo)+C2yn2(xo)+"'+cnynn(xo) = 0



T.k. ompesenuTenb TOH CUCTEMBI PABEH HYJIIO, TO Y CHCTEMBI €CTh HEHYJIEBOE PELIEHHE,
t.e. cymectByior C;,C,,...,C, He Bce paBHbIC HyJIO, ymoBierBopstomme cucreme (37.1).
PaccMoTpuM (pyHKIIHIO

Y(X)=CY,(X)+C,Y,(X)+...+C.Y, (X).

C opmHoil ctopoHbl GyHKIHS Y (X) SBISETCS PEHICHHEM CHUCTEMbl JHHCHHBIX
OJIHOPOJIHBIX YPaBHEHHH, a ¢ JApyroi ctoponsl Tak kKak Y (X,) =0, 1o Y (x) =0 na orpeske [a,b].

CnenoBaTeibHO

CY,(X)+CY,(X)+...+C,Y,(x)=0,vx €[a,b].

T.e. byukuu Y,(X),Y,(X),...,Y, (X) muneiino 3aBUCHMBI.

Teopema ooxa3zana.

Cneocmeue. Eciun oynxunn Y, (X),Y,(X),...,Y,(X) JnHelHO He3aBUCHMbIEC peEIICHHS

OJHOPOJIHON CHUCTEMBl JIMHEWHBIX Ju(depeHIManbHbIX YpaBHEHUH, TO HX ONPEISIUTENb
BpoHckoro omiindeH ot Hyns VX €[a,b].

38. Teopema 0 cTpyKType 00111€r0 pelieHnsi OAHOPOIHOI CHCTEeMbI JIMHEHHbIX
Au(ppepeHuInaTbHbIX YPABHECHUI.
[Tycth nana ogHOpOHAS cCHCTEMa JIMHEWHBIX quddepeHInaTIbHbIX YPaBHEHHMA

Vi =auy(X)y; +a, (X)y, +...+a,(X)Yy,

Yo =8, ()Y +a,(X)Y, +...+3,,(X)Y, (38.1)

Yn = anl(x)yl + anz(x)yz +...t a'nn (X)yn

Ilycts
a,(x) ap () ... a,(x) ALY
A= aZl(X) aZZ(X) a2n(x) " Y — yZ(X)
anl(x) anZ(X) ann(x) yn (X)
Ilycts
L[Y]=Y - AY,

torna cucrema (38.1) umeer Bua
L[Y]=0.
Teopema. Ilycth naHa oIHOpOAHAas cucTeMa NuHEHHBIX ypaBHeHHH (38.1). Ilycth
bynxmun a;(x) ,i, j =12,...,n — HenpepbiBHbIE QYHKIMK Ha oTpeske [a,b] .Ilycts hynkimmu

Y11 (X) Y12 (X) Y1n (X)
Y,(x) = Yar(X) Y, (x) = Y22 (X) Y0 = Yon (X)
yn1 (X) yn2 (X) ynn (X)

JIMHEWHO HE3aBHCHUMBI W sBISIIOTCS pemeHusimu  cuctemsl (38.1). Torma VX, €[a,b] =

YWior Yaor- -1 Yno cymectBytoT Cyo,Cy,...,C, Takue, uT0 QyHKIUS



Y(x)= CoY; (X) + CyY, () +...+ CroYn (X)

OyZIeT yAOBIETBOPAThH YCIOBUIO:

Y(X) =Y,
rae
Y10
v, -| ¥
ynO

T.e. obmiee permenue cuctemsr (38.1) umeet BUA:
Y(X)=CY,(X)+CY,(X)+...+C.Y,(X)
Jloxazamenvcmeo. B CUILY JIMHEUHOCTH CHUCTEMBI (38.1) byHKIISA

Y(X)=CY,(X)+C,Y,(X)+...+C.Y,(X) sBusiercst pemenuem cucrembr (38.1). Bpimonsenune

yenosust Y (X,) =Y, o3Hauaer, uTo cucTema

C1Y11(X0) + Cz ylZ(XO) +..F Cn Yin (Xo) =Y
C1Y21(Xo) +C,Y5 (Xo) +...+C. Yy (Xo) =Y (38.1)
C1Yn1(xo) +CzYnz (Xo) +"'+Cnynn (Xo) =Yno

UMeeT eIUHCTBeHHoe pemienue. Omnpeaenurens cuctemsl (38.1) sBisieTcss ompeaenuTenemM

BpoHckoro i JMHEMHO HE3aBUCUMBIX PEIIEHUNH OJHOPOJHOM CHCTEMBI JIMHEHMHBIX
muddepeHIMaNbHBIX ypaBHeHHM. CrnenoBaTenbHO, OH oTiindeH OT Hyhs. Cucrtema (38.1)

COBMeCTHMA U MMeeT equHcTBeHHOoe penrenue. T.e. cymectBytoT Cj,,Cyy,...,C,, TOCTOSHHBIC,
Takue, 4To, PyHKIHS
Y (X) = CpY; (X) + CppY, (X) +...+ Co oY, (X)
YOBIETBOPSET YCIOBHIO
Y(X,)=Y,.
Teopema ooxa3zana.
Onpeoenenue. Oyuxunn Y,(X),Y,(X),...,Y,(X) OymeMm HasbiBath (yHIAMEHTAIbHON

CUCTEMOH PELICHUMN.
Ilpumep 38.1. Pemium cucremy

yl =Y,
yz ==Y

A =£ 0 1J,Y1(x) _ (sin Xj’Yz(X) _ [— (_:os x}
-1 0 COS X sin x

CrnenoBatenbHO, 00IIee pelieHue UMEeT BU/I:

(ylj (sin xj (—cosx}
=C, +C,| .
Y, COS X sin x

Nmeem

nJIn



y,(x) =C,sin x—-C, cosx
¥,(X)=C,cosx+C,sinx

3ameuanue.

{Yl:yz =¥%h=Y=-Y=>%+%=0=

Yo=—%

k?+1=0,k = +i

y, =C, cosx+C,sin x

y, =C,sin x—C, cosx

39. HeogHopoaHblie cucTeMbl JHHENHBIX 1M (¢ epeHuaIbHbIX YPABHEHUI.
[TycTh maHa HEOAHOPOIHAS CHCTEMA JIMHCWHBIX TU((EPCHIIMATBHBIX YPABHCHHM.
L[Y]=F,
Vi =a, (XY, +a,(X)Y, +...+a, (X)y, + f(X)
o Yo =8, (X)Y: +85 (XY, ... 485, ()Y, + ,(X)

T = 8 00Ys + 3,2 (0, +.00+ 2, 00V, + 1,0
(35.1)

Teopema 1. Tycts nana L[Y]=F.Ilycrs L[Y,, ]=0,L[Y ]=F.

Torpa L[Y,,, +Y ]=F.

Jlokazamenvscmeo. L[Y,, +Y']= LLY,,, 1+ LY ]=0+F=F.

Teopema dokaszana.

Teopema 2 (0o cmpykmype oduiezo peuwienus HeOOHOPOOHOU CUCHEMbl JTUHEHUHBIX
ypaenenuii).

[TycTh maHa HEOAHOPOHAS CHCTEMa JHHEHHBIX U depeHnnanbHbiXx ypaBuerui (35.1).
[Tycts GyHKIINN {aij (X)}:jzl, f,(x) € C[a,b].

ITycth
Y1 (X) Y12 (X) Yin (X)
Yl(X) _ yZl(X) !Y2 (X) _ Y2 (X) 1--~,Yn (X) _ Yon (X)
Yo (X) Yn2 (X) Yo (X)

00pa3yloT (QyHIaMEHTAJbHYI0 CHCTEMY pEIICHUH OJHOPOJHOW CHUCTEMBbl JIMHEWHBIX
muddepeHManbHbIX ypaBHeHud L[Y]=0.

Y, (%)

. “(x .
Iycte dynkmus Y (X) = Y2 _() SBIISIETCS.  PEIICHUEM HEOJHOPOJHON CHUCTEMBI

Yo (¥)
nuHeiiabIx puddepenupansabx ypasrernit L[Y '] = F . Toraa o6iee peleHne HeoXHOPOIHOM

CHCTEMBI JIMHEHHBIX JU(PepeHIINaTbHBIX YPABHEHUN HMEET BHI:
Y(X)=CY,(X)+C,Y,(X)+...+C.Y (X)) +Y (X) .



Hokazamenvscmeo. 1. L[Y]=F.
2. VX, €[a,b] 1 VY5, Yop,--os Yoo CymectBytor Ciy,Coy, ..., C,y TOCTOSHHBIEC, TAKHE, YTO
byHKIUS
Y (X) = CpY, (X) + CoY, (X) +...+ Cp Y, (X) +Y 7 (X)
OyJeT YIOBIETBOPATH YCIOBHIO:
Y10
Y (%) =Y,,Y, = yf° .

Yo
JleicTBUTENIBHO,
LIY]=L[CY +C.Y, +...+C.Y, +Y ]1=C.L[Y,]+ C,L[Y,] +...+ C,L[Y,]+ L[Y]
=0+0+...+40+F =F.
Y(X,) =Yy = CY, (%) +C,Y, (X)) +...+C.Y (X)) +Y (X)) =Y, =
Ci¥i (%) +C, Y1, (%) +...+ C Ly, (%) + yl*(XO) =Y
C1Ya1(Xo) + C5 Y0 (Xo) +---+Co¥on (X6) + Y5 (%) = Yo (39.1)

Ci¥m(Xo) +Co¥na (Xo) +... +C Yo (%) + yn*(XO) = Yno

T.k. onpenenuTeNb CUCTEMBI €CTh ONPENeIUTeIh BPOHCKOTO sl IMHEHHO HE3aBUCUMBIX
pelieHnuit OAHOPOJHON CHUCTEMBI JIMHEWHBIX MU depeHINaNbHbIX YPaBHEHHM, TO OH OTIUYEH OT
Hyns. CnenoBarenbHo, cuctema (39.1) coBMecTuMa UM UMEET €AMHCTBEHHOE pelIeHHe. ITO
3HAUYUT, 4TO (PyHKUIUA

Y (X) = CpY, (X) + CoY, (X) +...+ Cp Y, (X) +Y 7 (X)
ynosyersopsier yenosuio Y (X,) =Y.

Teopema ooxazana.
Teopema 3. Ilyctb

L[y]:iFi’L[Yi]: Fi'

Torma

L[le Y]= 21: F .

Teopema 4. Ilyctb

L[U +iV]=U +iV .
Tornma

L[U]=U,LNV]=V.
Memoo sapuayuu npou3onbHo20 NOCMOANNO20.
[Tycts nana cucrema L[Y]=F. Iycts Y,(X),Y,(X),...,Y,(X) dynnamenTansuas cucrema

pelIeHunii 0THOPOIHOM cucTeMbl T dhepeHInaIbHbIX YpaBHeHHH L[Y]=0.

Pemienue HeotHOPOTHON cHCTEMBI Oy/IeM HCKaTh B BUJIE:

Y00 = XC. 0%,



IMoacrasiisis B cUCTEMY, OyIEM UMETH:
LIY) = L3, €, (9 (1= 36, (LD, IOV, 00} = F 9 = Y./, 00 = Fi

[Monyuum cucremy mst onpenenenus C,(X),C,(X),...,C,(X).

Ilpumep 39.1. Peuium cucremy
Yi=Y,

OI[HOpO,I[HaH CUCTEMA UMECT PCUICHUC
Yy, (X) =C,sin x—C, cosx
y,(X) =C,cosx+C,sinx’
Pemrenue HeoqHOPOAHON CUCTEMBI OYIeM UCKATh B BUE
Yy, (X) =C,(x)sin x —C, (x) cos x
Y, (X) = C,(x)cosx+C,(x)sin x
IToncraBnss B cucreMy, NOJIy4UM
C, sinx+C,cosx —C, cosx + C, sin x = C, cosx + C, sin x

1 .
C cosx—C,sinx+C, smx+C cosx=—-C,sinx+C,Ccosx+——
COSX

HIJIN

C, sinx—C, cosx =0

. . 1 -
C, cosx+C, sinx=——

COS X
W3 nocnegHeit cCUCTEMBI HMEEM

C,
- sinX

C, =—=

~ CoSX
NI
C,(x)=x+C,

C,(x) =—Inlcosx/+C,’
CremoBarebHO, 00IIce PelICHHE 3aaHHOM CUCTEMBI HUMEET B/
y; (X) = (C, + x)sin x—(C, —In|cos x) cos x
¥, (X) = (C, +x)cosx+(C, — Incosx|)sin x

40. Cucrembl TuHeiHbIX TU((epeHINATBHBIX YPABHEHHI C NOCTOSIHHBIMH
K03 PpuumreHTamu.
Onpeoenenue. CucteMy JTUHEUHBIX YPABHEHUI



Y1 =a,Y, tagy, +...+ta, Y, + fl(X)
Vo =auY, +ayY, +...+3,Y, + f,(X)

, (35.1)
Yo =8uY+a,Y, +...+a,Y, + fn(x)
rae {aij }In 4> ~ HEKOTOpbIE  IOCTOAHHBIE, OyZneM Ha3bplBaTh CHCTEMOW  JIMHEHHBIX
TuQdepeHIraIbHbIX YPaBHEHUH C MOCTOSIHHBIMU K02 pHiineHTamu.
Ilycts
Y fy
_ n _ y2 _ f2
A=la . Y=|"7| F=|.
Yo fy
Torna cucremy (35.1) MOKHO TIepenucaTh B BUJIE
Y=AY +F.
Eciau F =0, o umeem Y = AY win
Yi=ayyita,y, +...+a,y,
y, =a, Yy, +a +...+a
Yo =Y tanYy, 2nYn . (38.1)

yn = anlyl +an2y2 +...t annYn
CornacHO TeopeMe O CTPYKType OOIIEero peuieHus JUHEWHOTO OJHOPOJHOTO
nuddepeHraibHOr0 ypaBHEHUs, 4TOOBI HAaWTH oOriee perieHue cucremsl (38.1) Hago HalTH

(bsz[aMeHTam,Hy}o CUCTEMY peHIGHHfI. I[J'IS[ OTOro pCUICHUC 6y,[[eM HCKaThb B BU/JIC:
kx

Y. =a.€
_ kx
Y2 = a8 (40.1)
kx
Yo =€

[ToncraBnss pemenus (40.1) B cuctemy (38.1), momydnm:
a ke = a,a,e" +a,a,e +...+a,a,e"

a,ke’ = aqa,” + a,a,,e" +.. +a a, e

a ke =a,a e +a,a,e"+...+a,a, e
[Tocne cokpaienus Ha QYHKIHIO € momydnm:
ak=aa,+a,a,+...+a,a,
a,k=aa, +a,a,, +...+a,a,,

ak=aa,+a,a,+...+a,a

n=nn

nin



a,(a, -k)+a,a,+...+a,a, =0
a,a, +a,(@,, —K)+...+a,a,, =0 (402)
a,a,+a,a,+...+a,(a,, —k)=0

Mpbl nOAy4YHIIM OAHOPOJHYIO JIMHEHHYIO cucTeMy. YToObl OHa HMena HEHYJEBOe
peleHue, ee onpeaeNuTeNb T0JKEH ObITh paBeH HYIIO.

all -k a12 aln
a a,—-k ... a
21 22 2n — O (40.3)
Ay a, ... a,-k

Vpasuenue (40.3) sBasieTcsi ypaBHEHHEM N — OM CTEIEHHW OTHOCHTENbHO K. YpaBHeHHe
(40.3) OymemM  Ha3bIBaTh  XapaKTEPUCTUYCCKUM  YPAaBHCHHEM  CHCTEMbI  JIMHEHHBIX
muddepeHIMaTbHBIX YPaBHEHHUH ¢ MOCTOSHHBIMU KO3 (QULIUEHTaAMH.

[Ipu pemenun ypaBHeHus (40.3) BO3MOXHBI TpU Ciaydast:

1. Bce KOpHU XapakTEpUCTUYECKOTO YpaBHEHHUS JCHCTBUTEIbHBI U  Pa3TUYHBI
K Kysooky e Rk =k i i, j=12,...,n.

2. Cpenu KOpHEH XapaKTEPUCTHICCKOTO YPaBHEHUS €CTh KOMITJICKCHBIC KOPHH.
3. Bce KOpHH XapaKTCPUCTUYCCKOI'O YPaBHCHUS HeﬁCTBHTeHBHBI, HO CpCIu HHUX CCTb
KpaTHEIE.
1. Bce KOpHH  XapaKTCPpUCTUUCCKOIO YypaBHCHUA ,Z[eflCTBPITCHBHBI H  Pa3/IMYHbI
KiKyooonky e Rk £k i # 0, j=12,...,n,

Torna, noacrasisis K, K,,...,K, B (40.2), Haxogum perenus

ayy Gy, oy,

(04 o [04

21 22 2
k, — N v O S
anl anZ ann

CrnenoBarenbHoO, QyHKIIH

ayy Oy, n

(04 [04

21 22 2

Y1 — ele,Yz — : ekzx’ :Yn — : n ek”X

anl an2 ann

00pa3yloT pyHAaMeHTalbHYI0 cucTeMy pemeHuid. Torna GyHkus

@, @ @,
a a [04
21 2 2
Y=C| Y +C| P +...+C | e
anl Ofnz ann

ecTh ob1ee pemieHue cucreMs (38.1).
Ilpumep 40.1. Pemium cuctemy
X=2X—-Yy+12
y=X+2y-12
I=X—-Yy+22



Nmeem:

2 -1 1
A=l1 2 -1
1 -1 2
XapaKkTepuCcTUIEeCKOe YpaBHEHHE UMEET BUJ
A—KE|=0
17001
2-k -1 1
1 2-k -1|=0.
1 -1 2-k
PackpbiBast onpeenuTens, moJrydum
(2—k)2_k -1 ‘Jr‘l -1 N
-1 2-k| 1 2-k| [
WIn
(2-Kk)(k* -4k +3) =0.
[TonydyeHHOE ypaBHEHHE UMEET KOPHU
k, =Lk, =2,k;, =3.
a) Iycts k, =1.
Torna us ypaBaenus (A—KE)a =0
1 -1 1Yo 0
1 1 -1|e,|=|0
1 -1 1 )\a, 0
uMeeM

o, —a,+a,;=0
o, +oa,—oa,=0
o, —a,+a,=0
HenyieBoe pelieHne mociiejHel CHCTEMbI IMeeT BUJL
a,=0,a,=La,=1.

Takum o6pazom

0
k,=1->]|1
1
b) Iycrs k,=2.
Torna us ypaBaenus (A—KE)a =0
0 -1 1) 0
1 0 -1)e,|=|0
1 -1 0 \ey 0

HNMECM



-a,+0,;=0
o, —a; =0
a,—a,=0

HemnyieBoe penieHue mociiejHel CHCTEMbI IMEeT BUJL
o, =la,=La,=1.

Takum o6pazom

k,=1—>]|1

C) Ilycts k, =3.
Torna us ypaBaenus (A—KE)a =0 numn

-1 -1 1Ya) (0
1 -1 -1)a, |=|0
1 -1 -1)|a,) (0

nMeeM
-y —a,+0,=0

o —oa,—o;=0
o, —oa,—o,=0
HenyneBoe penienue nociueqHeil CHCTEMbI IMEET BHT

o, =la,=0a,=1.

Takum o6pazom

1
k,=1—]0].
1
CHCI[OBaTeHBHO, 06]_]_[66 peaicHue 3a,Z[aHHOI\/’I CHUCTEMBbI UMECT BU
X 0 1 1
y|=C,|1l'+C,|1]e* +C,| 0e*
z 1 1 1

Ui
X =C,e* +C,e”
_ t 2t
y=Ce +C,e
z=Cpe' +C,e* +C.e”™

Ilpumep 40.2. Pemuum cucremy

X=3X-Yy+12
y=—-X+5y-z.
2=X-Yy+3z

Nmeewm:



3 -1 1

A=-1 5 -1].
1 -1 3
XapaKkTepuCcTUIEeCKOe YpaBHEHHE UMEET BUJ
A-KE|=0
WIn
3-k -1 1
-1 5-k -1|=0,
1 -1 3-k
PackpsbiBas onpenenuTens, HOIydIUM
(3—k)5_k -1 +—l -1 +—1 5-k
-1 3-k |1 3-k |1 -1
170071
(3—k)(k* -8k +12) =0.

[TomyyenHoe ypaBHEHHE UMEET KOPHU

a) Ilycts k, =2.
Torna u3 ypaBHenus (A—KE)a =0 numm
1 -1 1\

0
-1 3 -1|a,|=|0
0

1 -1 1 )\a,

HMeeM
{al —a,+a,=0

—o, +30, -0, =0

Henynesoe pemienue nocienHen CHCTEMbl UMEET BU/T

a,=la,=0a,=

Takum o6pazom

-1.

1
k,=2—>1] 0 |.
-1
b) Ilycts k, =3.
Torna u3 ypaBHenus (A—KE)a =0 nmm
0 -1 1)

0
1 2 -1|a,|=|0
0

1 -1 0 e,

nJIn




—-a,+0,;=0
-o+20,-0,=0
o, —oa,=0
MeeM
o, =la,=La,=1.

Takum o6pazom

1
k,=3—>1].
1
c) Iycrs kK, =6.
Torna u3 ypaBHenus (A—KE)a =0 nmm
-3 -1 1\« 0
-1 -1 -1|ea,|=|0
1 -1 -3)\a, 0
WIIN
-3, —a,+a,;=0
—a,—a,—o,=0
a,—a, =30, =0
uMeeM
a,=la,=-2,a,=1.
Taxum o6pazom
1
k,=6—>|-2]1.
1
CrnenoBaTenbHO, 0011I€€ PEIICHHE 3aJaHHON CHCTEMBbI UMEET BU/T
X 1 1 1
y|=C,| 0 [e* +C,[1[e* +C,| -2
z -1 1 1
WIIN

x=Ce* +C,e* +C,e™
3t 6t

y=C,e” —-2C.e

z=-Cpe” +Ce* +C.e”

2. Cpeau KOpHEH XapaKTepUCTHUECKOr0 YPaBHEHHsI €CTh KOMIUIEKCHBIE KOPHHU.
ITycts K = +iff — KOpEHb XapakTepUCTHYECKOro ypaBHenus. Torma k™= a—iff —

TOXKE KOPCHDb XapaKTCPUCTUUCCKOTI'O YPAaBHCHUSA
ITycTh cOOCTBEHHOMY 3HaYEHHIO K = ¢x + /8 COOTBETCTBYET pEIICHUE



ay, +if,
) o, +if
a+if— ao A
anl + iﬂnl
cucrtemsl (40.2)
Tornma
ay +ipy,

Uy +10y o (@+ip)

Aoy +15,
— PpelIeHuE CUCTEMbI OHOPOIHBIX JIMHEHHBIX AuddepeHInanbHbIX ypaBHeHui. Torma
byHKUIUM

oy +18, o, +1py,
oy +1f . o, +ip :

21 : 21 e(a-Hﬁ) — yl 1 Im 21 : 21 e(a-Hﬁ) — y2
Ay +1B, Ay 1B,

SIBIISTFOTCS TIMHEHHO HE3aBUCUMBIMH PEIICHUSIMH.
Ilpumep 40.3. Peuium cucremy

;<=x—3y
3./=3x+y

1)

XapaKTepI/ICTI/I‘leCKOC YpaBHCHHUEC UMCCT BUJ

Nmeewm:

A—KE|=0
WITH
1-k -3
3 1-k ‘ =0
PackpeiBast onpeenuTens, HoIyIuM
k? -2k +10=0.
[ToxyueHHOE ypaBHEHHE UMEET KOPHU
k,=1+3iu k,=1-3i.
a) Iycte  k,= 1+3i.
Torna us ypaBaenus (A—KE)a =0
-3 -3\( ) (O
o Sl
nMeeM

-3ia, -3, =0
3a, —3ia, =0



WIIN
o, +a,=0
{al —ia, =0’
HenyneBoe pelieHue MOoCieHEeH CHCTEMbI IMEET BH/
o =i, a, =1

i
k,=1+3i —>[J
6) Iycts k,=1-3i.

Torna u3 ypasuenusa (A—KE)a =0 unu
3 -3)( ) (O
3 3 )la,) |0

3ia, —3a, =0
3a, +3ia, =0

Takum o6pazom

HNMEEM

nJIn
o, —a, =0
{al +ia, =0
HenyneBoe pelieHue nocieJHel CUCTEMbI IMEET BH /I
o =—i, a, =1.

k,=1-3i - (_ IJ
1

[Ilje(“e")t = (D(cosﬁt +isin3tle'= (_ Sin 3t +1 COSBtJ et

cos3t +isin 3t

Takum o6pazom
Nmeem

HeﬁCTBHTeHBHBIe 1N MHHUMBIC 4aCTHU COOTBCTCTBCHHO paBHBI
—sin3t) | cos3t) ,
Re= e'ulm=| _ e .
cos3t sin 3t
—sin 3te'
X = t
cos3te
cos3te'
y=1| . .
sin 3te
Takum o6pa30M, 0611_166 peIJ_IeHI/Ie 3aIlaHHOI71 CUCTEMBI UMCCT BU:

x =(-c,sin3t+c, cos3t)e',

CnenoBareiprHO

y =(c, cos3t +c,sin3tke'.
Ilpumep 40.4. Pemium cucremy



;<=-2y+22

y=t-y+z
1= y-z
Nwmeem:
0 -2 2
A=l1 -1 1
0O 1 -1
XapaKkTepuCcTUIEeCKOe YpaBHEHHE UMEET BUJ
A—KE|=0
170071
-k -2 2
1 -1-k 1 |=0.
0 1 -1-k
PackpsiBas onpenenuTens, moIydum
—k(k®+2k +1-1)+2(-1-k)+2=0
170071
—k®—-2k?*-2-2k+2=0
WIn
—k(k* +2k +2) =0.
[Tony4yeHHOE ypaBHEHHE UMEET KOPHU:
k, =0, k, ==1+i, k; =-1-1.
a) Ilycte k, =0.
Torna u3 ypaBHenus (A—KE)a =0 nmm
0 -2 2)\( 0
1 -1 1||le,|=|0
0 1 -1)la 0
uMeeM

-20,+2a,;=0
o, —a,+a,=0,
a,—oa,=0

HeHy.TICBOC peuIcHue MOCJIeIHEH CUCTEMBI UMEET BU]T

a, =1, a _1 a _1
1 ' 2 2’ 3 2
Takum o6pazom



k,=0—

(SR SR .

0) Ilycte k, =—1+1.

Torna us ypasaenus (A—KE)a =0 nwm

1-i =2 2)\(e;) (O
1 -1 1||le,|=]0
0 1 -ijle;) \O

nMeeMm
a,(1-i)-2a, +2a, =0
a,—lo,+o,=0
a,—la; =0

HenyneBoe pemienue nocienHend CUCTEMbl UMEET BU/T

o, =-2,a,=Ii, ay=1.
Takum o6pazom
-2
k, ==1+i—|I
1
HNwmeewm:
-2 -2 —2cost —i2sint
i et =] (cost+isintle™ = |-sint +icost |e*
1 1 cost +isint
—2cost —2sint 1
y,= Re=|—sint |e™, y, = Im=| cost et,y,=1/2|e".
cost sint 1/2
Taxum o6paszom, oOliee perieHre 3aJaHHOW CUCTEMbl UMEET BU/L:
X 1 —2cost —2sint
y|=C|1/2 [+C,| —sint [e"+C,| cost |e.
z 1/2 cost sint

3. Cpenu KOpHE XapaKTepUCTUIECKOTO YPAaBHEHHUS €CTh KPaTHBIE KOPHHU.
Ilpumep 40.5. Pemium cuctemy

;:4x—y—z
y=X+2y-12

I=X—Yy+2z
Nmeewm:



4 -1 -1

A=l1 2 -1].
1 -1 2
XapakTepuUCTUYECKOE YPABHEHUE UMEET BUJL
A-KE|=0
WIN
4-k -1 -1
1 2-k -1|=0.
1 -1 2-k
PacckpeiBast onpenenuTesb, OITyInuM:
—k®+8k?-21k +18=0
KopHu xapakTepucTHUECKOr0 YpaBHEHHS COOTBETCTBEHHO PABHBI
k, =2, k, =k; =3.
a) I[ycts Kk, =2.
Torna us ypaBaenus (A—KE)a =0 un
2 -1 -1\( 0
1 0 -1||a,|=|0
1 -1 0 )\a, 0
uMeeM
20, —a,—0, =0
a,—o,=0
a,—-a,=0
HenyneBoe penienne nociegHei CHCTEMbI UMEET BHL
a =1 a,=1, a,=1.
Takum o6pazom
1
k,=2—>|1|.
1
0) Iycts  k, =k, =3.
Torna u3 ypaBHenus (A—KE)a =0 nmm
1 -1 -1\ 0
1 -1 -1||e, |=|0
1 -1 -1)\e 0
uMeeM

o —a,—a;=0
o, —a,—a, =0,

o —a,—a,=0



B nmonyuennoit cucteme N=3, r=1 u (N-r)=2 u ciie10BaTEIHHO Y MOJIYICHHOW CUCTEMBI
JIBa IMHEHHO HE3aBUCUMBIX HEHYJIEBBIX PEIICHUN

a,=10,=10,=0u o =1, a,=0, a; =1.

Takum o6pazom:

1 1 1
k, >|1], k, >|1]|, k;—>|0].
1 0 1
Taxum oOpa3omM, ob1ee pereHne 3aJaHHOH CUCTEeMbl UMEET BU/I:
X 1 1 1
y|=C,|1* +C,| 1]e* +C,| 0 ™.
z 1 0 1

Ilpumep 40.6. Peuium cucremy

)O( =X-2Y
§/ =-X-y-22
£=y+z
Nmeewm:
1 -2 0
A=|-1 -1 -2
0O 1 1
XapaKkTeprucTUIECKOe YpaBHEHNE UMEET BU/T
A—KE| =0
170011
1-k -2 0
-1 -1-k -2|=-(k-2)2(k+1).
0 1 1-k
KopHu XapakTeprucTH4ecKoro ypaBHEHHs! COOTBETCTBEHHO PaBHbI
k, =-1, k, =k; =1.
a) [ycts  k, =-1.
Torna u3 ypaBHenus (A—KE)a =0 nmm
2 -2 0|« 0
-1 0 -2||ea,|=|0
0 1 2 )la, 0
UMEEM
20, -2a, =0
—a,—20,=0
o, +20,=0

HenyneBoe pelnienune nocieaHeld CUCTEMbI IMEET BUL



a=2,0,=2, a;=-1.

Takum o6pazom

k,=-1—h =|2

6) lycte Kk, =k, =1.
Torna us ypasuenus (A—KE)a =0
0 -2 0| 0
-1 -2 -2||a,|=|0
0 1 0 )leg 0
uMeeM
-2a, =0
—a, — 20, —2a, =0.
a,=0
B nmonyaennoit cucreme N=3, r=2 u (N-r)=1 u ciieqoBaTeabHO Y MOTYICHHONW CUCTEMBI
OJTHO JIMHEHHO HEe3aBHCHMOE HEHYJIEBOE PEIlIeHHUE
a,=2,a,=0, a;=-1.

Takum o6pazom

Haiinem BekTOp, IpUCOenMHERHBIN K BekTopy h, =| 0
-1
JI1s1 5TOro HaJlo0 PEeMIUTh CUCTEMY
(A—kZE) h,=h,.
Nmeem
0 -2 0)\( 2
-1 -2 -2||a,|=|0
0 1 0 )la) \-1
WIH
—2a,=2
-a,—2a,—20,=0.
a,=-1
HenyneBoe pelienue nociueaHei CUCTEMBI UIMEET B
a,=2,a,=-1,a,=0.

Takum o6pazom



h,=|-1
0
Taxum oOpa3omM, ob1iee pereHre 3aJaHHOH CUCTEMbI UMEET BU/T:
X 2 2 2

y|=C,| 2 |e"+C,| 0 [e"+C,| -1 te'.
z -1 -1 0



