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1. MACHHOPT ®OHIA OLIEHOYHbBIX CPEACTB
no gucuumuinHe «/JAnddepennuanbubie ypaBHeHHS».

OHCHO‘IHHG cpeacrtBa COCTaBJIAKOTCA B COOTBCTCTBHU C

pabouell mporpamMMon

JUCLUIUIMHBL U IPEACTaBISAIT cO00 COBOKYITHOCTh KOHTPOJIBHO-U3MEPHUTEIbHBIX MaTEpUAIOB
(TunoBble 3amauM (3a7aHusA), KOHTPOJBbHBIE PAaOOTHI, TECTHl M Jp.), NMpeIHA3HAUYCHHBIX IS
U3MEPEHUs YPOBHS TOCTHKEHUS 00yUYarOIMMUCS YCTaHOBIICHHBIX PE3YIbTaTOB 00yUEHUsI.

OLEeHOYHBIE

cpencTaa

HUCIOJIB3YIOTCA  IpHU  NOPOBCACHHUHM  TCKYLICTO KOHTPOJIA

yCIIEBAEMOCTH M IPOMEKYTOYHOM aTTECTALlUU.
Tabmuna 1 - [lepeyenb KomneTeHIHiA, (POPMUPYEMBIX B IPOLIECCE OCBOCHHUSI TUCIUTUTUHBI

Koa u conepxanue

IInanupyemsie pe3ybTaThl 00y4eHHs 10 JUCHHUILINHE

KOMIIeTeHIM U (MoayJ110), XapaKkTepu3ylouye 3Tanbl ()OpMUPOBaAHUS
KOMIIeTeHIIii
OIIK-1. Cnoco6en | OIIK-1.1. 3HaeT 0oCHOBBI MaTeMaTUKH, (PU3UKH, BHIYUCIUTEIbHON
MPUMEHSATD TEXHUKU U IPOTPAMMHUPOBAHUSI.

(GyHIaMeHTaIbHBIC 3HAHUS,
NOJy4eHHble B  o0nactu

OIIK-1.2. VYmeer pemarh CcTaHIapTHbIE MNpodecCHOHATbHBIC
3a/1a4u c MpUMEHEHUEM €CTECTBEHHOHAYYHBIX u

MaTeMAaTUYeCKUX M  (WIn) | OOIIEHHKCHEPHBIX 3HAHHM, METOIOB MATEMaTHUYECKOTO aHAIH3a
€CTECTBEHHBIX  HAyK, ¥ | M MOJCIHUPOBAHHUSI.

HCIIOJIb30BaTh ux B | OIIK-1.3. Bnaneer HaBBbIKAMH TEOPETUYECKOTO u
npodeccHoHanbHON AKCIEPUMEHTATIHHOTO UCCIICIOBAHHMSI 00BEKTOB
JESITEIbHOCTH npodeccHoHaNBbHOM e TENbHOCTH.

OIIK-3. Cnoco6en | OIIK-3.1. 3HaeT OCHOBBI TEOPUU CUCTEM U CHCTEMHOI'O aHAJIMN3a,
MPUMEHSITh U | AUCKPETHOM  MaTeMaTuKH, TEOpUU  BEPOSTHOCTEU u
MOAU(PUIIUPOBATH MaTeMaTUYeCKOW CTAaTUCTUKH, METOJOB  ONTHMM3AIUU U
MaTeMaTHYeCKUe  MOJENU | UCCeIOBaHUS orepanmuii, HEYETKHX BBIUMCIICHUI,
JUIs  pelieHus 3aJad B | MATEMAaTHMYECKOTO0 M MMUTAIMOHHOTO MOJICIMPOBAHMS.

obnactu OIIK-3.2. VYmeer mNpUMEHATb METOJbl TEOPUU CHUCTEM U
npoeccuoHaIbHOM CHUCTEMHOTO aHaJiu3a, MAaTeMaTHYeCKOTo, CTaTUCTUYECKOro |
JEeSITEIbHOCTH MMUTAIIMOHHOTO MOJICIMPOBAHMs Il aBTOMATH3allUM 3a/1a4y

OpUHATUS ~ pemeHuit B oOiactu  mpodeccHoHaIbHOM
JeSITeTbHOCTH.
OIIK-3.3. Brnageer HaBblKaMM NPOBEICHUS HHKEHEPHBIX

pacyeToB OCHOBHBIX ITOKA3aTeNIeH pe3yJbTaTUBHOCTU CO3IaHUS U
MIPUMEHEHUsI UH(POPMAIIMOHHBIX CUCTEM U TEXHOJIOTHH.

IIK-2. CnocoOeH MOHUMATh,
COBEPIICHCTBOBATH u
NPUMEHATh  COBPEMEHHBII
MaTeMaTUYECKUH armnapar

IK-2.1. 3HaeT OCHOBHBIE  TEOPEMBI u hopmyIsl
MaTeMaTH4eCKOIro aHau3a, T€OMETPHH, JTUCKPETHON
MaTeMaTHKH, Au(QepeHInanbHbIX YpaBHEHUN, TEOPETHUYECKHUX
OCHOB HMH(OPMATHUKH, YUCICHHBIX METOJOB, (YHKIIMOHAIHLHOTO
aHaIMn3a.

[1K-2.2. YMeeT NpUMEHSATh OCHOBHBIE TEOpeMbl U (HOPMYIIbI
MaTeMaTH4ECKOro aHau3a, reOMETpPHUH, JTUCKPETHON
MaTeMaTHKH, TUGQEepeHNaTbHbIX YPaBHEHUN, TEOPEeTHUECKUX
OCHOB MH(OPMATUKH, YUCICHHBIX METOJIOB.

[IK-2.3. Bnameer wmeroaamu, MpUEMaMu, airopuTMamMu |
coco0aMy  MPUMEHEHHS COBPEMEHHOTO MaTeMaTH4YeCKOTO
anmnapara TS pelieHus 3a1a4 npohecCuOHATBLHOM
JEeITEITLHOCTH.

Koneunpimu pe3yiibTaTaMu OCBOCHUSA NUCHHUIIIMHBI ABJIAKOTCA C(I)OpMI/IpOBaHHBIC KOI'HUTHBHBIC

JACCKPUIITOPBI «3HATb», «YMCTb»,

«BJIaACTb», PAaCIIMCAHHBIC IO OTACJIBbHBIM KOMIICTCHIHAM.

DopMHUpPOBAaHUE JECKPUIITOPOB IIPOUCXOJUT B TEUEHHUE BCETO CEMECTpa IO 3TalaM B paMKax
KOHTaKTHOM paboThl, BKIIIOYAIOIIEH pa3sInyHble BUJbI 3aHIATUA U CAMOCTOSITENIbHOM paboThl, ¢

MMPUMCHCHUCM

PAa3IMIHBIX

bopm u METO/IOB oOyueHnusi(Tabm. 2).




Tabnuia 2 - @opmupoBaHrue KOMIETEHIIUN B TPOIECCe U3YyYEHUS TUCUUTUINHBL

Kon YpoBeHb WNHpukaTopsl JIocTikeHus | Bun  yqeOHBIX 3aHSATHIA, KonTponupyembie pasznensl u TeMbl | OLIEeHOYHBIE CPEICTBA,
KOMIIETCHIIUY | OCBOCHUS KOMIIETEHIINI paboThl, (OPMBI U METOIBI | TUCIUTLIAHBI HUCTIIOIB3YyEMBIE  TUIA
KOMIIETCHIIU I 00yueHwusl, OLIEHKH YPOBHS
CIOCOOCTBYIOLIHE c(hOpMUPOBAHHOCTH
(hOopMUPOBAHUIO 51 KOMIIETEHIUU
pa3BUTHUIO KOMITCTCHIIHi
OlIK-1 3Haer
OIlIK -3 Henocrarounsiii | OIIK-1.1. Cryaentr He cnocoOeH | JleknnoHHbIE u | Pasgen 1. OcHOBHBIE TOHSTHS. Texymuid KOHTPOJIb —
IIK -2 YPOBEHb MPUMEHSTh (yHIaMeHTaNIbHBIE | IPAKTUYECKUE samsTsl, | Pasgen 2. OCHOBHBIC — NOHATHS. | OIIpoC, KOHTPOJIbHAS
3HAHWSA, TIONy9eHHBIE B O0JIACTH | CAMOCTOSTEIbHAS pabota | duddepennnansHbie YPaBHEHHS | paGoTa.
MaTeMaTHUECKUX U (umm) | o0ydJaroUMXcsl, MOJTOTOBKA U | MIEPBOTO MOPSAKA.
€CTECTBEHHBIX HaYK. claya IIPOMEKYTOUHOU | Paznen 3. Juddepenunansasie
He 3Haer oOcHOB MaremaTuky, | aTTeCTallMd, HOATOTOBKA U | YpaBHEHHs N-TO MOPSIKA.
G hepeHITMATEHBIX YPaBHEHHN. clava dK3aMeHa. Pazgen 4. Heonnoponneie
mudQepeHInanbHble  ypaBHEHUST N-TO
OIIK-3.1. CtymeHT He  3HaeT nopsiaka
OCHOBHBIX TEOpUHU JIUCKPETHOM Paszpen 5. KpaeBble 3agaun.
MaTeMAaTUKH, TEOPUU BEPOSITHOCTEH Paznen 6. Cucremsl

1 MaTEeMaTHYCCKOM CTaTUCTHUKH.

IIK-2.1. Crynenr He cnocobeH
MOHUMAaTh, COBEPUICHCTBOBATh W
NPUMEHSTh COBPEMEHHBII
MareMaTHueckuil ammapar. He 3naer
OCHOBHBIX TeopeM H©  (opMyI
reOMETPUH, JIMCKPETHOU
MaTeMaTHKH, JauddepeHInaIbHBIX

T PepeHInATBEHBIX YPaBHEHUH.
Paznen 7 Teopus ycToiunBOCTH.
Pazmen 8. VYpaBHeHHUS B YaCTHBIX
MIPOM3BOAHBIX MEPBOTO MOPSIIKA.
Pazpen 9. BapuannoHnHoe ucuuciaeHue.

! JlekuroHHBIC 3aHSTHS, IPAKTHYCCKUE 3aHATHS, Ta00pPATOPHBIC 3aHSTHS, CaMOCTOSTENbHAS paboTa. ..
% Heo6X0MMO yKa3aTh aKTHBHBIC H HHTEPAKTHBHBIC METOMIBI 00YUCHHs (HATIPHUMEp, HHTEPAKTHBHAS JIKIIHs, pab0Ta B MAJBIX IPYIITAX, METOABI MO3TOBOTO IITYPMa 1 T.J1.),
CMOCOOCTBYIOIINE PA3BUTHIO Y 00yUalONMINXCsl HABBIKOB KOMaHIHOHM pa0b0oThl, MEXIIMIHOCTHOW KOMMYHHUKAITUH, PUHSITHSI PEIIe HUH, TUAEPCKUX KAYeCTB.
® HamveHoBaHue TeMbI (paznmena) Gepercst u3 paboue mporpaMMBbl TUCITUTLTAHBL.
* OLEHOYHOE CPEICTBO TOIKHO BHIGHPATHCS C YIETOM 3aIIAHHPOBAHHBIX PE3Y/IbTATOB OCBOCHNS JUCLIUILTHHBI, HAIPUMEP:
«3HaTh» — cobecenoBaHNE, KOJUIOKBHYM, TECT. ..
«YMeTh», «BraneTs» — MHIUBUAYATBHBIN HIIN IPYIIIOBON IPOEKT, Keiic-3a1a4a, esioBast (poieBas) urpa, mopTQoIIro.




YpaBHEHU.

bazoBbIii OIIK-1.1. CryneHr ycBoua | JlekiuoHHbIe u | Paznen 1. OcHOBHBIC TOHATHS. Tekymnii KOHTPOIb —
YPOBEHb OCHOBHEBIE COACpKaHHUA MaT€puala, | IPaKTHYCCKHUE 3aHATHA, Paznen 2. OCHOBHBIE IIOHATHA. OIIpOC, KOHTPOJIbHAA

HO WMMeEeT HECHCTEeMaTH3MPOBAaHHBIE | CAMOCTOSITEIbHAS pabora | Juddepenunansasie YPaBHEHHS | paGota.

3HaHUsI 00 OCHOBax MaTeMaTWK M | 00y4aroIuxcs, TOATOTOBKA M | TIEPBOTO MOPSIIKA.

¢ hepeHInATbHBIX yPaBHEHHSX. crmava nmpoMexxyTouHoit | Pazmen 3. Jnddepennmanpabie

aTTeCcTalliy, IOArOTOBKA M | ypaBHEHHs N-TO HOPSIKA.

OIIK-3.1. CryneHt YCBOMIJI | cllaya dK3aMEeHa. Pazgen 4, Heonnoponusie

OCHOBHBIE COJEp)KaHUsI MaTepHana, muddepeHuInaNbHble  ypaBHEHUsT N-TO

HO HMMEET HECHUCTEMaTH3UPOBaHHBIC nopsiiKa

3HaHUsI 00 OCHOBHBIX TEOPHUSX Paznen 5. Kpaesbie 3aaun.

JTUCKPETHOW MaTeMaTHKU, TEOPUSIX Paznen 6. Cucremsl

BEPOSITHOCTE W MaTeMaTHYECKOU g hepeHInanbHBIX yPaBHEHMH.

CTaTUCTUKH. Pasnen 7 Teopust yCTOMYHUBOCTH.

Pazmen 8. VYpaBHeHUS B YaCTHBIX

[IK-2.1. Cty#eHT yCBOWI OCHOBHBIE MIPOU3BOJHBIX IIEPBOTO MOPSAIKA.

colep:KaHusl MaTepuaia, HO HUMEET Pazpen 9. BapuanunonHoe ucuuciaeHue.

HECUCTCMATHU3NPOBAHHLIC 3HAHUA 06

OCHOBHBIX TeopeMax Hu Qopmynax

TreOMETPHH, JMCKPETHOM

MaTeMaTHKH, JIu(depeHINATEHBIX

YpaBHEHMUSIX.
Cpennuit CryneHTt crniocobeH caMocToATesbHO | JIeKInoHHBIE u | Paznmen 1. OcHOBHBIE OHATHSL. Texkymnii KOHTPOIb —
YPOBEHb BBIJICJIATE TJIaBHBIE TOJOXKEHUS B | MPAaKTUYECKHUE samsTist, | Pasgen 2. OCHOBHBIC — NOHATHS. | OIIPOC, KOHTPOJIbHAS

W3y4EeHHOM MaTepuaie. CaMOCTOSITeNTbHAs pabora | Juddepennnansasie YPaBHEHUS | paGoTa.

oOyyaromuxcs, TOATOTOBKA U | IEPBOTO HOPSIIKA.

OIIK-1.1. CryzeHT 3HaeT OCHOBHI | chada nmpoMexxyTouHolt | Paznen 3. Huddepennmanpabie

MaT€MaTHKH, JII/I(I)(I)epeHHI/IEUILHBIX arrecralyy, IMOATOTOBKAa MW | YPaBHCHUA Nn-ro nopsiaka.

YpaBHEHUH. clla4ya dK3aMeHa. Paspen 4. Heonnoponnsie

OIIK-3.1. CtymeHT 3HaeT OCHOBHBIC
TEOPUH  JMCKPETHOW MaTEMAaTHKH,
TeOpuHn BEPOSATHOCTEH a
MaTEMATUYECKON CTaTUCTHKH.

IMIK-2.1. CTyJeHT 3HaeT OCHOBHEIC

muddepeHInaNbHBe  ypaBHEHUsT N-TO
nopsijika

Paznen 5. KpaeBble 3a1auu.

Pa3znen 6. Cucremsl
IudepeHInaNbHBIX yPaBHEHUH.
Paznen 7 Teopust ycTOMYMBOCTH.
Pazmen 8. VYpaBHEHHWS B YaCTHBIX




TeopeMbl M (OPMYIbI TCOMETPHH,
JIUCKPETHOM MaTeMaTHKH,
TG depeHInaATbHBIX YPaBHEHHN.

MIPOU3BOIHBIX IIEPBOTO MOPSIKA.
Paznen 9. BapnannonHoe ucYuciICHUE.

Bricokuit OIIK-1.1. CryzneHT 3HaeT, MOHUMAET, | JICKITMOHHBIC u | Pasgen 1. OcHOBHBIE MOHSTHSL. Tekymuit KOHTPOJIb —
YPOBEHb BBIICTISICT TJIaBHBIE TIOJOXKEHUSI B | MPaKTUYECKHE samsitus, | Pasmen 2. OCHOBHBIC — MOHATHS. | OmpoC, KOHTPOJIbLHAS
U3YYEHHOM MaTepHajie M CIHOCOOEH | CaMOCTOSTENbHAs pabora | Jluddepennmansueie YPaBHEHUS | paGoTa.
JaTh  KpaTKyl  XapaKTepUCTUKY | 00ydaroIuxcs, HOATOTOBKA M | IIEPBOTO HOPSIKA.
OCHOBHBIM HJEsIM TPOPa0OTaHHOTO | clava npoMexxyTouHoit | Paznen 3. duddepenunansasie
MaTepHaia JUCLUIUTUHBIL. aTTecTalliy, MOATrOTOBKA M | ypaBHEHHs N-ro HOPSIKA.
clava dK3aMeHa. Pazgen 4. Heonnoponneie
OIIK-1.1. CryaeHT 3HaeT OCHOBBI mudQepeHnInanbHble  ypaBHEHUsI N-TO
MaTeMaTHKH, Iu(pepeHINATEHBIX nopsiaKa
YpaBHEHUH. Paszpen 5. KpaeBble 3agaun.
Paznen 6. Cucremsl
OIIK-3.1. CTyneHT 3HaeT OCHOBHBIE T pepeHInATBEHBIX YPaBHEHUH.
TEOPUH  JAUCKPETHOW MaTEMaTUKH, Pazpen 7 Teopus ycToiunBOCTH.
TEOPUU BEPOSITHOCTEU u Pazgen 8. VYpaBHeHHUs B YaCTHBIX
MaTeMaTHYeCKOM CTaTHUCTUKU. MIPOM3BOAHBIX MEPBOT0 MOPSIIKA.
Paznen 9. BapuannonHoe ucuuciaeHue.
[IK-2.1. CTyneHT 3HAeT OCHOBHbIE
TeopeMbl ¥ (POpPMyIBl T€OMETPHH,
JIUCKPETHOMN MaTE€MaTHKH,
TG hepeHITMATEHBIX YPaBHEHH.
YMmeer
bazosrIit OIIK-1.2. CrynmeHT wucneIThiBaeT | JIeKIMOHHBIE u | Pasmgen 1. OcCHOBHBIE TOHITHS. Tekyumii KOHTpOIb —
YPOBEHb 3aTpyIHEHHS npu PELICHUN | IPAKTUIECKHE samsiTis, | Pasgen 2. OCHOBHBIC — NOHSTHS. | orIpoc, KOHTPOJIbHAS
CTaHAAPTHBIX  NPOQECCUOHANBHBIX | CAMOCTOSTEIbHAS pabora | JuddepenunansHsie YPaBHEHHS | paGoTa.
3a/a4 c MPUMEHEHUEM | 00YYalOIIMXCs, MMOATOTOBKA U | TIEPBOTO TMOPSIKA.
€CTECTBEHHOHAYYHBIX 3HAHUI. crada npoMexxyTouHoit | Paznen 3. duddepenunansasie
OIIK-3.2. CrymeHT WHCHBITBIBACT | aTTECTallMM, IOArOTOBKA H | ypaBHEHMs N-TO MOPSIKA.
3aTPyJIHEHUs] TIpM  T[PUMEHEHHUH | cJlaya SK3aMeHa. Paznen 4, Heonnopoansie

MaT€MaTU4YCCKOTIO arapara.

T pepeHnualbHble  ypaBHEHUSI N-TO
nopsizKa

[IK-2.2.  CTygeHT  HUCHBITHIBAeT Paspnen 5. Kpaesble 3anaun.
3aTPYAHCHUSI TPU  TPUMCHCHHH Pazgen 6. Cucremsl
OCHOBHBIX TeopeM H  (opmyn JuQepeHInATBEHBIX YPaBHEHHUH.




TFCOMETPUH, JTIUCKPETHOM
MaTeMaTHKH ¥ Au(hepeHIHATbHBIX
YpaBHCHHSL.

Pasnen 7 Teopust yCTOMYHUBOCTH.
Pazmen 8. VYpaBHeHHS B YaCTHBIX
MTPOM3BOAHBIX MIEPBOTO TOPSIIKA.
Paznen 9. Bapuannonnoe ucuuciaeHue.

Cpennuit OIIK-1.2. Cryment ymeer pemiath | JIeKIIMOHHBIC u | Pazgen 1. OCHOBHBIE IOHSITHS. Tekymuii KOHTPOIb —
YPOBEHb CTaHAApPTHbIE  HPO(ecCHOHANIbHBIE | TPAKTUYECKUE samsTHst, | Pasgen 2. OCHOBHBIC — NOHATHS. | oIIpoC, KOHTPOJIbHAS
3a/1a4M c NPUMEHEHHEM | CAMOCTOSTENbHAS pabora | Jluddepennmansueie YPaBHEHUS | paGoTa.
€CTECTBEHHOHAYYHBIX 3HAHUM. o0yyaromuxcs, TOATOTOBKA M | TIEPBOTO MOPSIIKA.
chada npoMexxyTouHoit | Pazmen 3. Huddepennmanpabie
OIIK-3.2. CryaeHnt yYMEET | aTTecTallud, M[OArOTOBKAa U | YPaBHEHUS N-To MOpsAKa.
NPUMEHSTh MaTeMaTHYEeCKUi | caaya dK3aMeHa. Pa3nen 4. Heonnoponansie
amnmapar. mudQepeHnInanbHble  ypaBHEHUsI N-TO
nopsiiKa
[IK-2.2. CTymeHT ymeeT MpPUMEHSThH Paznen 5. Kpaesbie 3aaun.
OCHOBHBIC TEOpEeMbl U  (OPMYJIBI Paznen 6. Cucrembl
TeOMETpHH, JUCKPETHOM g dhepeHInaNbHBIX yPaBHEHMH.
MaTeMaTHKu U AuQQepeHITnaTbHBIX Pazpen 7 Teopus ycToiunBOCTH.
YpaBHEHUI. Pazgen 8. VYpaBHeHHS B YaCTHBIX
MPOM3BOJHBIX IEPBOIO HOPSAIKA.
Ho nomyckaer He3HauuTeIbHbIE Paznen 9. BapuannonHoe ucUHCIICHUE.
OMOKHY TIPU PEIIeHUH 3a/1aY.
Bricokuit OIIK-1.2. Cryment ymeeT pemath | JIeKIMOHHBIE u | Pazgen 1. OCHOBHBIE TIOHSTHS. Tekyumii KOHTpOJb —
YPOBEHb CTaHAAapTHBIE  NpodeccCHOHaNbHbIE | MPAKTUYECKUE samsTist, | Pasgen 2. OCHOBHBIC — NOHATHS. | orIpoc, KOHTPOJIbHAS
3aauu c NPUMEHEHHEM | CAMOCTOSITEIbHAS pabora | JuddepenunansHsie YPaBHEHHS | paGoTa.
€CTECTBEHHOHAYYHBIX 3HAHHM. o0yyaromuxcsi, TOATOTOBKA H | TIEPBOTO MOPSIIIKA.
caada npoMmexxyTouHout | Paznen 3. Huddepennmanpabie
OIIK-3.2. CryneHt yMeEeT | aTTeCTaliud, IOArOTOBKA H | YPaBHEHUSA N-ro MOpPsIKa.
MPUMEHSTH MaTeMaTHYEeCKUH | caaya dK3aMeHa. Pa3nen 4. Heonnopoansie
amnmapar. T pepeHInalbHBIE  ypaBHEHUSI N-TO
[IK-2.2. CtyaeHT yMeeT NpUMEHSTh nopsiika
OCHOBHBIE TEOpPEMBI U  (OPMYIIBI Paspnen 5. Kpaesble 3agaun.
TEOMETPHUH, JIACKPETHOM Pazgen 6. Cucremsl

MaTeMaTHKH W IuddepeHInaIbHBIX
yYPaBHEHUI.

IudepeHInaNbHBIX yPaBHEHUH.
Pa3nen 7 Teopust ycToMuuBOCTH.
Pazmen 8. VYpaBHEeHHS B YaCTHBIX
MIPOM3BOJIHBIX TIEPBOT'O TOPSIKA.




Paznen 9. BapuannonHoe nucuuciaeHue.

Biageer
bazoBbIii OIIK-1.3. CryaeHtr Ha 0a3oBoM | JlekimoHHbBIE u | Paznen 1. OcHOBHBIC TOHATHS. Tekymuii KOHTPOIb —
YpOBEHb ypOBHE BJajeeT HaBBIKAMH | IPAKTUYECKHUE samsTysl, | Pasgen 2. OCHOBHBIC — NOHATHS. | orrpoc, KOHTPOJIbHAS
TEOPETHICCKOTO " | caMOCTOSITeIIbHAS pabora | uddepeHnnanpabie YPaBHEHHS | haGota.
9KCIEPUMEHTAILHOTO HCCIENOBaHuUs | 00yJaroImuxcs, HOATOTOBKA U | IIEPBOTO HOPSIIIKA.
00BEKTOB npodeccuoHabHON | caada IIpOMeEKyTOuHOU | Paznen 3. Juddepenunansasie
JeSITeIbHOCTH. aTTecTallid, MOJATOTOBKAa H | ypaBHEHUs N-TO HOPSIKA.
clava dK3aMeHa. Pazgen 4. Heonnoponneie
OIIK-3.3. Crymenr Ha 0a30BOM muddepeHnranbHbple  ypaBHEHUS N-TO
YPOBHE BJ1aaceT HaBbIKaMH nopsaaka
MPOBEACHUSI WHXEHEPHBIX PAacueToOB Paszpen 5. KpaeBble 3agaun.
OCHOBHBIX MoKaszaTenei Pasznen 6. Cucremsl
pE3yIbTaTUBHOCTH  CO3JaHUA U T pepeHInATBEHBIX YPaBHEHUH.
NIPUMEHEHUS WHQOPMAIIMOHHBIX Pasnen 7 Teopust yCTOMYNBOCTH.
CHUCTEM U TEXHOJIOTHH. Pazgen 8. VYpaBHEeHHUs B YaCTHBIX
MPOM3BOJIHBIX TIEPBOTO TOPSIKA.
[IK-2.3. Crynentr Ha 0a30BOM Pa3nen 9. BapuanuonHoe UcUnCiIeHUe.
ypoBHE BJIaJeeT METO/aMH,
pUeMamH, IropuTMaMu u
criocobaMu MIPUMEHEHUS
COBPEMEHHOT'0 MaTeMaTHYECKOTO
anmapara UL pelIeHusl  3ajaad
poecCHOHANBEHON e TENEHOCTH.
Cpennuii OIIK-1.3. Crymenr Ha cpenHeM | JIeKImOHHbBIE u | Pasmen 1. OCHOBHBIE TOHITHS. Texymuii KOHTPOJIb —
YPOBEHb ypOoBHE BJaJeeT HaBBIKAMH | IPAKTUYECKHUE samsiTist, | Pasgen 2. OCHOBHBIC — NOHSTHS. | orIpoc, KOHTPOJIbHAS
TEOPETUIECKOTO U | caMOCTOsTENbHAS pabora | JuddepenunansHsie YPaBHEHHS | paGoTa.
OKCIICPUMECHTAJIBHOTO HCCIICI0BAaHUA 06yqa10u11/1xcs{, IMOAroTOBKa U | IMEPBOI0 MOpsaKa.
00BEKTOB npodeccuoHaIbHON | caaya npoMexxyTouHoit | Paznen 3. duddepenunansasie
NesITeIbHOCTH. aTTecTalliy, MOJATrOTOBKAa H | ypaBHEHUs N-TO HOPSIKA.
clla4ya dK3aMeHa. Paspen 4. Heonnoponneie
OIIK-3.3. CrymeHT Ha cpegHeMm T pepeHnualbHble  ypaBHEHUSI N-TO
ypOBHE BJajeeT HaBBIKAMHU nopsizKa
[IPOBEJICHMSI WHXEHEPHBIX PacuyeToB Paspnen 5. Kpaesble 3anaun.
OCHOBHBIX nokazaTenei Paznen 6. Cucremsl

PE3YJIbTAaTUBHOCTHU cOo3aaHuA u

JuQepeHInATBEHBIX YPaBHEHHUH.




MIPUMEHEHUS UHGPOPMAITMOHHBIX
CHUCTEM M TEXHOJIOTHH.

I1K-2.3.
ypOBHE
MIpHEMaMH,
criocobamu

CryneHT Ha cCpegHeM
BIazneeT METOoJIaMH,
IropuTMaMu u
MIPUMEHEHUS
COBPEMEHHOI'0 MaTeMaTH4eCcKOro
anmapara UL peleHus  3a4ad
po¢ecCUOHANBHON AEATEIBHOCTH.

Pasnen 7 Teopust yCTOMYHUBOCTH.
Pazmen 8. VYpaBHeHHS B YaCTHBIX
MTPOM3BOAHBIX MIEPBOTO TOPSIIKA.
Paznen 9. BapuannonHoe ucuuciacHue.

Bricokuit
YPOBEHb

OIIK-1.3. CryneHT Ha BBICOKOM
YpOBHE BIIaJIceT HaBbIKAMHU
TEOPETHYECKOTO u
IKCTIEPUMEHTAIBHOTO HCCIICTIOBAHUS
00BEKTOB npodeccHoHANBHON
JEATeITLHOCTH.

OIIK-3.3. CryneHT Ha BBICOKOM
YPOBHE BJIAJIEET HaBBIKAMH
MPOBEACHUSI MHXEHEPHBIX PAacueToB
OCHOBHBIX IMOKa3aTese
pe3yIbTATUBHOCTH  CO3JaHUS |
MPUMEHEHUS WH(POPMAITOHHBIX
CUCTEM M TEXHOJIOTHH.

I1K-2.3.
YpOBHE
IpUeMaMHu,
crocobamu

CTyaeHT Ha BBICOKOM
BIIajIeeT METOJIaMH,
aNropuTMamMu u
MPUMEHEHUS
COBPEMEHHOTO  MaTeMaTHYeCKOTro
ammapara Ui pelieHHs  3a1ad
po(eCCHOHATIBHOMN IEeSTEIbHOCTH.

Jlex1imoHHEBIE u
MPAKTHYECKUE 3aHATHS,
CaMOCTOSITeNTbHAS pabota
oOyJaronuxcs, MOArOTOBKa U
claya IIPOMEKYTOUHOMN
aTTeCTalldd, IIOATOTOBKA U
cllada DK3aMeHa.

Pasnen 1. OcHOBHBIE HOHATHA.

Pasnen 2. OCHOBHBIE  ITOHATHSL.
Huddepennnanbabie ypaBHEHUS
MEPBOTO MOPSIKA.

Paznen 3. HuddepeHnnanbHbie
ypaBHEHUS N-TO TOPSAKA.

Pazgen 4. Heonnoponneie
mudQepeHInanbHble  ypaBHEHUsI N-TO
MopsIIKa

Paszpnen 5. KpaeBble 3agaun.

Paznen 6. Cucremsl

T PepeHInATBEHBIX YPaBHEHUH.
Paznen 7 Teopus ycToiunBOCTH.
Pazmen 8. VYpaBHeHHS B YaCTHBIX
MIPOM3BOAHBIX MEPBOTO MOPSIIKA.
Pazpen 9. BapuannoHnHoe ucuuciaeHue.

Texkymmii KOHTpOJIb —
ONpoC, KOHTPOJIbHAA
pabora.




2. IEPEYEHb OHEHOYHBIX CPEJACTB

TaOmuna 3
No | HaumenoBanue XapakTepruCTHKA OLIEHOYHOTO CPEACTBA [IpencraBnenue onenounoro cpeacrea B POC
OLICHOYHOT'O
CpelcTBa
1 | Ompoc CpencTtBo KOHTpOJIS YCBOGHHUs yueOHOro MaTepuaia TeMbl, | Bompocsl mo Temam/pa3aenam AUCHUTITUHBI
paszena Wiy pPas3AesioB AWCHUIUIMHBI, OPTaHW30BAHHOE KaK
yuyeOHOe 3aHsATHE B BHJE COOECeOBaHUs MPENoAaBaTess C
00yJarOIUMUCs.
2 | KonTponbHas CpencTBo NpoBEpKH YMEHUM IPUMEHSTh MOJy4YeHHbIE 3HaHUs | KOMIUIEKT KOHTPOJIBHBIX 33/IaHU 110 BapUaHTaM
pabora JUTS pEeIEHUs] 3a1a4 OIPEACIICHHOTO THUIIA 110 TEME WIIU

pasacity




3. OIMMCAHUE IMOKA3ATEJIEA U KPUTEPUEB OLIEHUBAHUA KOMIIETEHIIUA

OneHMBaHUE PE3YyIbTATOB OOYUYEHMS IO JUCHUIUIMHE AJredpa W TeOMETPHUsS OCYIICCTBISETCS B COOTBETCTBUU C
[TooxxeHneM 0 TEKyIleM KOHTPOJIC YCTICBAEMOCTH M IPOMEKYTOYHOM aTTECTAIIN 00YIAFOIITXCS.

[TpenycMOTpeHBI CIEAYIOIINE BUILI KOHTPOJISA: TEKYIIUA KOHTPOJIb (OCYIIECTBICHHE KOHTPOJIS BCEX BUAOB ayIUTOPHOU H
BHEAYJIUTOPHON JEATEIHHOCTH OOYYAIOIIETOCS C IENbI0 MOJTY4YEHHUs TMEPBHUYHON MH(POpPMAIMKA O XOJ€ YCBOCHHUS OTICIHHBIX
AIIEMEHTOB COJICP)KaHMS AWCIUIUIMHBI) M TPOMEKYTOUYHAs aTTecTanus (OIEHWBACTCS YPOBEHb W KAadyeCTBO IOATOTOBKH IT0
TUCIUILIAHE B IISJIOM).

[TokazaTenn W KpUTEpUHM OICHUBAHHWS KOMIICTCHIUHA, (POPMUPYEMBIX B TIPOIECCE OCBOSHHUS ITAaHHOW JIWCIUILIMHEI,
oIMcaHbI B Ta01. 4.

Ta0mnumna 4.



Kon YpoBeHb OCBOEHUSA Muaaukaropel Kpurepuu onieHuBaHuS pe3ynbTaTOB 00yUCHUS
KOMIIETEHIIUM | KOMIIETCHIIUU JOCTHKECHUS
KOMIIETCHIIUU
OIIK-1 3Haer
OIIK-3 HenocraTounsrit ypoBeHb OIIK-1.1. He 3naem 3nauumenvHou yacmu mamepuana Kypcd, He CHOCOOeH CAMOCHOAMENbHO 8blOeAmb
[K-2 Oruenka OIlK-3.1. 2/1ABHbLE NOJIONCEHUS 8 UZYHUEHHOM MAMepUaie OUCYUNIUHb
«HEYJIOBIETBOPUTEIHHOY IIK-2.1.
ba30Bblil ypoBEHb OIlIK-1.1. 3Haem He menee 50 % ocHO8HO20 Mamepuana Kypcd, 0OHAKO UCHbIMbI8Aem 3aMpPYOHEHUs 8 €20
Orenka OIIK-3.1. npuMeHeHuu
«YOBJIETBOPUTEIHHOY I1IK-2.1.
Cpennuii ypoBeHb OIIK-1.1. 3naem ocHo8HYIO uacmb mamepuana Kypcd, Cnocoben npumMeHums UyueHHull Mamepuan Ha
Orenka OIlIK-3.1. npakmuke, UCNbIMbIEAem He3HAYUmelbHble 3ampyOHeHUs 8 peuleHul 3a0ay
«XOpOIO» I1IK-2.1.
Bricokuii ypoBeHb OIlIK-1.1. THoxkasvieaem 2nyboxoe 3HaHUe U NOHUMAHUE MAMEPUAnd, CnoCOOeH NPUMEHUMb U3VUEeHHbII
Orenka OIlIK-3.1. Mamepuan Ha nPaKmuKe
COTIIMIHOY 1IK-2.1.
YMeer
BazoBelii ypoBeHb OIlK-1.2. Ymeem eocnpoussecmu ne menee 50 % ocnosnozo mamepuana Kypca, 0OHAKO UCTIbIMbIBAEM
OIIK-3.2. 3ampyOHeHUs NPU peuleHuu NPAKmu4eckux 3a0a4
1IK-2.2.
Cpennuii ypoBeHb OIIK-1.2. Ymeem pewamv cmanoapmuvie npogeccuonanvuvie 3a0auu ¢ npumMeHeHueM NOTYYEHHBIX
OIIK-3.2. SHAHUL, UCTILIMbIBAC HE3HAYUMENbHbIE 3aMPYOHEHUsL 8 peleHUU 3a0ay
1IK-2.2.
Bericokwmii ypoBeHB OIIK-1.2. Ymeem pewamv cmanoapmuvie npogeccuonanvhvie 3a0auu ¢ APUMEHEHUEM HNOTYYEHHBIX
OIIK-3.2. 3HAHUL, NOKA3bleaem 21yOoKoe 3HAHUEe U NOHUMAHUe Mamepuand, CnocodeH pewums 3a0ayy
1IK-2.2. npU UBMEHEHUU POPMYTUPOSKU
Bnaneer
basoBbIil ypoBeHb OIIK-1.3. Bradeem mnagvikamu meopemuueckoco U IKCHEPUMEHMANLHOZO UCCIe008aHUSL 00BEKMO8
OIIK-3.3. npogheccuonanvHoll 0esimenbHOCMU, YCEOUI OCHOBHOE COOepIICaHUe MAMEPUANd OUCYUNIUHDL,
1IK-2.3. HO umeem npobenvl 8 YcgoeHuu mamepuaid. Hmeem HecucmemamusupogaHuvie 3HAHUSA
OCHOBHBIX PA30e108 OUCYUNTIUHDL.
Cpenuuii ypoBeHb OIlK-1.3. Braoeem mnagvlkamu meopemuueckoco U SKCNEPUMEHMANbHO20 UCCA008AHUA 00bEKMO8
OIlK-3.3. npoGeccUOHanbHOl  OesiMeNbHOCMU,  CROCOOEH — CAMOCMOSMENbHO — 8blOCAMb  2AGHLLE
1IK-2.3. nonoJICeHUsT 8 U3YueHHOM Mmamepuane. Mcnvimvleaem He3HauumenbHble 3amMpYOHeHUs 8
peutenuu 3a0au.
Bricokwii ypoBeHb OIlK-1.3. C60000HO 6na0eem HABLIKAMU MEOPemu4eckKo20 U IKCNEePUMEHMATbHO20 UCCAe008AHU,
OIIK-3.3. nokasvléaem 2y1yb0Koe 3HaHue U NOHUMAaHUe U3Y4eHHO20 Mamepuaid

1IK-2.3.




4. MeTroau4yeckue MaTepUaJibl, ONpeAesaonue Npoueaypbl
OLIECHUBAHUS Pe3yJabTaTOB 00y4eHUsI

3ananus B popme ompoca:

OHpOC HCIIOJIB3YCTCA AJId TCKYILICTO KOHTPOJIA YCIIEBACMOCTHU o6yqa}01unxc>1 110
JUCHUIINIMHE B KAUYCCTBEC ITPOBEPKU PE3YIbTATOB OCBOCHUS TCPMHUHOJIOTHH. Ka}K,I[OMy CTYACHTY
BBIZIACTCS CBOM COOCTBEHHBIN, Y3KO C(HOPMYIUpOBaHHBIN Bompoc. OTBET HOHKEH ObITh YETKUM
H KpaTKuM, COACPKAIIUM BCE€ OCHOBHBIC XapaKTECPHUCTHUKU OIIMCBIBAECMOI'0 ITIOHATHUA, MHCTHUTYTA,
KaTErOpHUU.

KonTpoJsbhas pabora
CpencTBo NpoBEpKH YMEHUM MPUMEHSITh MOJy4YE€HHbIE 3HAHUS JIJIs1 PEIICHUs 3a1a4
OIIpECACIICHHOI'O THUIIA I10 TEME WJIN pasaciy

5. MarepuaJbl JJil NIPOBeJAeHHUs] TEKYIero KOHTPOJIsl U IPOMEKYTOYHOM

aTrecrainmmu

Pa3nes 1. OcHOBHBIE IOHATHS.

1) Omnpenenenne 0ObIKHOBEHHOTO MU (HEepeHIIMATEHOTO YPAaBHEHHUS.

2) Omnpeznenenne 4acTHOTO M OOIIETO PENICHHS, CBSI3b MEXKIY HUMHU.

3) OO0bikHOBeHHBIE MU hepeHIaTbHbIe YPaBHEHUS [IEPBOTO MOPSIKA.

4) [Tonsitue 3amaun Komu.

5) Teopema CylIecTBOBaHHS W CIUHCTBEHHOCTH pEIICHUS OOBIKHOBEHHOTO
Qg depeHIaIbLHOr0 YpaBHEHUS IepBOro nopsiaka (0e3 J0Ka3aTenbeTBa).

6) ['eomerpuueckas ~ MHTEpIpETAIsi  OOBIKHOBEHHOTOo  JU(QepeHIIHaTbHOTO
YpaBHEHHS [IEPBOTO TOPSIKA.

7) YpaBHeHHE paiMOAaKTUBHOTO pacmaja.

Paznea 2. {nddepenunanbHbie ypaBHEHHS NMEPBOTo MOPsiAKA.

1) OObikHOBeHHBIE  AuddepeHIManbHble  ypaBHEHHs C  pa3/ielieHHBIMH U
pa3aeAIOINUMUCS IEPEMEHHBIMH.

2) OnHOpOHBIE ypaBHEHUS IEPBOTO MOPSIKA.

3) [ToHsiTHE OPTOTOHAIBHBIX TPAEKTOPHIA.

4) Jluneiinbie nuddepeHManbHbIe ypaBHEHUS TEPBOTO TOpSAJKA - OCHOBHBIE
CBOICTBA pEIICHNs OJHOPOAHBIX U HEOJIHOPOAHBIX YPABHEHHUH.

5) Meroz Baprany npoU3BOJIBHON TOCTOSHHOM.

6) YpasHenue bepuymin.

7) YpaBHenue Pukarr.

8) Juddepennunanbable ypaBHEHHS B MOTHBIX U QepeHnnaiax.

9) VYcnosue nonHoro nuddepennmana.

10)  UuTerpupyrommii MHOKHUTEb.

11)  OObikHOBeHHbIe aup(depeHInaNIbHble YpaBHCHHS IEPBOrO  IMOpSAAKAa  HE
paspelIeHHble OTHOCUTEIBHO TPOU3BOIHOM.

12)  Peurenue nuddepeHnaNbHBIX YPaBHEHUI METOIOM BBEICHHUS ITapaMeTpa.

13)  VYpaBuenue Jlarpanxka. YpaBHenue Kuepo.

14) [TonsTHE OCOOOTO perIeHusl.

15) Meronsl NPHONMKEHHBIX PEUICHUH OOBIKHOBEHHBIX A depeHIIHanbHbIX
YPaBHEHUH MTEPBOTO MOPsIJIKA.

16) MeTto mocne10BaTeNbHBIX MPUOTNKEHHH.



17)  Merox Diinepa. Metoa HeonpeaeieHHBIX KO PHUIIMESHTOB.

Paznea 3. lu¢pdepennuanbHbie ypaBHeHHs N-T0 MOPSIAKA.

1) Jlunelinas 3aBUCHUMOCTD U HE3aBUCUMOCTh (DYHKITHH.

2) [TonsiTHe TMHEWHON 3aBUCUMOCTH U HE3aBUCUMOCTH (DYHKIIUH.

3) Onpenenurens Bponckoro. CoiicTsa.

4) OO6b1kHOBEHHBIE AU PepeHnnanbHbIe ypaBHEHUS N-TO TOPSIIKA.

5) OO6mue nousitus. [loHsTHE YaCTHOTO M OOIIETro PEIICHHMS.

6) 3amaua Komu.

7) Teopema cCyliecTBOBaHHS M €IUHCTBEHHOCTH pELICHUS OOBIKHOBEHHOIO
Qg depeHIaIbLHOro ypaBHeHUs N-To nmopsaka (0e3 10Ka3aTeNbCTBa).

8) Huddepenunansupie ypaBHEHHUS N-TO TMOPsSAKa, JOMYCKAIOIIME MOHMKEHUE
nopsiaka. Pemenue nuddepeHnaabHpIX ypaBHEHUN N-TO METOI0OM BBECHHS TapaMeTpa.

9) Jlunetinbie nuddepeHmanbHbie ypaBHEHUS N-TO OPSIIKa.

10)  OOGmiue mousitus. CBOMCTBA.

11)  OpnopoaHble NuHEiHBIC TUuddepeHaIbHbIe YpaBHEHUS N-TO MOPSIKA.

12)  CrpykTypa 00LIero peieHusl.

13)  TlousaTtHe GyHAaMEHTAILHON CUCTEMBbI PEIICHHIA.

14)  HeoanoposHbie juHeiHbIC U HepeHInAIbHBIC YPAaBHEHUS N-TO TOPSIKA.

15)  Crpykrypa obmiero perrenus. @opmysna JInysuiist - OcTporpaackoro.

16) Opsoponnbie nuHEHHbIC auddepeHratbHbIe ypaBHEHHS N-TO MOPsSAKa C
MOCTOSTHHBIMH KO3 (UIIUCHTAMH.

17)  Meron Ditnepa. [TousTre XapakTepucTUIECKOTO yPaBHECHUSL.

Pasnen 4. Heonnopoaubie nugdepennuaibible ypaBHeHHs: N-TO MOPSAIKA.

1) Heonnopoansie nuneiinbie AuddepeHnnaibabple ypaBHEHUS N-T0 TOPsIKa.

2) Meroa Bapranyy Npou3BOJIbHON IIOCTOSHHOM.

3) Heonnopoanrsie nuHeinHble muddepeHranbuble ypaBHEHUS N-TO  HOpSAIKa C
NOCTOSTHHBIMU K03 punimeHramu.

4) MeTtoa HeolnpeAeIeHHBIX KO3 ()UIIMEHTOB.

Paspnen 5. Kpaesble 3agaun.
1) [TonsiTHE KpaeBoii 3a1a4u.
2) Pemenue kpaeBoii 3a7jauu ¢ noMoIkto GyHkuuu I'puna.

Pa3nea 6. Cucremsl nuddepeHnnanbHbIX ypaBHEHHI.

1) Cucremsl qud depeHIanbHbIX ypaBHEHUI.

2) WuterpupoBanue cuctembl TudepeHnaTbHbIX YPaBHEHUH MyTeM CBEICHHS K
OJIHOMY YpaBHEHHIO 00JIee BEICOKOTO MOPSIKA.

3) HaxosxneHne MHTErpupyeMbIX KOMOWHAIMHA.

4) CucreMmsbl TUHEHHBIX U depeHIINATBHBIX YPaBHEHUH.

5) TeopeMsl 0 peleHUsIX CUCTEMBI JIMHEHHBIX AU((epeHnanbHbIX YpaBHEHUI.

6) Cucrembl JnuHEHHBIX JOud@epeHIUaNbHbIX YpaBHEHUH C  TOCTOSHHBIMU
KO3 pHULIHEHTaMHU.

Paspnen 7. Teopust ycToi4YMBOCTH.

1) Teopust yCcTOWYHBOCTH.

2) OcHoBHble noHATHSA. [IpocTeiimme TUIBI TOYEK TOKOS.

3) Bropoii metox A. M. JlsmyHoBa.

4) HccnenoBanue Ha yCTOMYHMBOCTD O MEPBOMY HPUOINKEHUIO.

5) [Ipu3HaKy OTPHULIATEFHOCTH IEUCTBUTENBHBIX YACTEW BCEX KOPHEN MHOTOWICHA.

6) Crnyyaii Mmanoro ko3 puimeHTa Npu MpoU3BOIHON BRICIIETO MOPSIKA.



7)
8)

Y CTONYUBOCTB IIPU ITIOCTOSTHHO JE€UCTBYIOIIUX BO3MYILECHUSX.
Teopema Mankuaa 00 yCTOMYMBOCTH TPU  TOCTOSTHHO  JICHCTBYFOIIMX

BO3MYIICHUAX.

Pa3nen 8. YpaBHeHuUs1 B 4aCTHBIX NPOU3BOIHBIX.

VYpaBHEeHHsI B YaCTHBIX MPOU3BOAHBIX MEPBOro nopsiaka. OcHOBHbIE MOHATHS. JIuHeliHbIe
Y KBa3WJIMHEWHbIC YPABHEHHS B YACTHBIX MPOU3BOIHBIX MIEPBOTO MOPSIKA.

CBsi3b C BEKTOPHBIM I0JIEM. XapakTepucTUKU. Teopema 00 001IeM perieHn ypaBHEHUS
B YaCTHBIX MTPOU3BOAHBIX TIEPBOTO MOPSIKA.

Pa3nes 9. BapnanuonHoe ucumcienme.

1)
2)
3)
4)
5)
6)
7)
8)
9)

Bapuanuonnsle 3a/1a4il ¢ HEMOABU>KHBIMU IPAHULIAMHU.

Bapuanus u ee cBoiicTBa.

VYpaBaenue Diinepa.

Cucrema ypaBHeHUi Dilniepa.

VYpaBuenue Ditnepa—Ilyaccona.

OyHKIUOHAIBI, 3aBUCSIINE OT (DYHKIMI HECKOJIBKUX HE3aBUCHUMBIX TIEPEMEHHBIX.
Meton Bapuanuii B 3aJja4ax C MOABMKHBIMU TPaHHUIIAMH.

[Ipocreiimas 3anaya ¢ NOABUKHBIMU T'PaHHULIAMU.

3anava ¢ MOJABMKHBIMH IPAHUIIAMHU.

KonTtpomupyemsie kommerennuu: OITK-1, OITK-3, T1K-2

Oyenka KomMnemeHYyull OCyuecmesiemcs 8 COomeemcmeuu ¢ maoauyet 4.

KonTpoJbHbIe 3a1aHuA:

1. TectoBslii Bompoc 1:
a) BapUaHT OTBeTa 1;
0) BapuaHT OTBETA 2;
B) BapHUaHT OTBeTA 3;
') BApHAHT OTBETA 4;

2. TecToBBI# Bompoc 2:
a) BapUaHT OTBeTa 1;
0) BapuaHT OTBeTA 2;
B) BapHUaHT OTBeTA 3;
I') BapUaHT OTBeTa 4;

3. TectoBslii Bomnpoc 3:
a) BapUaHT OTBeTa 1;
0) BapuaHT OTBeTA 2;
B) BapHUaHT OTBeTA 3;
I') BapUaHT OTBeTa 4;

KomnuiekT 3aganuii UIsi KOHTPOJILHOI padoTsl 1o auctuiuinHe «/lnddepeHnnanbaele

YPaBHCHUA»

KonTtpoabnas pa6ora Ne 1

Bapuant Nel

VpaBHEHUS C pa3ICIAIOIIUMUCS IEPEMEHHBIMH:
1. xydx + (x + 1)dy = 0.



2. xE =1

dt

TeoMeTpuyecKkre U GU3MIECKHUE 3aIAUH:

3. Haiitu KpuBble, U1t KOTOPBIX IUIOIIAL TPEYrOJBLHUKA, 00Pa30BAaHHOIO
KacaTeJIbHOU, OPIMHATON TOUKM KAaCaHHsA U OChIO aOCIUCC, ECTh BEIMYMHA MIOCTOSIHHAS, PABHAS
a??

OIHOPO/HbIE YPABHEHHUS:

4. (x + 2y)dx — xdy = 0.

5. (y + /xydx = xdy.

KonTtpouabnas pa6ora Ne 1

Bapuant Ne2

YpaBHEHUS € PA3IEIAIOMUMUICS IEPEMEHHBIMH:

1. VYy?+ ldx = xydy.

2. y' = cos(y — x).

I'eomerpuueckue u GU3NIECKHUE 3a0aUH:

3. HaiiTu xpuBble, 11 KOTOPBIX CyMMa KaTETOB TPEYroJbHUKA, 00pPa30BAHHOIO
KacaTeJIbHOH, OpAMHATOM TOYKH KacaHUs M OChIO a0CIIMCC, €CTh BETMUNHA IIOCTOSIHHAS, PaBHAs
b?

OnHOpOAHBIE YPaBHEHUS:

4. (x —y)dx — (x+y)dy = 0.

5. xy' = {Jx2—y2+y.

Kounrpoabsnas padora Ne 1

Bapuant Ne3

YpaBHEHUS € Pa3IEIAIOMUMUICS IEPEMEHHBIMH:

1. (x2 = 1)y’ + 2xy? = 0.y(0) = 1.

2. y'—y=2x—-3.

I'eomerpuueckue U puU3NIECKUE 3a0a4u:

3. Haiitu xpuBble, 001aatomuye cieayoyuM CBOUCTBOM: OTPE30K OCH abcluce,
OTCEKaeMbli KacaTelbHON U HOPMaJIbIO, MPOBEJCHHBIMU U3 IPOU3BOJIBLHON TOUKH KPUBOM, paBeH
2a?

OnHOpOHBIE ypaBHEHUS:

4. (y? — 2xy)dx + x%*dy = 0.

5. 2x—4y +6)dx+ (x+y—3)dy =0.

KonTtpouabHnas padora Ne 1

Bapuant Ne4

VYpaBHEHUS ¢ pa3/eNAIONUMUICS IEPEMEHHBIMHU:

1. y'ctgx +y =2,y(x) » 1upux - 0.

2. (x+2y)y'=1,y(0) = —-1.

I'eomerpuueckue U pU3NIECKUE 3aTa4u:

3. Haiitu kpuBbIe, y KOTOPBIX TOUKa MEepeceueHue 1000l KacaTebHOM ¢ OChIO
abcrucc nmeer abcuuccy, BABOE MEHBIIYIO a0CIIHCChl TOUYKU KacaHue?

OpHOpOHBIE ypaBHEHUS:

4, 2x3y" = y(2x% — y?).



5. 2x+y+ 1dx + (4x + 2y — 3)dy = 0.

KonTpoabHas padora Ne 1

Bapuant Ne5

VYpaBHeHUs ¢ pa3AeAIOIIUMUCS IEPEMEHHBIMHU:

1.y =3yLy@=0.

2. y' =4x+2y—1.

I'eomeTpuueckue u pu3nyecKue 3a1a4u:

3. HaiiTu xpusble, o0siagaroniye ciaeIyronM CBOHCTBOM: €CIN uepe3 JIIoOyIo TOUKY
KPUBOH MPOBECTH MPSIMbBIC, TApAUICTbHBIC OCSIM KOOPJIUHAT, IO BCTPEUU C 3TUM OCSIMH, TO
JIOIIA/Ih TTOJIYYEHHOTO MPAMOYTOJIbHUKA JIETUTCS KpUBOW B OTHOIIEHHE 1:27

OnHopoaHbIe ypaBHEHUS:

4, y2 4+ x%y' = xyy'.

5. x—y—-1+@y—-x+2)y' =0.

KonrpoabsHnas padora Ne 1

Bapuant Ne6

YpaBHEHUS € Pa3IEIAIOMUMUICS IEPEMEHHBIMH:

1. xy'+y=1v?%y(1) =0,5.

2. 3y%y’ + 16x = 2xy3, y(X) orpaHM4eHO IpU X — 0,

I'eomerpuueckue u GU3NIECKUE 3a0a4UM:

3. 3a 30 gueit pacnanoch 50% nepBOHAYAILHOTO KOJMYECTBA PAJMOAKTUBHOTO
BenlecTa. Yepes CKoJIbKO BpeMeHH ocTaHeTcs 1% OT nepBOHAYaJIbHOTO KOJIMYECTBO?

OpHOpOoHBIE ypaBHEHUS:

4, (x? +y?)y' = 2xy.

5. (x+4y)y' =2x+ 3y —5.

KonTtpouabnas padora Ne 1

Bapwuant Ne7

VYpaBHEHUS ¢ pa3IeISIOIUMHUCS TEPEMEHHBIMU:

1. 2x%yy’ +y% =2,

2. xydx + (x + 1)dy = 0.

I'eomeTprueckue u GU3NIECKUE 3aTaUn:

3. CornacHo onbITaM. B TeueHne roga u3 Kaxaoro rpamma paaus pacmagaercs 0,44
Mr. Uepes CKOIBKO JIET pacnaAeTcs MOJOBUHA UMEIOLIETOCs KOINYeCTBa Paaus?

OnHOpOHBIE ypaBHEHUS:

4. xy' —y =xtg %
5. (y+2)dx = 2x+y—4)dy.

KonTtpoabHnas padora Ne 1

BapuanT Ne8

VYpaBHEHHS C Pa3IeIAOIUMUCS TepEMEHHBIMMU:
1. y' —xy? = 2xy.

2. x%y' — cos 2a = 1; y(+o0) = 97 /4.



I'eomerpuueckue u GuU3NIECKHUE 3a0a4u:

3.

Haiitu kpuBbIe, kacaTelbHbIE K KOTOPBIM B JIF000# TOUKe 00pa3yIOT paBHBIC YIIIbI

C MOJISIPHBIM PaUyCcOM U MOJISIPHOM OCBhIO?

OnHopoaHbie ypaBHEHUS:

4.
5.

xy' =y —xe¥/*
, +2
y =277

x+y—-1

KonTpoabHas padora Ne 1
Bapuant Ne9
VYpaBHeHHUs ¢ pa3AeaOIMUMUCS IEPEMEHHBIMHU:

1.
2.

e(1+2) =1
xy'+y=1v?%y(1) =0,5.

I'eomerpuueckue U GU3NIECKUE 3a0a4H:

3.

Teno oxmaaunock 3a 10 mun ot 100° go 60°. Temreparypa OKpyKaroLero

BO3/yXa noyiepkuBaercs pasaoi 20°. Koria teno octeinet 10 25°?
OnHopoaHbIE ypaBHEHUS:

x+y

4, xy'—y=((x+ ])lnT.
' yrx _ yitx
5. '+ l)lnm =

KounrpoabsHnas padora Ne 1

Bapuant Nel0

VYpaBHeHUs ¢ pa3IESIOMIUMUCS TEPEMEHHBIMU:
1. z' = 10%*%,

2. y' = BW,y(Z) =5.

I'eomerpuueckue u pusznyeckue 3aaauu:

3.

B cocyne, comepaxkammuii 1 kr Bogs! mpu Temneparypsl 20°, onyineH

AIFOMUHMEBBIN ITpeaMET ¢ Maccoit 0,5 Kr, yaenbHas TemnoeMkocts 0,2 1 Temneparypa 75°.
Yepes MuHyTy Boja Harpenach Ha 2°. Korga Temmeparypa Bojbl M IpeaMeTa OyAeT OTINYaThCs
ozHa ot apyroi Ha 1°? IToTepsMu Tella Ha HArpEBaHUE COCYIA M IIPOUUMHU.

OnHopoaHbIE YpAaBHEHUS:

4, xy' = ycosln %
5 r_ y+2 y—2x
) y x+1 x+1°

KontponsHas padora Ne2

Bapuant Nel

JIuHeiiHble ypaBHEHUS MIEPBOTO MOPSIIKA:
1. xy' — 2y = 2x*.

2. (2e¥Y —x)y' = 1.

3. xy' —2x2\[y = 4y.

VYpaBHeHU B MOJIHBIX TUdepeHIanax:
4, 2xydx + (x* —y?)dy = 0.



KonTtpouabnas pa6ora Ne2

Bapuant Ne2

JInHelHbIe ypaBHEHHUs I1IEPBOIO MOPSAAKA

1. 2x + 1y’ = 4x + 2y.

2. (sin®y + xctgy)y' = 1.

3. xy' — 2y + x°y3e* = 0.

VYpaBHeHus B MONHBIX JuddepeHnnanax

4, (2 — 9xy?)xdx + (4y? — 6x3)ydy = 0.

KonTpoabHnasi padora Ne2
Bapuant Ne3
JIuneliHble ypaBHEHUs [1EPBOIO MOPSAKA:
1. y' + ytgx = secx.
2. (2x + y)dy = ydx + 4lnydy.
X

I Xy
3. 2_’)/ —;:m.

YpaBHEHUS B MOJIHBIX TU(depeHranax:
4, e Ydx — 2y +xe™Y)dy = 0.

KonrtpoJsbHnas padora Ne2

Bapuant Ne4

JluneliHbIe ypaBHEHHUS IEPBOTO MOPSIIKA
1. (xy + e*)dx — xdy = 0.

2. y =2

3x-y?'

3. y'x3siny = xy' — 2y.
VYpaBHeHUs B ONHBIX JuddepeHnmanax:
4. %dx + (y3 + Inx)dy = 0.

KonTtpoabHnas padora Ne2

Bapuant Ne5

JIuHeliHbie ypaBHEHUS MIEPBOTO MOPSIKA:
1. x%y' +xy+1=0.

2. (A-2xy)y'=y@y-1.

3. 2x%ylny — x)y' = y.
VYpaBHeHus B MOMHBIX TuddepeHmnanax:

3x2+4+y? 2x3+5y
4. 2 dx — >3 dy = 0.

KonTtpoabHas pa6ora Ne2

Bapwnant Ne6

JIunelHple ypaBHEHUS [IEPBOTO MOPSIIKA:
1. y = x(y' — xcosx).

2. y' + 2y = y?e*.



3. x%y' + xy + x*y? = 4.
VYpaBHeHus B noJHbIX quddepeHnnanax:

4. 2x(1 +/x? —y)dx —/x?> —ydy = 0.

KonTpoabHnasi padora Ne2

Bapuant No7

JIuHeliHbIe ypaBHEHUS IIEPBOTO TOPSIIKA:

1. 2x(x% + y)dx = dy.

2. (x+DO +yH)=-y.

3. 3y’+y2+x£2=0.

YpaBHeHU B MONHBIX U epeHranax:

4, (1 + y2sin2x)dx — 2ycos?xdy = 0.

KonTtpoabnas pabora Ne2

Bapuant Ne8

JluneiiHple ypaBHEHHUS [IEPBOTO MOPSIIKA:
1. (xy" = Dlinx = 2y.

2. y' = y*cosx + ytgx.

3. xy' — (2x + 1)y + y? = —x2.
VpaBHeHHs B OMHBIX AuddepeHimanax:

4, 3x2(1 + Iny)dx = (Zy — ’;—3) dy.

KontpoJsbHnas padora Ne2

Bapuant Ne9

JIuHeliHble ypaBHEHUS MIEPBOTO MOPSIKA:
1. xy' + (x + 1)y = 3x%e™*.

2. xy?y' = x? +y?

3. y' —2xy +y%=5—x2
VYpaBHeHus B ONHBIX JuddepeHnmanax:

4. (Z42)dx+ oy, g

siny cos2y—1

KonTtpoabHnas paora Ne2

Bapuant NelO

Jlunelinble ypaBHEHHS IEPBOTO TIOPAIKA:
1. (x + y?)dy = ydx.

2. xydy = (y? + x)dx

3. y' +2ye* —y? =e?* + e*.
VpaBHEHHS B HOJHBIX Ju(PepeHIranax:
4. (x2 +y? + x)dx + ydy = 0.

KonTtpoabsnas pabora Ne3
Bapuant Nel



VYpaBHeHuUe, He pa3pelIeHHbIE OTHOCUTEIBLHO TPOU3BOTHOM:

1. y'? —y2=0.

2. yi+xy=y*+xy'

3. x=y3+y

4, y=xy —y"?

Pa3Hble ypaBHEHHs MEePBOro MOPAIKa:
5. xy'+x%2+xy—y=0.

KonTtpoabnas padora Ne3

Bapuant Ne2

YpaBHeHHE, HE Pa3pEIICHHBIE OTHOCUTEIBHO IIPOU3BOIHOM:
1. 8y'3 = 27y.

2. xy'(xy' +y) = 2y2.

3. x(y'?—1) =2y

4, y+xy' = 4\/7.

Pa3Hble ypaBHEHHUS IIEPBOTO MOPSAIKA:
5. 2xy' +y2 =1.

KonrtpoJabHas padora Ne3

BapuanT Ne3

VpaBHEHNE, HE Pa3PEIIEHHBIE OTHOCUTEIBHO TPOU3BOIHOM:
1. ' +1)3=27(x + y)%

2. xy'? = 2yy' +x =0.

3. x=yy?+1.

4, y = 2xy' —4y'3,

PasHbIe ypaBHEHHS IEPBOTO MOPSIIKA!

5. (ny’z — y)dx + xdy = 0.

KonTtpoabnas pabora Ne3

BapuanT Ne4

VpaBHeHHUE, HE pa3pelIeHHbIC OTHOCHTEIHHO MPOU3BOHOM:
1. Y2 +1)=1.

2. xy?=y@y' -1

3. y(x—-Iny)=1.

4. y=xy'—2+y").

PasHble ypaBHEHHs IEPBOTO MOPSIKA:

5. (xy' +y)? =x?y.

KonTtpoabnas pabora Ne3

Bapuant Ne5

VYpaBHeHHeE, HE pa3pelIeHHbIE OTHOCUTENIBHO TPOM3BOIHOM:
1. y'2 —4y3 = 0.

2. y'2+x=2y

3. y=y'?+2y".



4. Y3 +y%=xyy
Pa3Hble ypaBHEHHs TIEPBOTO TIOPSIKA:

5. y—y' =y +xy.

KonTtpoabnas padora Ne3

Bapuant Ne6

VYpaBHEHHUE, HE Pa3peLICHHBIC OTHOCUTEIBLHO IPOU3BOTHOM
1L y?=4*1-y).

2. Y3+ (x+2)e¥ =0

3. y' =1In(1 +y").

4. y = xy'? —2y'3.

PasHble ypaBHEHHs IIEPBOTO MOPSIKA

5. (x+2y3)y =y.

Konrtpoabnas pabora Ne3

Bapuant Ne7/

VpaBHeH#He, He pa3pelieHHbIC OTHOCUTEIBHO TPOU3BOIHOM:
1. xy'? =y.

2. y'? — 2xy' = 8x?

3. +DP=0"—-»>

4. xy'—y=1Iny'.

Pa3Hble ypaBHEHHS [IEPBOTO TIOPSIIKA:

5. y'3 — gy =,

Konrtpoabnas pabora Ne3

BapuanT Ne8

VpaBHeHHUE, HE pa3pellIeHHbIE OTHOCHTEIHLHO MPOU3BOHOM:
1. yy'3 +x = 1.

2. (xy' +3y)% = 7x

3. y= (" —1e.

4, xy'(y'+2)=y.

PasHble ypaBHEHHS TIEPBOTO TTOPSIKA:

5. x%y = y(x +y).

KonTtpoabnas pabora Ne3

BapuanT Ne9

VpaBHeH#e, He pa3pelieHHbIC OTHOCHTEBHO MPOM3BOTHON
L Y3 +y?=yy (' +1).

2. y*P=2yy =y*(e*-1)

3 Yt — ' = 2.

4. 2y"%(y —xy') = 1.

Pa3Hble ypaBHEHHUS [IEPBOTO MOPSIIKA

5. (1 +x2)dy + xydx = 0.

KonTtpoabsnas pabora Ne3



BapuanTt Nel0

YpaBHeHHE, HE Pa3pEIICHHBIE OTHOCUTEIBHO IIPOU3BOIHOM:
1. 41-y)=@y-2%"

2. y'(2y —y') = y3sin?x

3. y'2—y'3 =y2,

4, 2xy' —y=1Iny'".

Pa3Hble ypaBHEHMS IEPBOTO MOPSAKA!

5. y?+2(x—1)y' =2y =0.

KonTpoabHas padora Ne4
Bapuant Nel

ypaBHeHI/IC, I[OHYCKaIOIHI/Ie IIOHMKXCHUEC ImopsaakKa
2.1

1. x2y" = y'?,

2. 2yy"=yt+yn

3. xyV =1.

4. yy"=2xy"% y(2)=2,y'(2) = 05.

JIuneiiHple ypaBHEHHE C OCTOSHHBIMU KO3 QHIMEHTaMu
5. y'+y' =2y =0.

KountpoabsHnas padora Ned
Bapuant Ne2
VYpaBHeHuUe, JOMyCKaOUMe TOHMKEHHUE MOPSAIKa

1.

1. 2xy'y" = y'* — 1.

2. y'3 +xy" =2y

3. y'"' = 2xy".

4, 2y'" — 3y'2 =0, y(0) =-3,y'(0) =1,y"(0) = —1.
JIunHelHble ypaBHEHHE C TOCTOSSHHBIMU KO3 hrLineHTaMu

5. y'+4y'+3y =0.

KonTtpouabnas pabora Neq4
Bapuant Ne3

VYpaBHeHuUe, JOMyCKarOIINe TOHKEHUE MOPSAKa

1. y3y'" = 1.
2. y'2+y =xy".
3. xyV + 9" = e*.
r ! 6 2 !
4. x%y" —3xy' = xL— 4y, y(1) =1,y'(1) = 4.

2
JIuHeiiHble ypaBHEHHE ¢ IOCTOSIHHBIMU KO3 duimentaMmu
5. y'" —2y"'=0.

KonTtpoubnas paGora Ned

Bapunant Ne4

VYpaBHeHHe, JONYCKAIOIIIe MOHWKEHNE TTOPsIJIKa
1. y'2+2yy" =0.

2. y'+y'?=2e7V.



3. yylll + 3ylyll — O.

4, y"" =3yy', y(0) =-2,y'(0) =0,y"(0) = 4,5.
JIuHeiinble ypaBHEHUE C OCTOAHHBIME KO3()PHIMEHTAMH
5. 2y" =5y"+ 2y =0.

KonTtpouabnas padora Neq4

Bapuant No5

VYpaBHeHHe, OIYCKAIOLINE NOHUKEHUE OPsIKa

1. y'" = 2yy'.

2. xy"' =y" —xy".

3. y'y" =2y

4, y" cosy +y'?siny =y', y(—1) =%,y’(—1) = 2.
JIuHeliHbIE ypaBHEHHUE C IOCTOSHHBIMU KO3 purmenTamu
5. y" —4y'+ 5y = 0.

Kountpoabsnas padora Ned

Bapuant Ne6

YpaBHeHHE, JONYCKAIONIHE TOHWKCHUE TTOPSIKa

1. yy" +1=y"

2. y'"? =92 41,

3. w'=y (+D.

4. yy" = 2xy'?, y(2) =2,y'(2) = 0,5.

JIuHeliHbIe YpaBHEHHUE C TIOCTOSSHHBIMU K03 duitneHTaMu
5. y" +2y"+ 10y = 0.

KonTtpouabnas padora Neq4

Bapuant Ne7

VYpaBHeHHE, JOMYCKAIOIIIE TOHMKEHNE TIOPSIIKa

1. y'"(e*+1)+y =0.

2. y' =e”.

3. 5y""? — 3y"yV = 0.

4. 2y —3y'? =0, y(0) = =3,y'(0) = 1,y"(0) = —1.
JIuHeliHbIe ypaBHEHHUE C IOCTOSTHHBIMU K03 puiimenramu

5. y"+4y=0.

KonTtpouabnas pabora Neq4

BapuanTt Ne8

VpaBHEHHE, JTOMYCKAIOINIME TIOHMKEHHE MTOPSIIKA

1. y'"' = y'"2

2. y" —xy" +y""3 =0.

3. yy" +y'% = 1.

4. x%y" —3xy' = %2 -4y, y(1) =1,y'(1) = 4.
JIuneiiHbIe ypaBHEHHE C OCTOSHHBIMU KO3 duImenTaMu
5. y"" —8y =0.



KonTtpouabsnas paGora Ned

Bapuant Ne9

VpaBHeHHUE, TOMYCKAONIHE TTOHMKEHHUE MTOPSIIKA

L oy =y*—y"

2. 2y'(y" +2) = xy'".

3. y'=xy'+y+1

4. y" =3yy', y(0) ==2,5'(0) = 0,y"(0) = 45.
JIuneiiHble ypaBHEHHUE C IOCTOSHHBIMU K03 punmenramu

5. yV —y =0.

KonTtpouabnas pabora Ne4

Bapuant Nel0

VYpaBHeHue, AOMyCKalOUIe MOHIKEHNE opsIKa

1. y'" =2@" = Dctgx.

2. yt—y3y" =0,

3. xy'" =2yy' —vy'.

4, y" cosy +y'?siny =y', y(—1) =%,y’(—1) =2.
JluneiHble ypaBHEHHE C TOCTOSTHHBIMU KOX(UITUEHTaAMH
5. yV + 4y = 0.

KonTtposabnas pa6ora NeS

BapuanT Nel

JIuHeliHbIe ypaBHEHUS ¢ TOCTOSTHHBIMU K03 punmenramu
y + 64y = 0.

y"" =3y"+ 2y =0.

y'+3y —4y =e 4+ xe V.

y'" — 8y’ + 20y = 5xe** sin 2x.
y'+2y"+y=0,y2)=1,y'(2) = -2.

ok wnE

KonTtpouabnas padora NeS

Bapuant Ne2

JIuHeiHbIe YpaBHEHHUS C TOCTOSHHBIMH KO3 QUIIMEHTaMH
y"'=2y"+y=0.

y +4y" + 3y = 0.

y" + 2y’ — 3y = x%e”.

y" —7y' + 10y = xe~?* cos 5x.
y'+y=4e*y(0)=4,y'(0) =-3.

o wbh e

KonTtpouabnas pabora NeS

Bapuant Ne3

JIuHeiHbIe YpaBHEHHUS C MOCTOSHHBIME KO DUIIMECHTAMH
1. 4y" +4y"'+y=0.

2. y'" =2y — 3y =e**,

3. y" — 4y’ + 8y = e?* + sin 2x.



4. y'" —2y"+ 5y = 2xe* + e* sin 2x.
5. y" —2y"'=2e*,y(1) =-1,y'(1) = 0.

KoutpoabHnas padora Neb5

Bapuant Ne4

JIuHeiiHbIe ypaBHEHUS ¢ TOCTOSTHHBIMU K03 punmenramu
yV — 6y +9y"" = 0.

y"' +y=4xe*.

y"" — 9y = e3* cos x.

y' —2y'+y=2xe* + e*sin 2x.

y"' +2y"+ 2y =xe %, y(0) =y'(0) =0.

ok~ wn e

KonTpoabHnas padora NeS

Bapuant No5

JIuHeiHbIe YpaBHEHHUS ¢ TOCTOSHHBIMU KO DUIIECHTAMH
1. yV —10y"" +9y' = 0.

y" —y =2e* —x?

y' —=2y"'+y = 6xe*.

y" —8y' + 17y = e*(x? — 3x sinx.

y"' =y =0,y(0)=3y'(0)=-1y"(0)=1

gk~ wb

KonTtpouabnas pabora NeS

Bapuant Ne6

JIuHeliHbIe ypaBHEHUS ¢ TOCTOSTHHBIMU K03 punmenramu

yV +2y" +y=0.

y" +y' — 2y =3xe*.

y"' +y = xsinx.

y"" +y' =sinx + xcosx.

y"" =3y =2y =9e**,y(0) = 0,y'(0) = —=3,y"(0) = 3.

o wh e

KonTtpouabnas padora NeS

Bapuant Ne7

JIunelHble ypaBHEHHMSI C TOCTOSSHHBIMU KO3 puiineHTaMmu

ylll _ 3yu 4+ 3yl —y= 0.

y" —3y"+ 2y = sinx.

y" 4+ 4y' + 4y = xe?*.

y"" —2y" + 4y’ — 8y = e?* sin 2x + 2x2.

y" +y" = 2cosx,y(0) = =2,y'(0) = 1,y"(0) = y"'(0) = 0.

SANESNE A .

KonTtposbHnas paGora NeS

BapwnanTt Ne8

JIuHeliHbIe ypaBHEHUS C TOCTOSIHHBIME KO3 duImenTaMmu
1. y"—=y"—y'"+y=0.

2. y" +y = 4sinx.

3. y" — 5y’ = 3x?% + sin5x.



4, y"" — 60" + 8y = 5xe?* + 2e™* sinx.
5. y'+2y"+y=0,y2)=1,y'(2) = -2.

KonTtpouabnas pabora NeS

Bapuant Ne9

JIuHeiHbIe YpaBHEHHUS C MOCTOSHHBIME KO DHUIIMECHTAMH
yV —5y" + 4y = 0.
y" =5y’ + 4y = 4x%e
y"' —=2y"+ 2y =e* + xcosx.

y'+ 2y +y=x(e™ — cosx).

y" +y=4e*,y(0) =4,y'(0) =-3.

2x

ok~ wn e

KonTtpouabnas pabora NeS

Bapuant NelO

JIuHeliHble ypaBHEHHS C TOCTOSIHHBIME KO3 duimentaMmu
yV + 8y’ + 16y’ = 0.

y" —=3y"+ 2y = xcosx.

y" + 6y’ + 10y = 3xe™3* — 2e3*cosx.

y" —y" —y"+y=3e* + 5xsinx.

y'" —=2y"'=2e*,y(1)=-1,y'(1) = 0.

ok wn e

KountpoabsHnas padora Ne6
Bapuant Nel
JIuHeHbIe CUCTEMBI C TOCTOSTHHBIMU KO3 UIIMEHTaMH
1 { X=2x+y
' y =3x+4y
X=x+z-—-y
2 {y=x+y—z; A =1L1=21;=-1)

Z=2x—2z

3 {x=y+29t

' y =x+t?
2 -1 -1
4, x=Ax,A=1 0 -1
3 -1 -2

KonTtposabHnas paGora Ne6

Bapuant Ne2
JIuHeltHbIe CUCTEMBI C TOCTOSIHHBIMM KOA(Q(PHUIIMEHTaMU
X=x-—Yy
{y=y—4x

y=y—x+z; A =041,=21=-1)
ZI=x—2z
3 {Xzy—Scost
' y=2x+y

X=x—2y—z
2 {



1 -2 2
4. x=Ax,A=1 4 =2
1 5 =3

KonTpoabHas padora Ne6

Bapuant Ne3

JIuHelHbIe CUCTEMBI C TOCTOSTHHBIMU KO3 dUILIMEeHTaMH
1 {x +x—-8y=0

y—x—y=0
X=2x—y+z
2. {y=x+2y—z; A, =12, =2,13=3)
z=x—-y+2z
3 {fc=3x+2y+4e5t
' y=x+2y
-1 -2 2
4, x=Ax,A=-2 -1 2
-3 -2 3

KonTtpoubnas pabora Ne6

Bapuant Ne4

JIuHeHbIE CUCTEMBI C TOCTOSTHHBIMU KO3 UIIMEHTaMH
XxX=x+Yy

L {y=3y—2x

{ x=3x—y+z

N

y=x+ty+z ;A =1L1,=21;=5)
Z=4x—y+4z
3 {J'C=2x—4y+4e_2t

y=2x—2y
-3 2 2
4 x=Ax,A=-3 -1 1
-1 2 0

KonTtpouabHnas pabora Ne6

Bapuant Ne5

JIuHeitHbIe CUCTEMBI C TOCTOSIHHBIMM KO (PHUIIMEHTaMU
{55 =x-—3y

1. .
y=3x+y

{a'c =4y —2z—3x

N

}7=Z+x ;(/’{1:1,12:2,13:_1)
Z=6x—6y+5z
3 {55=4x+y—92t

y=y—2x
3 -3 1
4, XxX=Ax, A= 3 =2 2
-1 2 0

KonTtpoubHnas paGora Ne6
Bapuant Ne6
JIuHeltHbIe CUCTEMBI C TOCTOSIHHBIMH KOA(PPHUIIMEHTaMU



1 {x+x+5y—0
. oy

x—x— —Z
2 { —X+y (11—1123—14'21)

Z—3x+z

3 x=2y—x+1

' { y =3y — 2y
2 1 -1
4, x=A4Ax,A=-1 0 1
1 1 0

KonTpoabHnas padora Ne6
Bapuant No7
JIuHelHbIe CUCTEMBI C TOCTOSTHHBIMU KO3 dUIIMEeHTaMH
X=2x+y
{5/ =4y —x
X=2x+y
|

1.

y=x+3y—2z;, (A =2,,3=3%1i)
z=2y+3z—x

3 {X=5x—3y+2€3t

' y=x+y+5et

0 1 1
4. x=Ax,A=1 0 1
2 21

KonTtpouabnas padora Ne6

Bapuant Ne8

JIuHelHbIe CUCTEMBI C TOCTOSIHHBIMH KO3 (PHUIIMEHTaMU
{55 =3x—y

1. .
y=4x—-y

{x =2x+2z—y

N

y=X+ZZ ; (/11 :1,/12,321_1.)
Z=y—2x—12z
3 {x=2x+y+et

y=-2x+2t
0 1 1
4. x=Ax,A=1 1 0
-1 0 1

KonTtpoubnas padora Ne6
Bapuant Ne9
JIuHeltHbIe CUCTEMBI C TOCTOSIHHBIMH KOA(PPHUIIMEHTaMU
X =2y—3x
T
y=y—2x
X=4x—-y—z
2 {y=x+2y—z; A =2,1,=2;3=13)
Zz=x—-y+2z
X=x+2y
3. {y =x —5sint



KonTpoabHas padora Ne6

Bapuant Nel0

JIuHelHbIe CUCTEMBI C TOCTOSTHHBIMU KO3 dUILIMEeHTaMH
1 {x —5x—-3y=0

y+3x+y=0
X=2x—y—2z

2. y=3x—2y—3z;, (1, =04, =4;=1)
z=2z—x+y

3 { X =2x—4y
' y = x — 3t + 3e’

0 1 -1
4. x=Ax,A=1 0 -1
2 2 -3

Koutponupyemsie kommnerenuuu: OITK-1, OITK-3, I1K-2

Oyenka KomMnemeHYyull OCyuecmeisiemcs 8 COomeemcmeuu ¢ maoauyet 4.

Bompocs! k 3a4ery:

VYpaBHEeHMsI IEPBOTO MOPsI/IKA, pa3pelieHHbIE OTHOCUTEIBHO IPOU3BOAHOM.
VpaBHEHUs ¢ pa3eNsAOIIUMUCS IEPEMEHHBIMU U MIPUBOISALINECS K HUM.
JInneliHble ypaBHEHHs IEPBOIO NMOpsAKa. MeTon Bapuanuy OCTOSHHOM.
YpaBuenue bepnyiun. YpaBHenue Pukarru.

YpaBHeHus B MOJHBIX auddepennumanax. Heodxonumoe u J0CTaTOYHOE YCIOBHE
Oitnepa. IHTErpupyrommii MHOKUTEb.

agkrownE

6. [TpuHIMI CKATBHIX OTOOPAKEHUH.
d
7. Teopema cyI1ecTBOBaHUS U €IMHCTBEHHOCTH PELLIEHUS yPaBHEHUS d_y =f (X, y).
X
8. Teopema 0 HENMPEPHIBHOW 3aBUCUMOCTH PELIECHUS OT MapaMeTpa U OT HadaJIbHBIX
YCIOBUH.
dy
9. Oco6ble Toukn. OcoOble peneHns ypaBHEHUs PV f(x,y).
X
10.  JuddepeHuunanbHbie ypaBHEHUS, HE pa3pelIeHHbIE OTHOCUTEIHHO MPOU3BOIHOM.
Meron BBeZicHUS NTapamMeTpa Il ypaBHEHUHN BUIA F(X, Y, y') =0.
11.  VYpasuenue Jlarpanxa, ypasuenue Kiepo.
12. Teopema cymecTBOBaHUS M €AMHCTBEHHOCTH PEIICHHUS yPaBHEHUS F(X, Y, y') =0.
13.  OcoOble TOuKH U 0COOBIE pelIeHUs] YpaBHEHUS F(X, Y, y') =0.
14.  CsezneHue ypaBHEHHUH N-TO mopsaka K cucreme N auddepeHnnanbHbIX ypaBHEHUH

1-ro nmnopsaka. Teopema cCymiecTBOBaHMSI U €QMHCTBEHHOCTH pEIICHHUS YpaBHEHUS

y®™ = f(x, VoY e y(”‘l)).

15.  TIlpocreiime cayyau MOHUKEHUS MOPSAKA.

16.  Jluneiinble nquddepeHnmanbHbe ypaBHEeHH N-ro nopsiaka. CBoicTBa TUHEHHOTO
oreparopa.

17.  Teopembl O pemIeHUSX JIUHEHHOTO OJHOPOJHOTO YpaBHEHHsS N-TO TMOpPSIKA.

dyHIaMeHTalbHasl CUCTEMA PEIlIeHUH.
18.  ®opmyna Ocrtporpaackoro—JInyBumis.



19.  JluueiiHble OIHOPOJOHBIC YpPAaBHEHHS C MOCTOSHHBIMH K03 duumenramu.
Paznuuneble ciiydyan KOpHER XapaKTepUCTUYECKOTO YPAaBHEHUS.

20.  VYpaBuenus Diinepa. IIpeoOpazoBanme ypaBHEHUs ODiijiepa B YpaBHEHHE C
MOCTOSTHHBIMH KO3 (UIIUCHTAMH.

21. JIuHeliHbIE HEONHOPOJHBIE ypaBHEHUSA N-TO MOpsAKa. TeopeMbl O pEelIeHUsAX
JMHEHHOr0 HEOTHOPOJAHOTO YpaBHEHUSI.

22.  Merox BapHaluy MOCTOSHHBIX.

23.  JluneliHble HEOJHOPOJHBIC YpPAaBHEHUS C TIOCTOSHHBIMH KO3 dUIIMEHTaMHU.
Merto HeonpeaeneHHBIX KO3 PUITECHTOB.

24.  UarerpupoBanue auddepeHnaIbHbIX YpaBHCHHH TIPU  TIOMOIIU  PSIOB.
[Tepuonuueckue pemenus 1udHepeHInaIbHBIX YpaBHEHUH.

25. Merox Mmasioro mapaMerpa M €ro MNpUMEHEHHE B TEOPUM KBa3WJIMHEHHBIX
KOJICOaHUH.

26. KpaeBas 3agaua.

27.  Pemenue kpaeBbIX 3a1a4 MetonoM (ynkiun ['puna. CoiictBa ¢pynkuuu ['puna.
[Toctpoenue pynkmuu ['puna.

28.  Cucremsl g hepeHIATBEHBIX YpaBHEHUH. OcHoBHBIE MTOHSITHUSL.
['eomeTrpuueckass u (u3uUeckass WHTEpIpEeTalysl pelieHus cucTeMbl auddepeHInaTbHbIX
YpaBHEHUM.

29.  UarterpupoBaHHE CHUCTEMbl IyTeM CBEICHHS K OJHOMY YpaBHEHHIO Oolee
BBICOKOT'O TIOPSI/TKA.

30. HaxoxeHue nHTerpupyemMbix KOMOUHAIUH.

KonTtpomupyemsie kommerennuu: OITK-1, OITK-3, T1K-2

Oyenka KomMnemeHYyull OCyuecmesiemcs 8 COomeemcmeauu ¢ maoauye 4.

Bonpocsl k 3k3ameny:

YpaBHEHMS IEPBOTO MOPS/IKA, Pa3PEIIEHHBIE OTHOCUTEIBHO IIPOM3BOAHOM.
VYpaBHeHUs ¢ pa3feaoILUMUCS IEPEMEHHBIMU U IPUBOIALINECS K HUM.
JIuneiinble ypaBHEHMsI IEPBOTO NMopsiika. MeTox Bapraliiy MOCTOSHHOM.
VYpaBuenue bepnyu. YpaBHenue Pukarru.

VYpaBHeHus B noaHbx Auddepennnanax. Heobxonumoe u J0CTaTOUHOE YCIOBUE
Oiinepa. aTerpupyrommii MHOXHUTEb.

orwdPE

6. [TpuHIMI CKATBIX OTOOPaXKEHUH.
dy
7. Teopema cymiecTBOBaHHUS M €MHCTBEHHOCTH PEIICHUS YpaBHEHHSI i = f (X, y).
X
8. Teopema o HENMpPepHIBHOW 3aBUCUMOCTH PELICHHS OT IMapaMeTpa u OT HadaIbHBIX
YCIIOBUH.
dy
9. OcoOsbie Touku. OcoOble penieHns ypaBHEHUS dx = f (X, y).
X
10.  uddepeHunanbHble ypaBHEHUS, HE pa3pelleHHble OTHOCUTEIBHO MPOU3BOAHOM.

Meron BBeeHUS ITapameTpa Uil ypaBHEHUN BUIA F(X, Y, y') =0.
11. VYpasuenue Jlarpanxka, ypasaenue Kiepo.

12. Teopema cyIliecTBOBaHUS U €IMHCTBEHHOCTH PEIICHUS] ypaBHEHUS F(X, Y, y') =0.
13. OcoOble TOUKH U 0COOBIE PEIICHUS] YPaBHEHUS F(X, Y, y') =0.
14.  Caegenue ypaBHEHUH N-ro mopsijka K cucreMe N nuddepeHanbHbIX ypaBHEHUN

1-ro nopsaJaKa. TeopeMa CymieCTBOBaHUsA W CAUMHCTBCHHOCTU  PCIICHUA  YPABHCHUA

y" = f(x, Y, y',...,y(”’l’).

15.  Ilpocreiimue ciyyan MOHWKEHHUS MOPSAKA.



16.  Jluneiinble nuddepeHnmanbabe ypaBHeHHS N-ro nopsiaka. CBoicTBa TMHEHHOTO
orepaTopa.

17.  Teopembl O pemIEHUSX JIUHEHHOTO OJHOPOJHOTO YpaBHEHHsS N-TO TOPSIKA.
DyHIaMeHTaJIbHAs CUCTEMA PEIICHUMN.

18.  ®opmyna Octporpaackoro—JInyBumis.

19.  JluneliHble OJHOPOJHBIC YpPAaBHEHUS C TOCTOSIHHBIMH KO3 (UIIMCHTAMH.
Paznuunble ciiyyan KOPHEN XapaKTepUCTUYECKOIO YPaBHEHUS.

20. VYpaBuenus DOiinepa. I[IpeoOpa3oBanue ypaBHEHHS Dijepa B ypaBHEHHE C
NOCTOSIHHBIMU K03 (punimernramu.

21.  JluHeliHble HEOIHOPOJHBIE YpaBHEHUA N-r0 MopsAaka. Teopembl O pelIeHUSIX
JMHEWHOTO HEOJHOPOAHOTO YPAaBHEHHS.

22. Metoa Bapuanuy MOCTOSHHBIX.

23.  JluHeiliHBlE HEOJHOPOAHBIC YPaBHEHUS C IOCTOSHHBIMH Ko3(dduuueHramu.

Merton HeompeaeaeHHbIX KO3 HUIIMEHTOB.
24.  WuterpupoBanue uddepeHNaIbHbIX YpaBHEHMHA TpU  TIOMOIIM  PSIOB.
[lepropndeckue penienus TudQepeHaIbHbIX YpaBHEHUI.

25. Merox Manoro mapamerpa M €ro NPUMEHEHHE B TEOPUU KBAa3HIMHEHHBIX
KoJIeOaHUH.

26.  KpaeBas 3agaua.

27.  Pemenue kpaeBbIX 3aj1a4 MetoaoM (pyHkuun ['puna. CoiictBa ¢pynkuuu ['puna.
[Toctpoenne ¢pynkuuu I'puna.

28.  Cucremsl b hepeHIaTbHBIX ypaBHEHUH. OcHoOBHbIE MOHSATHSL.
['eomerpuueckass W (u3uyeckass WHTEpHpETanus pelmeHus cucreMsl auddepeHnnanbHbIX
YpPaBHEHUU.

29.  HuTerpupoBaHWE CHCTEMBI ITyT€M CBEACHHS K OJIHOMY YypaBHEHHUIO Oolee
BBICOKOT'O IOpSIKA.

30.  HaxoxaeHHe MHTETPUPYEMBIX KOMOMHAITHIA.

31.  Cucrembl JuHEHHbIX JU(QepeHIMaIbHbIX ypaBHEHUH. TeopeMbl O peLIeHUsX
CHCTEMBI JIMHEHHBIX TU(PepeHIINaTbHBIX YPAaBHEHUH.

32. MeTtoa BapUalfy MOCTOSHHBIX.

33.  Cucrempl JUHEWHBIX IU(GGEPEHIUATBHBIX YpPaBHEHHH C  MMOCTOSHHBIMH
ko3 uurentamu. Pasznuynele cirydan KopHel XapakTepUCTHUECKOTO YpaBHEHHUS.

34.  OmnpexneneHne yCTOMYUBOCTH PEUICHUS CUCTEMBI MU (HEepEeHITNATBEHBIX YPaBHEHUIH
1o JIAmyHoBy.

35.  OmnpeneneHne aCUMITOTUYECKON YCTOHYMBOCTH. ToOYKa MOKOS.

36.  IIpocreiimme TUIIBI TOUEK TOKOSI.

37.  Bropoii meron JlsmyHoBa. Teopema JlsmyHoBa 00 ycroitumBoctu. Teopema
JIsamyHoBa 00 aCHMOTOTHYECKOW YCTOWYMBOCTH.

38.  Teopema YeraeBa 0 HEYCTOWYHBOCTH.

39.  MHccnenoBaHue Ha YCTOHYHMBOCTH IO MEPBOMY IPUOINKEHUIO.

40.  Teopema JIsmyHOBa 00 MCCIIEIOBAHHH I10 IIEPBOMY TIPHOIFIKEHUTO.

41.  IIpu3HaKM OTPHULIATEILHOCTH JEHCTBUTENBHBIX YacTe BCeX KOpHEH MHOTOYJICHA.
Teopema I'ypBuna.

42.  Cnyyaiif Manoro ko3¢ ¢uienTa npu Nporu3BOAHOM BBICIIETO MOPSIKA.

43.  OmpeneneHue YCTOWYMBOCTH TPH TIOCTOSHHO JCHCTBYIOIIUX BO3MYIIECHHSIX.
Teopema MainkuHa.

44.  Teopema KoBaneBckoii O CyIIECTBOBaHMM M €IMHCTBEHHOCTH pEIICHHUS
YPaBHEHHSI B YACTHBIX NPOU3BOHBIX.

45.  JluHelHbIe OJHOPOIHBIC W KBAa3WIMHEHHBIEC YpaBHEHUS B YaCTHBIX MPOU3BOIHBIX
HEPBOTO MOPsIKA. XapaKTePUCTUKU YPABHEHUI.

n
46. Teopema 006 00111eM pelieHNN YpaBHEHHUS Z X, (Xl, X yeues Xn) z =0.



47. OnHOpOIHBIE U HEOTHOPOIHBIE YPAaBHEHHS B YACTHBIX MPOU3BOIHBIX OT (PYHKIUU
N IEPEMEHHBIX.

48. Bapuanmonnoe uicuncinenue. Bapuanus pyHKIIMOHaNA U €€ CBOICTBA.

49.  OcHoBHas TeopeMa BapHallMOHHOTO UCYUCIICHUS.

50.  OcHoBHas leMMa BapHALlMOHHOTO HCYHCIICHHUS.

51.  Ilpocreiimas 3a1aya BapUaMOHHOTO UCYUCIICHUSI C HEMOABUKHBIMU TPAHUIIAMHU.
VYpaBuenue Ditnepa.

52. [Ipocretilie ciiydyan HHTETPUPYEMOCTH YpaBHEHUs Diljepa.

X
53. DyHKIIMOHATIBI  BUJA IF(X, yl,yz,...,yn,y'l,...,y'n)dx. CucteMa ypaBHEHHI
Xo
Ditnepa.
54, DyHKIUOHABI, 3aBUCAIIME OT IPOU3BOJIHBIX 00Jiee BBICOKOTO TMOpSAKA —
X
j F (X, VoY y® )dx. VYpasuenue Ditnepa—Ilyaccona.

Xo

55. DYHKIIMOHAIBI, 3aBUCAIINE OT (PYHKIIUH HECKOIBKUX HE3aBUCHMBIX MEPEMEHHBIX
07 oz
— ” F| X,¥,z,—,— |dxdy . YpaBauenue OcTporpaackoro.
5 ox Y
56. [pocreiimas 3aza4da c IIOIBYKHBIMA IpaHUIIAMH. Venosue
TPaHCBEPCATBHOCTH. Y CJIOBHE TPAHCBEPCAIIbHOCTH.
57. Bapuanuonnas ~ 3agada  Ha  yCIOBHBI  9KkcTpemyM.  CBsi3u  BHIa

¢(X’ yl’ yz’---y yn):O.

Xy

58. Teopema 00 »dKcTpemyMe (YHKIHOHANA IF(X, yl,yz,...,yn,yi,...,y;])dx npu

Xo
HAJINYUH YCIOBUH @, (X, YVis Yoreens yn): 0 (i=12,...m; m<n).
59.  HMsonepumerpuueckas 3aaaya.

Kontponupyemsie kommnerenuuu: OITK-1, OITK-3, T1K-2

Oyenka KomMnemeHYyull 0Cyuecmeisiemcs 8 COomeemcmaeuu ¢ maoauyet 4.

Metoaunyeckue marepuajbl K Kypey «luddepeHunanbHbie ypaBHEHUD)

JAudpepennnaibabie ypaBHEeHHS NEPBOro MOpPsAKa.
1. ITonsitne 1 depeHHATBLHOIO YPABHECHHS.
Onpeoenenue. JluddepeHnmanbHBIM — ypaBHEHHEM N-TO  TOpSAKAa  HA3bIBAETCS
COOTHOILIEHUE BUJIA

F(xy;y;...y™)=0 (1.1)

MEKILy He3aBHCHMBIM IIEPEMEHHBIM X, ero GyHKumeil y n nponssoxusivu Y, Y”,...,y".
OyHknua Yy = (p(X) HazbIBaeTcs pelieHueM auddepennuanbaoro ypasHenus (1.1), ecnu
noce 3amenst y Ha @(X), y'Ha ¢'(X), ..., y™ Ha (p(”)(x) — YpaBHEHHE MPEBPAIIACTCS B

CIIPaBEIMBOE TOKIECTBO.
HuddepenunansHoe ypaBHeHHe |-ro mopsiaka uMeeT BUJ:

F(x;y;y')=0 (1.2)



Huddepenunansuoe ypaBuenue |-ro mopsiaka (1.2), paspemieHHOE OTHOCUTENBHO Y’

3aMuChIBaeTCs B BUJIE:
y'="f(xy) (13)
u Ha3pBaeTcs auddepeHMANBHEIM  ypaBHeHHeM | mopsaka, pa3pemeHHBIM
OTHOCHUTEJIHO MPOU3BOAHOM.
I'padpuk  pemenus auddepeHnnanbHOr0  ypaBHEHUs  OyldeM  Ha3bIBaTh
WHTErPAJIbHON KPUBOM.

2. luddepeHunaibHoe ypaBHEeHHE PAAHOAKTHBHOIO pacnaja.

3aodaua. 3a 30 nueir pacnanocs 50 % nepBOHAYAIBHOTO KOJIMYECTBA PaJMOAKTUBHOIO
BelecTBa. Yepes cKoJIbKo THeW ocTaHeTcst | % BeniecTBa OT EpBOHAYAIBHOTO KOJIMYECTBA?

Pewenue. 3akoH PaguOAKTHUBHOTO pachaja: KOJMYECTBO PATUOAKTUBHOTO BEILECTBA,
pacnajarouierocs 3a €IWHUILY BPEMEHH, MPOMOPLHOHATBHO KOJIMYECTBY 3TOrO BEIIECTBA,
HMMEIOIIIETOCS B pacCMaTPUBAEMbII1 MOMEHT.

O6o03naunM vepes Q(t) KoMuecTBO pajnOaKTUBHOTO BEHICCTBA B MOMEHT BpeMeEHH t.

3a mpomexxyTok BpeMeHu OT t 10 t + At pacmamaeTcsi KOTUYECTBO BEIIECTBA PABHOE, C
onHoi ctoponsl — Q(t + At) — Q(t), ¢ mpyroii CTOpOHBI, COrJIaCHO 3aKOHY PaHOaKTHBHOIO
pacmama — KkQ(t')At, rme t'e (t;t +At), K — xo3pduIHeHT IpOMOPLHHOHATBHOCTH.
CrnenoBaTenbHO, UMEEM PABEHCTBO:

Q(t +At) - Q) ~ — kQ(t')At,

%0054

QUt+AY-Q) _ 1
* ~ -kQ(t").

Cunras pynkumoo Q(t) muddepenuupyemoin m mepexons K mpereny npu At — 0,
nony4yuM ruddepeHnnanbHoe ypaBHEHHE

dQ(t)
gt kQ(t)
NN
Q'(t) =—kQ(t)
Pemenuem nonyueHHoro nu¢depeHInanIbHOr0 ypaBHEHUs SABISIETCS (PYHKIUS:
Qt)=C-e™.

[Tpu t = 0 umeem: Q0)=C = QO — MepBOHAYAIHHOE KOJUYECTBO BEIIECTBA.

CHGHOB&TGHBHO, paciana paauoakKTUBHOTO BEHICCTBA OIIUCHIBACT (I)YHKI_II/ISIZ
—kt
Q(t) = Qo e ..

ITo ycnoBuro 3agaun UMeeMm:
1
Q(H) |t:30 - EQO

I
1 _ —kt _ -30k
EQO = Qoe ‘I:SO - Qo "€

HIIN

T.C.



30k =1In 2.
CrnenoBaTeabpHO:
k = i In2;
30

Taxum 06p8.30M, IMOJIY4YHIIN:
In2

Q(t) = Q.e * ;

1
Ocraioch HaliTH Takoii MoMeHT BpeMenu t korma Q(t) = m Q.-
Nmeewm:
1 In2, In2

1 6 _0e ™ — _In100=_"%¢
100 = Qe ¥ = 30

. _30In100 _60In10 _ 60-2,303
n2  In2 0693

Takum oOpazoMm, 1 % OT HepBOHAYATBLHOTO BEIISCTBA OCTAHETCS MpPUMEpHO yepe3 199

~199.

THEH.

Omeem: 199 nHem.

W3 paccmarpuBaeMoro npumepa BUIHO, YTO AU PepeHInaTbHOMYy YPaBHEHHUIO BUIA

y'=—ky

YIOBJICTBOPSIOT OYE€Hb MHOTO (DYHKIIHIA, @ MIMCHHO ()YHKITMH BHJIa

y=ce™,

B Teopun auddepennnaibHbIX ypaBHEHUH BEUHBIM TEOPETUUYECKUM BOMPOCOM SIBIISIETCS
BOIPOC O TOM, HACKOJbKO MHOTO peuieHuid umeeT nuddepeHanibHoe ypaBHEHUE.
OkasbiBaeTcsi, 4T0 Kaxjaoe nuddepeHnanibHOe ypaBHEHHE HMeEeT OECKOHEYHOE MHOXKECTBO
pelieHud, W TMO3TOMY NPHUXOJUTCS CTaBUTh BONPOC HE O YHCIE pEHIeHUH JaHHOTO
nuddepeHIalIbHOr0 YpaBHEHHS, @ O TOM, KaK MOXXHO OMHCAaTh COBOKYITHOCTh BCEX pEeIICHUMN
nanHoro auddepeHnnansHoro ypaBHeHus. OTBET Ha 3TOT BOIIPOC JIA€T TEOpeMa CyIIeCTBOBaHUS
Y €IMHCTBEHHOCTH pelieHus TudPepeHInabHOTO YpaBHEHHUS.

3. Teopema cymecTBOBAHMA M €JUHCTBCHHOCTH pemieHus AuddepeHnnanbHOro
YPABHEHHA MepBoro nopsaka. 3agaya Komm.

Teopema (0 cywecmeoséanuu u eOUHCMEEHHOCMU peuieHUA Ougdepenyuanvnozo
YPagHeHUusA nepeo2o nopaoka).

IIycts

y'=f(xy) (13)
g depeHInaIbHOE YpaBHEHNE IEPBOTO MOPSAIKA.

Iycrs pyrknus f = (X;y) 3a1aHa Ha HEKOTOPOM OTKpPEITOM MHOKecTBe D mmockoctu R”.
of
[ycts pynkuun f(X;y) u ay(X; y)e C(D)..

Torpa:
1) V(Xy:Y,)eD cymectsyer pemenue Yy = @(x)ypasnenus (1.3), ynoBneTBopstomiee
YCJIOBHIO:
(P(Xo ) =Yo



2) ecnu ABa peuieHus Y = go(X) uy= l//(X) ypaBHenus (1.3) coBmamaer xoTs OBl AJis
OJIHOTO 3Ha4eHus X = X,, T.€. €Cln (0(X0)= z//(xo), TO 3TU PEUICHUs TOXKJIECTBEHHO PaBHBI AJIS

BCEX TEX 3HAYCHUH MEPEMEHHOTO X, /ISl KOTOPhIX OHU 00a OIPEeIeTICHBI.
I'eomeTprueckoe cofepKaHUE TEOPEMBI 3aKIIOYAETCA B TOM, YTO 4Yepe3 KaXAyK TOUKY

(XO; Yo ) € D mpoxoauT oHa ¥ TOJILKO OJTHA MHTErpalibHasl KpuBas ypaBHeHus (1.3).

WuTerpanpHas kpuBasi — rpaduk peneHus y = (p(X) ypaBHeHus (1.3).

3aoaua Kowwu. Ilycte nano nuddepenumansHoe ypaBHenue | mopsaka y' = f(X;y).
IMycts dynkmus f (x;y) onpenenena B o6mactu D € R?, (Xo; yo)e D;

Pemute 3anauy Kommwm nns ypaBHenus (1.3), 3HauuT HaliT (QyHKUMIO Y = @(X) TaKyto,
YTO:

a) y = @(x) — pewenue ypaHenus (1.3);

6) ¢(Xo) =Yo-

Venosue Y, = @(X,) — Oyaem Ha3bIBaTh HAYaJIbHBIM YCIOBHEM.

Onpeodenenue (oouee peurenue ougpepenyuanvhozo ypasuenusn | nopaoka).
[Iyctb
y'="f(xy) - (13)
nmuddepenmansHoe ypaBHeHue, riae dynkims f(X;y) onpenenena B obmactu D e R?;
GyHKIUIO Y = (p(X; C) OyzneMm HasbIBaTh OOIIMM pelieHueM ypaBHeHus (1.3), ecnu:

a) Ve ¢yukuus Y = go(X; C) peuieHue ypaBHenus (1.3);
0) V(XO; yo)e D 3¢, : @(Xy:Cy)= Yo, T.e. mas KaI0i TouKH (X,;Y,) € D 3¢,: rpadux

byHkuuu Yy = (p(X; CO) HPOXOJUT Yepe3 TOUKY ( X,; Yo );
Onpeoenenue (wacmnozo peuwtenusn ougpgpepenyuanvnozo ypasuenus | nopsaoka).
Pemenue ypaBuenus (1.3)

y= (/’(X; Co)

npoxoJsiiee yepes TouKy ( X,;Y,) € D Ha3bIBaeTCs €ro YacTHBIM PEIICHHEM.

4. T'eomerpuyeckasi wHTepnperanmus Au(QepeHIHAIBLHOTO YPABHEHHUSI MEPBOTo
nopsiika.
Paccmotpum nuddepennunanbHoe ypasHenue | nopsaka
y' = f(xy), (1.3)
rne ¢pynkums f(x;y) onpenenena B o6mactn D € R®. Drto ypaBHEHHMe 3a1aeT B KakIoil

tTouke (X;y) obnactu D 3Hauenue yrioBoro ko3 duimenTa kacaTeIbHOW K MPOXOIAIEMY Yepe3
3Ty TOUKy rpaduky pemieHus ypaBuenus (1.3). T.e. ansa kaxmoit Touku (X;y) MOKHO BBIYUCIHUTD

d .
IIPOU3BOJHYIO d—y CrnenoBarenbHo, nupdepenuuansioe ypaBHenue (1.3) B kaxaoil Touke
X
obnactu D 3amaeT HampaBiieHHe KacaTelbHOM, onpeenseMoe 3HaueHueM f(X;y).
MHOXECTBO TaKUX HAMpaBICHUW OOpa3ylT MOJe HampaBJeHHH IuddepeHInanbHOTo
ypaBHenus (1.3).



CrnenoBaTenbHO, HaxoXxAeHUE pemieHus auddepeHmaipaoro ypaBHenus (1.3)
3aKJIIOYAETCs B HAXOXJIECHUM KPUBOHM, HA3bIBAEMOM WHTETPAJIbHOM KpPUBOM, HaIIpaBICHUS
KacaTeJIbHOM K KOTOPOU B Ka)KJI0M TOYKE COBHAJAET C HAIIPABICHUEM ITOJIS.

Ilpumep 4.1. y' = Y
X

d . . .
Nwmeem: d_y = X. B kaxmo# Touke, omiimunoi ot Touku (0;0), yrioBoi koddduimeHt
X X
KAacaTeJIbHOM K HCKOMOW HWHTErPAJIbHOM KPUBOM pPABEH OTHOLICHUIO X; T.€. COBIIANAET C
X

YIJIOBBIM KO3 PHUIIMEHTOM MPSMOM, HAIIPaBICHHON W3 Hayajia KOOPAMHAT B Ty ke TOuKy (X,Y).
O4eBHIHO, YTO MHTETPAIIbHBIMU KPUBBIMU B JJaHHOM ciy4yae OyayT mpsiMble Y=CX,T.K.
HaIlpaBJIEHUE ITUX MPSAMBIX BCIOJy COBIIAJIa€T C HAIIPaBJICHUEM TIOJIA.

5. JTuddepenuunaibubie ypaBHeHust Buaa Yy’ = f(x).
Paccmotpum nuddepennmanbHoe ypaBHEHHE
y'= f(x) (5.1)
B atom mpocreiiiem ciiydae, Kak cleayeT U3 Kypca UHTErpajibHOr0 UCUUCICHU, o0Iee
pemienue ypaBHeHus (5.1) 3anuceiBaeTcs B BUJE:

y =J' f(x)dx+C, (5.2)
KOTOPOC COACPIKUT NPOU3BOJIbHYIO ITIOCTOAHHYIO C. Ecnu n3BecTHO HavaIbHOE YCJI0BUEC
¥(%)= Yo,
TO COOTBCTCTBYIOIICC YaCTHOC PCIICHNUEC UMCCT BU!
Xy
y=y, + LO f (x)dx. (5.3)

6. {uddepeHunanbHbie ypaBHEHUS C pa3/ieIeHHbIMH NepeMeHHbIMU.
Onpeoenenue. [ludpdepennnanbHoe ypaBHEHHE BUA:
fz(y)dy =f; (X)dX (6.1)
Ha3bIBaeTcs MU depeHIuaTIbHBIM YPaBHEHUEM C Pa3/IeIeHHbIMU IEPEMEHHBIMU.
[Tycts Gpyukumn f; (X) u f, (y) — HenpepbiBHbIE QyHKIMH. [Ipennonoxum, yto GyHKIUSA
y(X) siBnsiercst peueHreM ypaBHenust (6.1). Torna npu moacranoBke GyHkiun Y(X) B ypaBHEHHUE
(6.1), momy4YrM TOXKAECTBO, UHTETPUPYS KOTOPOE MOTYUHM:

[ f.(y)dy = [ f,(x)dx+C, (6.2)
rae C - mpou3BOIbHAs TOCTOSHHASL.
Ilpumep 6.1. Pemum ypaBHenue: xdx+ ydy =0.

Nmeewm:
2 2

X
jxdx+_|'ydy=C:7+y7:C = x*+y*=2C,

— CEMENCTBO OKPY>KHOCTEH € IEHTPOM B Hadajie KOOPANHAT.



7. InddepeHnuaibHbie ypaBHEHHS ¢ Pa3IesIlOIMMMHUCS epeMeHHbIMU.
Juddepenunanbupie ypaBHEHUS BUAA:
y'=f,(x)- f,(y) (7.)
Ha3bIBAIOTCS U GepeHINaTbHBIME YPAaBHEHUSMH C Pa3AeIsIOMIUMUCS TePEMEHHBIMU.
VYpaBHenus (7.1) MOKHO MPUBECTU K YPaBHEHUIO C Pa3esIEHHbIMU IIEPEMEHHBIMH, & UMEHHO K
BUY:
101, 0y)
dx 7 7
WIH

1

()

3aMeTI/IM, 4TO IIpu ACJICHHUH Ha (l)yHKHI/II-O f2 (y) MOXHO IOTEPATH YaCTHOC PCUICHUC, a

dy = f,(x)-dx

MMEHHO perenue Y = Y(X) npu kotopom dynkuus f, (y) oOparaeTcst B HyJIb, a €U (QyHKITUS
f, (y) pa3pbIBHASL, TO BO3MOXHO MOSBJICHUE JIMIITHUX PEIICHHUM.

Ilpumep 7.1. Petium ypaBHEHUE: X(1+ y? )dx - y(1+ X’ )dy =0.
ydy  xdx

Try? Trx = In(l+y?)=In{l+x?)+C =

Nmeem: x(1+ yz)dx = y(1+ xz)dy =

2

(1+ yz): C(1+ xz).

8. IlonsiTHE OPTOrOHAJIBHBIX TPACKTOPHIA.
Onpeodenenue. OpTOTOHATBHBIMU TPACKTOPUSIMU  33JaHHOTO CEMEMCTBAa KPHUBBIX
HAa3bIBAIOTCA JIMHHUU, [ICPECCKAOIINUC JIMHUN JaHHOT'O ceMelcTBa noa nmpAMbIM YIJIOM.

Ipumep 8.1. Haiiem opTOroHaIbHbIE TPAGKTOPUH ceMeiicTBa mapadon Y = ax”’.
Vrnossie koaddurmentst — K, u K, , KacaTenpHbIX K KPUBBIM JAaHHOTO CEMEHCTBA U K

HCKOMBIM OPTOTrOHAJIBHBIM TPACKTOPHUAM IOOJIKHBI B Ka)KJIOﬁ TOYKE YAOBJICTBOPATH YCIIOBHIO
OpPTOrOHAJIBHOCTHU:

Y
X2

o 2
Z[J'ISI CEMCUCTBA napa60n y=ax ", T.K. a= , HAXOOHUM:

k1=2ax=2-l2-x=ﬂ.
X X

CHGHOB&TGHBHO, ):[I/ICI)(I)epeHL[I/IaJ'ILHOC YpaBHCHHEC HUCKOMBIX OPTOTOHAJIBHBIX TpaeKTopI/Iﬁ
UMECT BU:

, X
y__2_y’

nim
dy X

nIn

2ydy +xdx=0.



HHTerpupys Moay4eHHOE YPABHEHUE, TOTYUUM:
2
X 2 2
—+y =C
> y

— CEMEICTBO DJIJIMIICOB.

9. Iuddepennnanbubie ypapHenus suaa y' = f (ax + by).

Paccmotpum nuddepennmanbHoe ypaBHEHUE BUIA:

ﬂ: f (ax+by), (9.2)
dx
rie a u b — nocrosiHubie BenmuuuHbl. YpaBHeHue (9.1) 3aMeHOM nepeMeHHOM
z=ax+ by
npeoOpas3yeTcsi B ypaBHEHHE € pa3aeIIOUIMMHCS TIEPEMEHHBIMU.
JleliCTBUTENBHO:
9 _ a+b dy
dx dx
U
gz =a+b-f(x)
dx
I
dz
—— =X
a+b-f(z2)

— YpaBHEHHE C Pa3JeICHHbIMU IEPEMEHHBIMU.
Ilpumep 9.1. Petium ypaBHEeHuE: y' = 2X+ Y.

Cz[enaeM 3aMCHY HCpCMeHHOﬁZ

Z=2xty
Torpa nomyunm:
, , dz dz oo
7’'=2+y = —=2+1=> ——=AdXx= InR+z)=x+C=> 2+z=e"=
dx 2+12
z=e""-2.
YuurteiBas 3aMCHY, MOJIYUUM:
y=e""-2x-2.

10. 3aga4ya 0 KOHIEHTPALMH.

3aoaua. B cocyn, copepxamuii 10 JUTpPOB 4YMCTOM BOABI, HENPEPHIBHO IOCTYMAET
pacTBOp CO CKOPOCTHIO 2 JIUTPA B MUHYTY, B KaKJJOM JINTpe KOTOporo coaepxurcs 0,3 Kr comu.
[Toctynarommii B cocy1 pacTBOp IEPEMELINBAETCS C BOJIOM, M CMECh BBITEKAET U3 COCYZAA C TOU
e cKopocThio. CKOJIBKO coiu OyZIeT B cocyie 4epe3 5 MUHYT?

Pewenue. Ilycts y(t) KOIMYECTBO COJIM B COCYAE B MOMEHT BpeMmeHH t. Paccmorpum

BPEMEHHON MHTEPBAJ (t; t+ At] :



y(t)

3a Bpemss At B cocyn mocrymaer 0,3-2- At Kr cojd, a BHITEKaeT — BT 2- At xr. conu,

rae t' e (t;t+At).
C.HeI[OBaTeJIBHO, MOKHO HalmucaTtb, 4TO
y(t + At) — y(t) = 0,6At —0,2y(t")At,

nimn

YE+AD YO L o6-02y(t).
At
Ilepexons x mpezeny B nocieaneM pasenctse npu At — 0, momyunm:
y'() =06-02y(t).
HOqueHHoe YpaBHCHHUE ABJIACTCA YpPaBHCHHEM C pPasACIAIOIIUMHUCA IICPEMCHHBIMU.
Pasnenss nepeMeHHbBIE M HHTEIPUPYS NTOJTy4EHHOE YPABHEHHUE, TTOTYUHM:

0,6(—1—y0,2y =dt=> % =-0,2dt = In(y—-3) =-0,2t = y=3+Ce ™%,
VYuuTeiBas HauaJIbHOE YCIOBUE
y(0) =0,
MOJTYYUM:
c=-3.
CrenoBarensHO,
y=3-3"*,

[Ipu t = 5 nonyyaem:
y(5) =3-3e™ =19xkr.
Omeem. Yepes 5 munyt B cocyze Oyzaet 1,9 xr comnu.

11. Onnopoanbie tu¢¢epeHnANbHbIC YPABHEHHS NIEPBOIo MOPSAKA.
Onpeodenenue. OyHK1UA f(X; y) Ha3bIBACTCSI OTHOPOIHOM (PYHKITHEH MEePBOTO MOPSIKA,

ecmn f(txty)= f(x;y).
X+

Ilpumep 11.1. dynkuus f(X; y)= OJIHOPO/IHAS (PYHKIIMS IEPBOTO MOPSAIKA.

:tx+ty:t(x+y):x+y:f(x_y)
tx—ty t(x-y) x-y e
x> —xy+y?
X%+ Xy +y?

Tleiicteurensro: f (tx;ty)

ITpumep 11.2. Oynxuus f (X; y) = OJIHOpOAHAs (PYHKIIMS BTOPOTO MOPSAKA.

t2x* —t’xy +t?y? tz(x2 — Xy + yz)
t°x® +t2xy +t%y? tz(x2 + XY+ y2)

= f(x;y).

NeiicrBurensHo: f (tX; ty) =

3ameuanue. Ecnu f (X; y) OJHOPOIHAS (DYHKIIUS IEPBOTO TOpsiaKa, To f (X; y): f (1; X)
X

X+Yy
Hpumep 11.3. Paccmorpum pyrkimro | (X; y) =—.

X—y



Umeem — f(x;y)=

X(l-i'y] 1+X
x+y_ U x)_ x:f(l.yj_
Y

X— X
YooY
X X
Onpeoenenue. luddepeHnmanpHoe ypaBHEHHE IEPBOTO TOPSIKA
! .
y'="f(xy) (13)
Ha3bIBACTCS OJHOPOAHBIM UGB (dEepeHIIMAIBHBIM yYpAaBHEHHEM MEPBOTO TOPSIKA, €CIU
Gyukmust f (X, y) SIBJIIETCS. OJTHOPOAHOM (YHKIIMEH epBOro mopsiika.
VYuursiBas 3aMedanue, ypaBHeHue (1.3) MoxHO 3anucarh B BUJE
y'=fl1Y (1.3)
X
Jlnst pemieHust oAHOPoAHOTO AU PepeHInanbHOTO YPaBHEHHS TIEPBOTO MOPSIKA BBEIEM
HOBYIO ()YHKIIHIO:

,_Y
X

W

y =12X
Tornma

y'=2'x+12
[Toncrasnss B ypaBHenue (1.3"), moayuum:
2x+2=f(L2)
WIH
2'x=f(Lz)-z (11.1)

[losnyueHHOE ypaBHEHHE SIBISIETCS YpPaBHEHHEM IIEPBOrO IMOPsIKa C pa3lesolIUMUCA
NEPEMEHHBIMH.

Paznensiss  mepeMeHHble,  y4YMThIBass ~ OCOOEGHHOCTH  pEIICHUs  ypaBHEHHUA ¢
pa3essIoIUMUCS TepeMeHHbIMU, HaiaeM peuieHue ypaBHeHus (11.1). CaenaB oOpaTHyro
3aMeHy, HaiiieM pemieHue ypaBHenus (1.3).

ITpumep 11.4. Pemum ypaBHeHue: Yy’ = y +1g y :
X X
Tak kak YPaBHCHHE SABJISACTCA OAHOPOIHBIM I[I/I(l)(bepeHHI/IaHI)HI)IM YpPaBHCHHUEM IICPBOTO
nopsijika, cacjiaB 3aMCHY X =27, y = ZXTIOJIY4YHUM:
X
, Y y \ \ dz sin z C0SzZ dx
y==4+tg= = zX+z=z2+tgz = zx=tgz = —-X= = —dz=—m
X X dx C0Sz sin z X
sinz=0 = InfsinzZ|=I[x|+C u z=7k = siNz=Cx u z=mxc = sinL=Cxu L=z«
X X
= sin Y = Cx
X
y

u Y =mx. Tak Kak penienre Y = zzx nojtydaercss u3 pemenus sin = =Cx npu C =0
X

y

TO 00IIlee penIeHue 3aJaHHOTO YpaBHEHHUS sABIsieTCs PyHKIHs Sin — = CX.
X



Omeem. Sin Y_ Cx.
X

Paccmorpum ypaBHEHME

y f(mj (11.2)
a,x+b,y+c,
1) Ecmu wzk 0o Y= f(l('). PemieHneM 1oJIy4eHHOro0 YypaBHEHHUS
a,x+b,y+c,

siisiercst pyHkips Y = f (K) X+C.

2) Ecim mpsimeie 8, X+b,y+¢, =0 u a,Xx+b,y+C, =0 nepecekatorcs, To ypaBHEeHHE
(11.2) npuBoauTCA K OQHOPOJHOMY IIyTE€M IIEpPEHOCA Hayala KOOPAMHAT B TOUKY IEPECEUECHHUS
npsmeix &, X+by+c, =0wu a,x+b,y+c, =0.

Ilpumep 11.5. Pemium ypaBHEHUE:

,  X-y+1
CX+y-3
Haiinem Touky nepeceuenust npsimpix X-y+1=0 u X+y—3=0.

HMmeewm:
X-y+1=0 X—y=-1 x=1
= =
X+y—-3=0 X+y=3 y=2

CnenaeM 3aMeHy NIEpEMEHHBIX:

X = X+1,
y=Y+2.
Torna
dy X+1-Y-2+1
dX X +1+Y+2-3
NN
@ _X=v (11.3)
dX X+Y

[TonydyeHHoe ypaBHEHHE SBISETCS OMHOPOIHBIM JudepeHInanbHbBIM ypaBHEHUEM
MEPBOTO MOPSIKA.

Cnenaem 3ameny Y=zX. Torma Y'=2z+ Xz'u nocie moacraHoBku B ypaBHenue (11.3),
MOTYYUM:

z+Xz'=X_XZ.
X + Xz
Urak
_ _ 1-7 1-z-7-17°
z+Xz’:X Xz = Xz’+z:1—Z = XX'==—-7="—
X + Xz 1+2z 1+z 1+z
dz 7P +2z2-1
dXx z+1
22+1 z:—d—x u z2°+2z-1=0 = lIn‘zz+22—].‘:—ln|x|+c U
2°+2z-1 X 2



zz+22—1:)((:—2 n z=-1+2 = :(—22+2§—1=% n §:—1i\/§ =
Y2+2YX -X2=Cn

Y = (-1£+/2)- X = (y-2) +2(x-1)y-2)-(x-1)°* =C u
(Y-2) = (-1£42)-(x-1) =

Y2 +2xy — X2 —2X—6y+7=C u (y-2) = (-1++/2) - (x-1).

Omesem. Yy +2Xy— x> —2Xx—6y+7=Cu (y—2) = (-1£/2) - (x-1).

3) Ecin mpsimeie @, X+by+c¢, =0 u a,x+b,y+c, =0 mapamiensusr, To a,X+hb,y=

k(ax+by), re.
¢ ax+by+c, _ ax+by+c, '
a,Xx+b,y+c, x(a,x+by)+c,

[Tonyunnu ypaBHeHHE BHUA:

y' = f(ax+by),
KOTOpOE SBIICTCS YPABHEHUEM C Pa3EIAIOIIUMUCS IEPEMEHHBIMH.
Ilpumep 11.6. Peuium ypaBHEeHUE:
, 2X+y+1
A+ 2y -3
Tak xak
2x+y+1  (2x+y)+1
AX+2y-3 2(2x+Yy)-3

CnenaeM 3aMeHy
2X+y=zZ W y=27—2X.

Torma y’'=z'—2 u ypaBHEHUE NIPUMET BUJ:

o z+1_
2z2-3
Nmeem
pogo 2t o2l o 5225 o dz S 22-8 ) sy
22-3 22-3 22-3 dx 2z-3 z-1
z=1>
3

2 —idz:5_|-dx m z=1 = 2z-hz-1]=5x+C u z=1 =
2(2x+y)—Inj2x+y-1=5x+C

m2x+y=1= (2y-x)-In2x+y-1=C u 2x+y—-1=0.

Omeem. (2y—X)—|n|2X+ y—:ﬂzc u2x+y-1=0.

12. JIuneiinbie 1udpepeHnnaibHbIe YypABHEHHUS MIEPBOI0 NMOPSAKA.
Onpeoenenue. JluddepennmanbHoe ypaBHEHHE TTEPBOTO MOPSIIKA BUA!

y'+ p(x)y =q(x), (12.1)



rae p(X) u g(X) HekoTophle (GYHKIHMH MEPEeMEHHOW X, OyaeM Ha3bIBaTh JTHHEHHBIM
Qg depeHIaIbHBIM YpaBHEHHEM MIEPBOTO MOPSIKA.
Ecnu q(X)=0, To ypaBaenue (12.1) Ha3bIBaeTCS JIMHEHHBIM OJHOPOIHBIM ypaBHEHUEM
y'+p(x)y=0, (12.2)
KoTopoe  sBhsieTca  AuddepeHInaNbHBIM  YpaBHEHHEM € pa3AeisIOIMMUCS
MEePEMEHHBIMH.
PaznenuB nepemennsie, pemum ypaBHenue (12.2). Mmeem:

dy=—p(x)y:>d;/=—p(x)dx:> Inly| =—j p(x)dx+C =

dx

p(x)dx

y=Ce_j

OyHKUMs, 3a1aHHas paBeHCTBOM (12.3), siBnsieTcs peuienreM ypaBHeHus (12.2).

(12.3)

Jlnst  pemenuss ypaBHeHust (12.1) mpuMeHMM METOA BapUallUd  MPOM3BOJIBLHOTO
nocTostHHOTO. Pemenne ypaBuenus (12.1) Oyaem uckarb B BUAC:

y = C(x)e M (12.3)
Haiigem y':

y' = cre 1P, C(x)e_jp(x)dx

(12.4)
st onpenenenus pyaknuu C(x), GyHKIUIO y(X), 3a1aHHyI0 paBeHCTBOM (12.3), u

(=p(x))

dyukuuo Y'(X), 3ananHyto paBeHcTBoM (12.4), moactaBuM B ypaBHenue (12.1). Mmeem:

(p()+ pICe T = g0 =

(x)dx

c'(e " v e

C’(x)e_jp(x)dx =q(x)=>C'(x) = q(x)ejp(x)dx :
Takum oOpa3oMm, nmeeM:
c) = q()e! " ax + ¢ (12.5)
[ToacraBnss nonyuenHoe 3Hauenue C(x) B (12.3), momydnm:
y = efI PO+ J'q(x)ef "% ax) (12.6)

Takum o6paszom, permenue ypasuenus (12.1) 3amaercsa dopmymnoit (12.6).

Ilpumep 12.1. Peuum ypaBHeHue: y' — 1 y =x%.
X

3neck p(x) = 1 u ((X) = x*. CliejoBaTeNBHO:
X

X3

. N 2
y=e 5 (C+_|‘x2eI < dx) = e (C+J.x2e"”‘x‘dx) :x(C+J.x2 -ldx):x(C+X—):Cx+—.
X 2 2

X3
Omeem. Y = CX+ PR

13. YpaBHenue bepuyJiu.
Onpeoenenue. YpaBHeHHUE BUIA



y'+ p(x)y = q(x)y" (13.1)
HAa3bIBACTCS ypaBHEHUEM bepHyu.
Ecmu  n=0, 1o 510 IMHelHOE nuddepeHnmanbHoe ypaBHEHHUE IIEPBOTO HOPSIKA.
Ecin N =1, 310 ypaBHeHue ¢ pa3aensiomuMKICs IEPEMEHHBIMU.

IIpu N#0u N #1 pasnenum 06e yactu ypasrenus (13.1) ma y". Tomyunm:

P00 =40 (132)

y

BBenem HOBYIO ITEPEMEHHYIO:

Torna:

=7y "=z (Y == U-ny "y =1
y y' 1-n
[ToncraBnsiem B ypaBHeHue (13.2), nomyuum:
2 p(9z = (9
1-n
WA
z'+(1-n)p(x)z =A-n)a(x)
[TonydyeHHOE YypaBHEHHE SBJISAETCS JMHEHHBIM au((depeHInaIbHEIM  ypaBHEHHEM
HEpBOrO Mopsijka. PaspeninB ypaBHEHHE OTHOCHUTEIBHO (DYHKIWH Z(X) M yYHTBHIBAs 3aMEHY,
HaxoquM GYHKIHO Y(X).

Ilpumep 13.1. Petium ypaBHeHue: y' — y_x
2X 2y
Nmeem:
oLty Xl
2X 2y
WA
2yy' =~y =x*
Cnenas 3amMeHy
z=y?
Torga
Z’=2y-y
[Hony4yum:
7'-=z=x.

N3 npumepa 12.1 nosmydaem OTBeT:

XZ
z:yZ:x(C+?).

2

Omeem. y* = X(C + X?)



14. YpaBHenue Pukkaru.
Onpeoenenue. YpaBHeHHUE BUIA

y'+p()y+a(x)y’* = f(x) (14.1)
Oyzem Ha3bIBaTh ypaBHEHHEM Pukkatu.
ITpu f(X) = 0 — umeem ypaBuenue bepayim.
B ob6mem Buae ypaBHeHHWe PuKaTTH HE pemaercs, HO MOXKHO 3aMEHOW IEpPEeMEHHOM

npeobpa3oBath B ypaBHeHHE bepHyIuTH, ecii H3BECTHO OAHO YacTHOe pemeHue Y =Y, (X).

Paccmorpum dyukimio Z = Y(X) — Y, (X), rae y(X) petuenne ypasHerust (14.1).
Tornma
y=z+Y,uy =2'+(y,)

[Toncrasnss B ypaBHeHue (14.1) cnemyer:

2'+(y,) + POz +Y,) +a()(Z +Y,)* = T (X)

' +(y,) + P(X)Z+ p(X)Y, +9()z* +20(X)zy, +A(X)(y,)* = f(X)

YuursiBast, 4to GyHKUMS Y, (X) sBisiercs pemenneM ypasHerust (14.1), noay«anm

z'+(p(X) +24(X)y,)z = —q(x)z’ (14.2)

[MosnydeHHOE ypaBHEHHUE SIBISIETCS ypaBHeHHEM bepHyun oTHOCHTENbHO (yHKIHH Z(X) C

IIpumep 14.1. Penum ypapuenue: y' —y? = —3.

X 2
Nmeewm:

p(X) =0, q(X) = -1, f(x)= Xi

1
Jlerko mpoBepuTh, uTo GyHKIHA Y, (X) = — ABIAETCS PELICHUEM 3aJaHHOTO YPaBHEHUS.
X

JlelicTBUTENBHO,

BBenem HOBYIO QyHKIHIO:
1
z2(x) = y(xX) - =
X
1501051
1
y(x) = z(x) + s

IloacraBss B YpaBHCHHE, ITOJIYUNM:

, 1 1 2 ;1 1 1 2 , 2
- -+ =-S5 -1 -2 S =S - 1=170
X X X X X X X X
Pa3znennMm Ha 7
iz_g.lzl
7 X z

[lomyyeHHOe ypaBHEHHE SBISIETCS YypaBHEHHEM bepHyunM, KOTOpoe pemiaercs c

IIOMOIIBIO 3aMCHBI:



u(x):%.

Torna:

’
1

1 _ _ : _ z
S=u=zt=u= () =us -2 =u's S =u
z z

[Toxcransis B ypaBHEHUE

MIOJIYYHUM:

_[24x 24 3
—u'—gu =1l= u'+zu =-1l=u=e Le (C—Ie Xd dx) =e’2'”X(C_J.ez'”XdX) =i2(C—X—).
X X X 3

Takum o6pazom:

C x 3-x°
u= — = = 7
X 3X
T.x.
1
Z —_— —
u
TO UMCEM..
S
3Cc-x°
CnenoBartenbHO,
y- 3x° L1
3C-x* «x
3x2 1
o LY = —.
meem Y= e e T x

15. IndpepenunaibHbie ypaBHEHHS B NMOJHBIX JH(pdepeHnnanax.
Onpeoenenue. I1ycts nano nuddepeHnraibHOe ypaBHEHUE
M (X, y)dx+ N(x,y)dy =0 (15.1)
Ecniun neBas wacte nuddepenumanbHoro ypasHeHus (15.1) sBisgercs mNOJHBIM
muddepennmanom Hekotopoit pynkuuu U (X, y), T.€.
dU = M(x, y)dx+ N(x, y)dy
To ypaBHeHHe (15.1) Has3biBaeTcs IuQQepeHINaTIbHBIM YpaBHEHHEM B TOJHBIX
muddepeHnmanax.
B stom cnyuae nuddepennmansaoe ypapaenue (15.1) MoxkHO 3amucarh B BUJIE:
du(x,y)=0.
Ecnu ¢pynkius y = y(X) sBisercs perienreM ypasaenus (15.1), To
du(x,y(x)) =0
U, cJIe10BaTeNbHO, (PYHKIUS
U((x,y(x))=C,
rne C — nocrosiHHAs, ABIsSETCA OOIIMM peleHreM ypaBHenus (15.1).
Ilpumep 15.1. Petium ypaBuenue: ydx + xdy =0.



VYpaBHeHue B moaHbIX quddepennnanax, T.K.
ydx + xdy = d(xy) .

CraenoarenbHo, QyHkimst Xy=C sBnsieTcs 0OIIMM pelIeHreM 33/1aHHOTO ypaBHEHHUS.

Teopema. ]Jlns Ttoro uToOBl neBas 4yacTh ypaBHeHHs (15.1) sBismace MONHBIM
HEOOXOOMMO U JOCTATOYHO, 4YTOOBI

maddepenmanom Hexkoroporr ¢ynkmmm  U(X,Y),

BBIIIOJIHAJINCH YCJIOBHA:

oM oN

y ox

Hokazamenvcmeo. Heooxonumocts. Ilycts Gpynxuus U (X, y) Takosa, uTo
dU =M (x, y)dx+ N(x, y)dy.

C nmpyroit croponsl, 1o ompeneneHuto nupepenHuana QyHKIUN IBYX MEPEeMEHHBIX

HAMEEM:
du = de+£dy
OX 19)4
CrenoBarensHO,
ouU ouU
M(x,y)=—: ;N(X,y)=—.
(x,y) = (x,y) &
C nmpyroii cTOpOHBI
o°U oM 0°U _oN

= " =—.
oxoy oy o0yox  OX
B cuiy HeE3aBHCMMOCTM CMEIIAHHOM IIPOM3BOAHOM BTOPOrO MOpsAAKAa OT THOpsIKa

nuddepeHIMpPOBaHMS, IMEEM:

U 0%
X0y  Oyox'
T.C.
oM _ ON
oy

oM ON
[TokaxkeM, 4ro MOKHO HahTH QyHKIHIO U(XY)

Hocraroynocts. IlycTh E 5
X

TaKyto, uto dU = M (X, y)dx+ N(x, y)dy.
Beibepem ¢pynkmuio U(X,y) Tak, 4T00bI

Y _mxy)

OX

T.C.

U(x,y) = [M(x y)dx+g(y)

rae ¢(y)Ipon3BoJibHas (PYHKIUS IEPEMEHHOM .
Omnpenenum pyHKLHIO @(Y)TaK, YTOOBI BHIMOIHIIOCH YCIOBHE

Q:N(x,y).

oy

Nmeewm:



oJ

o 6Jij(x y)dx+'(y) jg(x y)dx+¢'(y) f—(x y)dx+p'(y) =
=N y) =N, ) +¢'(y) = N(x,y),
T.C.
9'(¥) = N(%, ).

CnenoBartenbHO,

y
o(y) = [N(x, y)dy+C.
Yo
Takum 06pa3om, MOTyUUIIH:

U (x, y):iM(x,y)dx+.y[N(xO,y)dy+C

Xo Yo
Teopema ooxazana.
Ilpumep 15.2. Periim ypaBHEHHUE:

(3x? +6xy*)dx + (6x°y +4y*)dy =0.
B 3TOM ypaBHEHUHM
M (X, y) = 3x* + 6xy?,
N(x,y) =6x>y +4y°.
Tak kak

oM
—=12Xy n N =12xy
OX

oy

TO ypaBHEHHE SIBJISIETCS] YPABHEHUEM B MOJTHBIX UG depeHranax.
Nmeewm:

N _ 3% +6xy?,
X

oU
—— =6xy+4y°.
oy

NHTterpupys nepBoe ypaBHEHHE ITOJTYYEHHON CUCTEMBI 110 IEPEMEHHOM X, MOTyUNM:

U(x,y) =x*+3x°y* + o(y)

Hns omnpenenenuss QyHKIUMM ¢(Yy) BOCIOJIB3YeMCS BTOPBIM YpPaBHEHHEM CHCTEMBI.

ITony4ynm:

oU ,

R 6X°y +¢'(y) =6x"y +4y°,
J3R10%1

'(y) =4y°,
OTKyJa
o(y)=y".

CnenoBatenbHO,

U(x,y) = x> +3x*y* +y*.
Taxum oGpaszom, oOliee perieHrne 3aJaHHOTO YpaBHEHUS UMEET BUJL:

x*+3x’y* +y* =C



16. JAnddepennuanbubie YPaBHEHUs B MOJIHBIX auddepenuunanax.
HHTerpupyrommii MHOKHUTEIb.

B HekoTOpBIX citydasx, Korja JieBas 4acTb ypaBHEHUS

M (X, y)dx+ N(x, y)dy =0 (15.1)

HE SIBJISICTCS TONHBIM AWQQPEpeHIIaTIoM HEKOTOPOW (YHKIMH, JIETKO IOoA00paTh
byHKIH0 W(X,Y), MoCiae YMHOKEHHS Ha KOTOPYIO, JieBas 4acTh ypaBHeHus (15.1) npesparaercs
B NOJTHBIN qudepennmart:

dU= u Mdx + p Ndy.

Takas ¢ynkuus p(X,y) Ha3bIBACTCSI HWHTETPUPYIOLUIMM MHOXHUTEIEM. 3aMEeTHM, 4YTO
YMHOXXCHHE HAa UHTETPUPYIOIUNA MHOXKHUTENb [W(X,Y) MOXKEM IMPUBECTU K IMOSBICHUIO JIUIITHUX
YaCTHBIX PEIICHH, 0OPAIIAIONINX 3TOT MHOXKHUTEIb B HYJIb.

B o6mem citydae 11 HaXOKICHUSI MHTETPUPYIOIIETO MHOXKHUTENS HAI0 MO00paTh XOTs
OBl OJTHO HE PAaBHOE TOKJECTBEHHO HYJIIO PELIEHUE YPABHEHMSI B YACTHBIX IIPOU3BOIHBIX:

2 =L,
oy OX
T.K.
N_Mm
ox oy
To nmeeM:
N M
iII‘l,u~M—gln,wN:a——a— (16.1)
oy OX ox oy

B of0mem cny4yae pemieHHe 3TOTO ypaBHEHHS B YACTHBIX IPOU3BOIHBIX SBIISETCS
3ajjaueil He OoJyiee MPOCTOi, yeM perieHue camoro ypaBHeHHs. OJHAKO B HEKOTOPBIX CIydasx
no00p 4acTHOro peuleHus ypaBHeHus (16.1) He npencTaBiseT 3aTpyJHEHUH.

CuMras, 4TO MHTETPUPYIOIUMH MHOXKHUTENb SBIAETCS (GYHKUUEH TOIBKO OJHOTO
apryMeHTa, HalpuMep, ABJIseTcs PyHKUUEH TOJBKO OT X WJIU TOJBKO OT y, WIM TOJBKO OT X+,
MM TOBKO X + Y, MOXKHO yxke 6e3 Tpyaa pemnts ypasHenue (16.1) u ykasaTh yClOBHS, IpH
KOTOPOM HUHTETPUPYIOIIMI MHOMUTENb CYHIECTBYEeT. TeM caMbIM BBLACISIOTCS KJacChl
YpaBHEHUH, AJI1 KOTOPBIX MHTETPUPYIOIIUN MHOKHUTEIb JIETKO MOKET ObITh HalJIEH.

Ilpumep 16.1. Haiinem ycioBus, Ipu KOTOPBIX YPaBHEHHE
Mdx+ Ndy =0

MMEET MHTEIPUPYIOLIMM MHOXHUTEIb, 3aBUCAIIMNA TOJIBKO OT MEPEMEHHOW X, T.€.

p=p(X).
VYpasuenue (16.1) npumer Bua:

CnenoBatenbHO,

HIJIIN



5-5)
u(x) =Cexp I%dx . (16.2)

Moxno cyurtats C = 1.

oM oN . .
Ecin E—a N 3aBUCUT TOJIBKO OT IEPEMEHHOM X, TO HWHTETPUPYIOIIUN

MHOHUTENb, 3aBUCAIIMNA TOJBKO OT IEPEMEHHOW X, CyIecTByeT M paBeH (16.2), uHaue
WUHTEIPUPYIOLIETO MHOXKUTENS BUAA £ = 1(X) HE CyLIECTBYET.

Ilpumep 16.2. Paccmorpum nuHelHOe ud(depeHINATbLHOS YPaBHEHHE IEPBOTO
nopsiaka. [Iokaxkem, 4TO y 3TOr0 ypaBHEHMs €CTb MHTEIPUPYIOLIUNA MHOKHUTEIb, 3aBUCSIIUN OT
nepeMeHHou X. Utak, umeem:

Y, px)y = Q)
dx
NJIn
[P(X)y —Q(x)Jdx +dy =0.
3nece M(X,y) = P(x)y —Q(x) u N(x,y) =1.

Nmeewm:
oM ON

oy OX
AP,
CJICZIOBATENILHO, MHTETPUPYIOIIUNA MHOXKHTEIb UMEET BUJL:
£(x) = exp [ P(x)dx.
YMHOXasi Ha HHTETPUPYIOIIUH MHOKUTENb YPAaBHEHUE
[P(X)y - QU)]dx+dy =0,
TIOJTYYHM:
P(X)y —Q(x)}- ol P gy ejp(x)dxdy =0.
[TonyyeHHOE ypaBHEHHE SBISICTCS YpPaBHEHHWEM B TOJHBIX Auddepernmanax. s
HaxoxaeHus pyakiuu U(X,Y), uMeeM:

ouU P(x)dx
T = pay-Quo}el",
OX
8_U :e_[P(x)dx.
oy
W3 BTOpOro ypaBHEHHUs OJTYYEHHOM CUCTEMBI HUMEEM:
P(x)dx P (x)dx
U y) = e dy = el ™y 4 (0.
[loncraBnss momyueHHoe 3HaueHue ¢(yHkuuu U(X,y) B mepBoe ypaBHEHHE CHUCTEMBI,
MOJTYYUM:
oU P(x)dx , P(x)dx P(x)dx
& =" R y+ /00 = P0el ™y - Qe ",

nin



0'(x) = -Q(el "

1501051
e jp(x)dx

() =-[Q(x

CrnenmoBarensHO,

P (x)dx P(x)dx
Uxy) ="y~ [Quoel " ax
Hcxons n3 Buaa o0IIero peneHus
u(x,y)=C

noJryyaeM o01ee pelieHre JMHEHHOTo nuddepeHuanbHOro ypaBHEHUS IEpBOTo MOpsaKa

jp(x)dx(c JQ( e jp(x)dxd X).

17. JuddepenuuajbHbie ypaBHeHHs] TEPBOro MOPSiAKA He pa3pelleHHbIe
OTHOCUTEJIbHO MPOU3BOIHOI.
Juddepennnanbiable ypaBHEHUs MEPBOrO MOpPsIKAa HE pa3pelieHHble OTHOCHUTEIbHO
MIPOU3BOHOM, UMEIOT BU/I:
F(x,y,y)=0 (1.2)

Ilpumep 17.1.

(y)* = (x+y)y' +xy=0.
Pazpemas 3aganHoe ypaBHEeHHE KaK KBaJAPaTHOE OTHOCUTEIBHO y', TIOJTY9HM:

y'=xummy =y.
[TonydeHHbIe ypaBHEHHS] UMEIOT PEIlICHUs

2

y=%+c uy=_Ce",

KOTOPBIE ABJISFOTCS PENIEHUSIME 3aJaHHOTO YPaBHEHHUSL.

VYpasaenue (1.2) MOXKeT ObITh PELICHO MTyTEM pa3pelleHus] YpaBHEHNS OTHOCUTENBHO Y’
M peIlIeHns] MONyYeHHBIX Tpu 3ToM ypaBHenuit Y' = f.(X,Y),(i=12...), yxke pasperieHHbIX
OTHOCHUTEITbHO Mpou3BoAHOM. OmHako najgeko He Bcerna ypasHenwue (1.2) merko paspermaercs
OTHOCHTENBHO Y’ , elé pexe MmoilydeHHble mpHu 3ToM ypaBHenus Buma Y = f,(X,y),(i=12..)
JIETKO PEIIAloTCs, TIOITOMY YacTO MPUXOAUTCS WHTETPHPOBATh ypaBHeHUs BHa (1.2) MHBIME
METO/IaMH.

PaccMoTpuM HEKOTOpBIE CITydan.
1. Vpasuenue (1.2) umeer BUn:
F(y)=0, (17.1)
IPUYEM CYLIECTBYET, IO KpaliHel Mepe, OJIMH AeHCTBUTEIbHBIH KOPEeHb Y’ =D 3TOro ypaBHEeHUs.
T.x. ypaBHenue (17.1) He conepxuT x u y, To b = const. CinenosatensHo, y' = b.
WuTerpupys nocienHee ypaBHeHHE, TTOITy9aeM
y-C
.
T.x. b sBnsercs pemennem ypaBuenus: F(b) =0, momydaem

y=bx+C =b=



obmee pemenue ypasuenus (17.1).
Ilpumep 17.2. Pemuum ypaBHEHHE:
y'? +3y'+2=0.

W3 BBIIIE CKa3aHHOTO CIEAYET, 4TO
2
(_y—cj +3(y_c}+2=o
X X
2. Ypasuenwue (1.2) umeer BUa:
F(x,y)=0 (17.2)

PaccmoTpuM 4acTHBIM cilydaid 3TOTO ypaBHEHMS, a UMEHHO Clly4ail, KOrja ypaBHEHHE
(17.2) MOXHO pa3peluTb OTHOCUTEIBHO X, T.€. 3aIIUCATh B BUJE:

oO111ee perieHue.

x=f(y).
Brenem napamerp
y'=t
Torma
x=f(t).
CnenoBartenbHO,

dy =y'dx=t- f'(t)dt

WIH
y = jt- f'(t)dt.
Taxum o6pazom, GyHKIUSA
x= f(t),
y= j t-f (t)dt
SBIISIETCS PEUICHHEM 3a/IaHHOTO YpaBHEHHSI.
Ilpumep 17.3. Peuium ypaBHEHHE:
x=(y) -y'-1.
Brenem mapametp
y' =t
Tornma
x=t>-t-1.
CnenoBatenbHO,

dy =t- f'(t)dt = t(3t* —1)dt
NI

3t

4 2

Taxum 00pa3oM, MONYYMIIM pelIeHHe 33JaHHOT0 YPaBHEHHS B TapaMeTpruueckoit hopme



NI

x=t3—-t-1,

y=§t“—1t2 +C.
4 2

Ilpumep 17.4. Pemium ypaBHEHUE:
Xy1+y? =y

T
=tgt,ite| ——;— |.
y-tatte(- 55

Xy1+tg%t =tgt = x| 12t =tgt = x =sint.
Cos

CnenoBartenbHO,

Brenem nmapametp

Torna

dy = y'dx =tgt - costdt = sin tdt

y = Isintdt =—cost+C.

Taxum oOpazom, MOTYyUMIIH pEICHNE 3aJaHHOTO YpaBHEHHUS B MTapaMeTprUiecKoi dopMme:

X =sint,
y =—cost +C.

W3 nocenHei CHCTEMbI JIETKO MOJTYyYHTh
x*+(y-C)* =1.
3. VYpauenwue (1.2) umeer BUx:
F(y,y)=0 (17.3)
PaccMoTpuM 4acTHBIH cilydail 3TOrO ypaBHEHHs, a UMEHHO CiIydail KOrja ypaBHEHHE

(17.3) MOXHO pa3penIuTh OTHOCUTENHHO Y, T.€. 3aIUCaTh B BUJIE:

nJIn

y="1().
Benem mapametp
y' =t
Torma
y=f(t).
CnenoBartenbHO,

ax=P - L0 g

f(t)
X=|——=dt.
1=
Ilpumep 17.5. Petinm ypaBHEHHE:
y _ 1



NI

niIn

OTKyJa

Beenem nmapametp

T
=tgt,te| ——;— |.
y-tate(- 2% ]

Torga
> 1 T
y=41+tg°t = ﬁ’t € (_EEJ
CremoBartensHO,
dx =d—¥ =(— 12 -(—sint)j-idt S
y cos“t tgt cost
X = Ldt +C.
cost
Takum 00pa3oM, MONYYMIIH pEelIeHHE 33JaHHOTO YPAaBHEHHS B TapaMeTpHUecKoi hopme:
X= Ldt +C,
cost
1
y-—eagf-
4. PaccMoTpuM oOmIuii cioyyaii.
F(x,y,y)=0. (1.2)
a) Ilyctb ypaBHeHue (1.2) pa3peminMo OTHOCUTENBHO ), T.€. UMEET BHUL:
y="Ff(xy" (17.4)
Bsenem napamerpsl
X=Xy =p.
Torpa
y=f(xp).
CnengoBarenbHO,
dy _of ot dp
dx ox op dx
of of dp
p=—"+——",
ox op dx
v(x,p,C)=0.
Taxum oOpazom, MOTYyUNIIH:
{co(x, p.C)=0,
y=f(xp).
0) ITyctb ypaBHeHue (1.2) pa3pemiiMo OTHOCUTENBHO ), T.€. UMEET BUJ:
x=f(y,y) (17.5)
Bsenem napamertpsl
y=v:y'=p

Torma



CnenoBarenbHO,
of
dx=—dy+—dp
o " op
WIn
dx _df, of dp
dy dy op dy
WIn
1_of o dp
p oy dp dy’
OTKyJa
v(y,p,C)=0
Taxum 0Opa3oM, MOTYydnITH:
{(o(y, p,C)=0,
x=Tf(y,p).
18. YpaBHenmue Jlarpanxa.
VYpasHenue Jlarpanka siBisieTCsl YaCTHBIM ciiydaeM ypaBHeHus (17.4) u umeer BUL:
y =xe(y)+y(y).
Bsenem napamerpsl
X=Xy =p.
Torna
y =x@(p)+w(p)-
Hanee
dy = ¢(p)dx+ x¢'(p)dp +y'(p)dp
WIH
d N N
= p(p)+ X0 () 4y (p)
dx dx dx
WIn

p—o(p) =(X¢'(p)+w'(p))$.

N3 mocnegnero paBeHCTBa MOJIYYaeM:
dX ' '
(p—rp(p))d—p =X@'(p)+v'(p)

HonyquHoe YPaBHCHUC SABJIACTCA JIMHEHHBIM YpaBHCHHUEM TNICPBOTO MOPAAKA, PCIICHHUC
KOTOPOI'0O UMCCT BU:

o(x,p,C)=0.

Taxum 0Opa3oM, MOTYUNIH:

{co(x, p.C)=0,

y = Xo(p)+w(p).



Cayudaii, korma p-—¢(p)=0 mnpeacrasiaser coboi ypaBHeHue Kiepo u Oyner
PacCMOTpPEH HUXKE.

Ilpumep 18.1. Pemium ypaBHEHUE:

y=2xy'-y"”.
BBenem napamerpsl

X=Xy =p.
Tornma

y =2xp—p°.

Huddepenunpys, momryqum:
dy = 2 pdx + 2xdp —3p*dp

NI
dy _ 2p+2x%—3p2@
dx dx dx
nJIn
2, dp
p=2p+(2x-3p°)—
dx
NI
2, AP
- p=(2x-3p")—_.
dx
Taxum 00pa3oM, MoTydniy ABa ypaBHEHHE
- p% =2x-3p’
dp
NI
p=0.
IIepBoe ypaBHEHME, ITEpENNCaB B BUJC
L + 2£~ X=3p
dpp

nMEET pGHIeHl/Ie
1
n 2 1 3 C 3p
x=e P (C+|3p-e""dp)=—(C+=p*")=—+
(jp p) IOZ( 4|0)|O2 4

2

Taxum oOpa3oM, MOTydHIH

2
X:—2+3L,
p 4
3 p’
=2Xp-p’=—+—.
y P—p 2
N3 paBeHcTBa
p=0

moJryqacM 4aCTHOC pCHICHUC



19. YpaBuenue Kiepo.
VYpaaenue Kiiepo sBiIseTCsl 4aCTHBIM Cily4aeM ypaBHEHHUs JlarpaH)ka u ©MeeT BUI:

y=xy'+y(y).
Bsenem napamerpsl
X=Xy =p.
Torna
y=xp+w(p)-
Hamee

dy = pdx+ xdp+ y'(p)dp

NI
dy _ ap iy P
dx_p+xdx+W(p)dx

NN
v AP
p=p+(><+w(p))d—
X

NJIn

L xpon =0,
X

OTKYJa, HJIn

a_y
dx
NnJIn
X+y'(p)=0
B nepsomM ciyudae nosyyaem
p=C
TOraa
y =xC+y(C)

— CEMEMCTBO HUHTCTPpAJIbHBIX ITPSIMBIX.
Bo BTOPOM CJIydac pCHICHUC OIIPCACIACTCA YPABHCHUAMMU:

{y=xp+w(p),
x+y'(p)=0.

Ilpumep 19.1. Peuium ypaBHEHUE:

y=xy'-y".
Bsenem napameTpsr:

X=Xy =p
Torma

y=px—p°.
Hanee

dy = pdx + xdp —3pZdp
niimn

ﬂ— p+x%_3p2%

dx dx dx



NI

nJIn
(x-3p) P o,
dx
OTKyaa, WA
d
agzo
501041
x—3p®> =0
B niepBoMm ciyuae noaydaem
p=C
TOraa
y=xC-C?

— CEMEHCTBO HHTCTPAJIbHBIX IIPSAMBbIX.
Bo BTOPOM ClIydac pCHICHUC OIIPCACIACTCA YPABHCHUSAMMU!

X =3p?,
y=xp—p°=3p°-p’=2p°

Takum O6p8.30M, MOJIYYHJIN:

y=xC-C?
1501050
x=3p?,
y=2p°.
Ilpumep 19.2. Perunm ypaBHEHUE:
y — Xy! _ y!2.
Bsenem napamerpsl
X=Xy '=p
Torna
y=px-p*.
Hamnee
dy dp dp
—=p+xX—-2p—
dx P dx pdx
1
dp dp
=p+X—-2p—
P=Pp dx pdx
niim
(x-2p) P o0,
dx
OTKyJa

nin



—=0
dx
501050
Xx—2p=0
B nepBoM cnydae nosryyaem
p=C
TOorga
y =xC-C?

— CEMENCTBO MHTErPaIbHBIX MPSAMBIX.
Bo BTOpOM cnydae penieHue onpenensiercss ypaBHEHUSIMU

X=2p,
y=xp-p*=2p°-p*=p%
Ortcrona nonydaem

y=7-

Taxum 00pa3oM, MOTYIHITH:
y=xC-C?
nJIn

y=7-

20. MeToa nmocseoBaTeIbHBIX PUOIUIKEHU .
Paccmotpum 3anauy Komu:

y'=f(xy), (1.3)
Y lxexy = Yo- (20.1)

Wuterpupys ypasaenue (1.3) nomyuum:

Iyﬂx:jf(xyxm,

Xo Xo

YT
Y() - y(x,) = [ f(x y)dx,
WM, y4uThIBast paBeHCTBO (20.1),

Y(X) =Y, + | £0x y)dx.

Xo

IlocnenoBarenbHEIE HpI/IGHI/I)KCHI/I}I CTPOUM CJICAYIOIIUM 06pa30M:



Yo(X) = Yo,

Y (%) = Yo + [ £ ¥ ())dlx,

Xo

Y200 = Yo + [ £y, 00)dx

Xo

Yo (0) = Yo + [ £, Y1 ().

Xo

Takum 00pa3oM, MbI MOJYYUM MocieaoBaTeabHOCT GyHKIUA Yi(X), Y2(X), Ya(X),

Yn(X), ... .

Teopema. Ilycts Gynkuust f(X,y) HenpepbIBHA B HEKOTOPOH OKPECTHOCTH TOUYKH (X, Y,) -

Torma 31im yp(X) = y(X) mpu N—+oo, Tae GyHkims y(X) TakoBa, 4o,
y'(x) = f(x, y(x)),
y |x:x0 = yO

Ilpumep 20.1. MeTo0oM MOC/I€0BATEIbHBIX NPUOIMKEHUHN pelInM 3a/1auy

y'=Y,
ylx:O:]"
HNmeewm:
yo(X):l
yl(x)=1+_[f(x, yo(x))dx=1+J'y0(x)dx=1+J‘dx=1+ X,
0 0 0
X X X X2
Yy, (X) =1+J'f(x, yl(x))dx=1+jy1(x)dx=1+j(l+ x)dx=1+x+a,
0 0 0 -
X d X d X X2 d X2 X3
X)=1+| f(x,y,(X))dx =1+ X)aAX =1+ || 1+ X+ — |dX =L+ X+ —+—,
Ya(X) ! (X, Y2 (X)) !w() ![ 2} R
X2 X3 Xn n Xk
X)=1+X+—+—+...+—=) —,
Y (%)= 21 3 n! kZ::;k!
Taxum o6pazom, HOTyUUIH
© k
I|m(yn(x))—llmz X _ex.
Kl ~ K

Takum 06pa30M, MBI MOJIYYHJIN TOCJICAOBATCIBHOCTD HpH6J’IH)KCHHfI, npeaci KOTOpOf/'I

ecth pynkuus Y(x) =e*.

21. Mertona Diinepa.
Paccmotpum nuddepennmanbHoe ypaBHEHHE IEPBOTO MOPsIIKa



y'=f(xy)
C HAYaJIbHBIM YCIIOBUEM
Y lxexo = Yo-
PaccmoTpum otpesok [a,b]. TTycts a=X.
Torna

Y'(%) = (X3 ¥o)
PaccmoTpuM mnpsAmyro, NpOXOsIIyH0 4YeEpe3 TOYKY € KoopauHaTtamu My (XO; yo), c
yrioBeiM Kodddurmentom pasueiM Y (X,) = T (X, Y,) . YpaBHeHHE HMeeT BUL:
Y=Y = f(xo; yo)(x_xo) .
[TycTb (X1; Y1) HEKOTOpasi TOYKA HA ATOU MPSAMOH, T.€.
Y= Yo+ (X Yo) (X —Xp).
Ceifuac paccMOTPHM MPAMYFO MPOXOMAIIYI depe3 TOuKy ¢ koopauratamu Mi (XY, ) ¢
yrioBbIM Kodddumentom pasasiM Y'(X) = f(X;Y,) . YpaBHeHne umeer Bu:
Y=Y = FOGY)(x=x).
ITyctb (X2; Y2) HEKOTOpPAs TOUKA HA ATOM NPSIMOM, T.€.
Yo =Y+ FOG YD) (X —X%).
Jlajiee, pacCMOTPHM MPSIMYIO IIPOXOJAIIYIO Yepe3 TOUKy ¢ Koopamuatamu Ma(X,;Y,) ¢
yrioBbIM Koddduumentom pasasiM Y'(X,) = T(X,;Y,). YpaBHeHne umeeT BHL:
Y=Y, = F(%; ¥2)(X=X,).
[TycTtb (X3; Y3) HEKOTOpAsi TOUKa Ha ATOM IPSIMOH, T.€.
Yo=Y, + £ Y.) (% —X,)
U T. I
Takum 006pa3oM, MbI IOCTPOMM JIOMaHHYO C BepIIHamMu B Toukax M, = (X,; Y,),
M, =0 W) My =(%:Y,), My =(X:Ys), ..
Jlomannyro M M;M, M, ...6ynem Ha3bIBaTh TOMaHHOM Diinepa.
JIisi TIOCTPOCHUsI JIOMaHO# Diijiepa Ha OTpe3Ke [a, b] , OTPE30K JIENAT Ha N PaBHBIX

yacrei.
Torma h = b—Ta — mar pasGuenus orpeska [a,b].
Ilycts
X, = a,
X, =X, +h=a+h,
X, =X +h=a+2h,

X, =Xy, +h=a+nh=b
[Toctponm toukun My, M,,M,,M;...M,. IToctpoennyto gomanyto Diinepa, 0003HaAUNM

gepe3 Y, (X).
Teopema. limy, (x)=y(x), rae Y(X) — pelieHHe 3aJaHHOTO ypPaBHEHUS C 3aJaHHBIM
Nn—o0

Ha4YaJIbHBIM YCJIOBUEM.



Ilpumep 21.1. Metonom Diinepa peminm 3aaavy:
y'=1,
yl,=0, xe[01]=[a,b].

ITycts N =10. Umeem f(X,y)=1,%,=0,y,=0,h= % Torpua:

X —i X —3 X —2 X,. =1
10777 107770 100 T
CnenoBatenbHO,

=Y, +hf(x )—O+i-1—i

Yi=Yo 0+ Yo 10 10’

1 1 2

=vy. +hf(x, =—+4+—1=—,

Y, =Y, +hf(x,y,;) TRETEET

2 1 3

=Y, +hf(X,,y,)=—+—~-1=—,

Y3 =Y, +hf(x,,y,) TRETILEET
9 1

=y, + hf (X, =—+—.1=1.
Y10 = Y +hf (Xg, Yo) 10" 10

Jlerko 3aMCTUTD, YTO ITOJYUCHHAs JIOMaHasA NpCACTABIISICT coboit OTPE30K HpHMOfI y=X.

22. MeToa HeomnpeaeaeHHbIX K03 PUIIHEHTOB.
Paccmorpum ypaBHEHME

&, (Y +a,(x)y = f(x).
ITycte dynkuun a,(X),a,(X), f (X) MOXKHO pa3ioXUTh B CTENCHHOW PSi B OKPECTHOCTH

TOYKH X, . Torma PCHICHUC YPABHCHUA MOKHO IIPEACTABUTL B BUJIC

TOESNNCESIE

Ilpumep 22.1. MetoaoM HeOMpeACIEHHBIX KOY(POUIIUEHTOB PEIINM 3a7aqy
y'+2y =2-3X,
y(0) =0.

Pemienue 3agadyu 6yI[eM HCKaThb B BUJC CTCIICHHOI'O pAaa
y(X) =Co +Cx+C,x* +...= > C x".
n=0

U3 navanpHoro yenosus Y(0)=0=C, =0.

y'(X) =C, +2C,x+3C;x* +...+ > . nC x"* => (n+1)C, X"
n=1 n=0
[ToacTaBisis B ypaBHEHHUE, TTOTYUM:

N+1C . +2C )X"=2-3x=2x"-3x* +0x® +...+ 0x" .
n+l n

n=0

HpI/IpaBHI/IBaﬂ KOB(I)(I)I/II_[I/IGHTLI IIprU OJMHAKOBBIX CTCIICHAIX, ITOJTYUUM:



n=0,C, +2C,=2=C, =2,

n=12C,+2C, =-3=0C, =—%,
2
n=23C;+2C,=0=C, :—§C2,

n=34C,+2C,=0=C, = —%CS,

nC,+2C,,=0=C, = —ECn_1
n
T.€. IpH
2
n3=C,=--C_,
n
Hrak:

e 1l o S R G S
n n n-1 n n-1 4 3 n-(n-1)-..-4-3

(R 2, (2 7)

n! n 2 n! 4
npu N>3.
Takum 0Opazom, UMeeM:
o ( 1\NoHn o n 2
y(x)=C0+C1x+C2x2+&Zﬂx”:0+2x—zx2—zzﬂ=2x—zx2—1(1—2x+4i+
2= nl 2" T4& 2" 4 2

~J

+Z(_2X) )+——Zx+zx2 I 3y T
~ n! 2

SN
N

Jlerko mpoBepHTH, YTO TOT K€ PE3YJIbTAT MOTYIHM, €CIH MPUMEHUM POPMYIY IS
pelieHus TMHEHHOTo AU epeHInanbHOro ypaBHEHUs IEPBOro MOPSIKa.
JleCTBUTENbHO, UMEEM:

3 3 7 3
=e *(C+|(2-3x)eZdx) =e > (C+e* —Zxe>* +Ze?)=Ce > +——=x
y=e""(C+][(2-3x)e”dx) = e > 7€) 15

T.x. npu x=0:>y=0:>C=—£,To

JAu¢ppepenunaibHbie ypaBHeHHs N-r0 NOPSAAKA.
23. IudPepenunabubie ypaBHeHUs N-1o nopsiaka. Teopema CyliecTBOBaHUA U
eMHCTBeHHOCTH pemieHus. 3anaya Koum. [lonsiTne o01ero pemenus.
Onpeoenenue. JludpdepeHunanbHpIM  ypaBHEHHEM N — TO TOpsJKa Ha3bIBaeTCs
yYpaBHEHHUE BUJA:

FOGY YL Yy y®) =0, (1.1)
re Y =Y(X), Y =Y'(X),....y" =y (x).



PaccmotpuM ypasrenue (1), paspemrennoe otHocutensHo Y " 1.e. ypaBHeHne Buja:

yO =0y YY), (23.1)
rae f—aro pynkus (N+1)-ro nepeMeHHOTO.
[Mycte  ¢ynkumus f  ompemenmeHa B HEKOTOPOH ~ OKPECTHOCTH — TOYKH
(n-1) 1
(Xos Yor Yore-r Yo ) ER™.
Teopema (o cywiecmeosanuu u eOUHCMBEHHOCMU peuieHus oughghepenyuaIbHo20

ypasHnenus N-20 nopaoka).
[Tycts nano auddepennnansHoe ypaBHeHUE N-To MOpsIKa

yO =f(xy,Y,...y" ), (23.1)
re Y =Y(X), Y =Y'(X),....y" =y (x).

Tycts Toaxa My = (Xg, Yor Yor-- Yo ) € R™™, a dykums f HempepbiBHa B HEKOTOPOIA

of
okpecTHOocTH Touku M, . Ilycts —

oy oy oy
Torna cymectByet pemenue ypasHenus (23.1) y = y(x) takoe, 4To
Y hry = Yor ¥ iy = YooY = ¥

Y TaKOE PEIICHUE eTMHCTBEHHO.
3aoaua Kowu.

e C{o(M,)}.

Haiitu pemenue ypaBHeHus

yO =Xy y,....y""), (23.1)
y = Y(X), YIOBJIETBOPSIIOIIEE HAYAIbHBIM YCIOBUSM:
y |x:x0 = yO’ y' |x:x0 = y(,)l cr y(n_l) |><:><0 = yO(nil) (232)

Onpeoenenue (00ueco peuwienus oughgpepenyuanbrozo ypasnenus N-20 nOpAoOKa).
®dyukunio @ =¢(X,C,,C,,...,C) Oymem Ha3piBaTh OOLIMM pEIICHUEM YpaBHEHUSI

(23.1), ecnu:
1) npu kaxaom ¢pukcuposanaom C,,C,,...,C  dynkmus
p=¢(x,C,,C,,...,C.)
€CTh perieHue ypaBuenus (23.1).
2) YXg, Yor Yoreeir Yo ) 3C,Cop, ..., C,p TaKHE, UTO:
?(%X,,C10,Cr0s--,Cr0) = Yo
9'(X0,C0,Cy01---.Cro) = You

9" (X5,C9,Csp1--,Crp) = Y.
Onpeoenenue. Pemenne ¢@=¢(X,C,,C,,...,C,) OymemM Ha3plBaTh YaCTHBIM

pELICHUEM.
3ameuanue. OOmee peleHue — OOLIMN HHTErpajg, a 4acTHOE PELICHHE — YacTHBIN
uHTerpat. I'paduk pemeHust — HHTErpajabHas KpUBasl.
Ilpumep 23.1. PaccMoTpuM ypaBHEHHUE
y" =0.

Oynkmug Yy =C, +C,x+C,x ? gByseTcs OOIIMM pellleHHeM 3aJaHHOTO YPaBHEHHS.



Haitnem pemenue, yaoBIeTBOPSIONICE HAYAIbHBIM YCIOBUSIM:
X, =0,¥, =1y, =1y, =1.
Nmeewm:
X =0=>C,+C,-0+C,-0=1

y'=C, +2C,x,

X =0=C,+2C,-0=1,
y' =2C;,

X, =0=2C, =1,

C,=1C,=1C, :%

1
CnenoBarenbHo, GyHKIHS Y =1+ X+ > X% — 4acTHOE pelIeHue.

24. [IndpdepeHnuaibHbIe ypaBHEHUS], J0NYCKAIOIINE MOHHKEHUE NOPSIAKA.

1. PaccmoTpum ypaBHEHHE BHJIA

Y = 1)

(24.1)

HJ’IH 3aJaHHOT'0 YPAaBHCHUA JICTKO MOXKHO HanTH o6mee PCUICHUC, ITIOCIICAOBATCIIBHO

IIOHMXKas OPAJIOK ypaBHEHUS Ha eauHuLy. MiMeem:

y® = f(x),
y™ = [ f(xdx+C,,

y? :j{[f(x)dx}dx+clx+cz,

y 9 :J'{[{[f(x)dx}dx}dx+C1X—22+C2x+C3,

n-1 n-2

X

y=[{.-AI f(x)dx}...dx}dx+01h+czm+---+cn-

Ilpumep 24.1. Perinm ypaBHEHHUE:

m

y"=0.
HNwmeem:
y" = .dex+Cl =C,;;

y’=IC1dx+C2 =C,x+C,;

2

y:C1%+C2x+C3.

2. PaccMoTpuM ypaBHEHUE BUAA
f(x,y®@, y®d y™)=0
Brenem HOBYIO HEM3BECTHYIO ()YHKIIUIO
y“ =z.
Torna

(24.2)



y(k+1) — Z',

y(n) — Z(nfk) ,

U ypaBHEHHUE NPUMET BU]
f(xz72,.,2")=0
HOPS/I0K, KOTOPOTO HIDKE TOPSIIKA 3aJAHHOTO YPAaBHEHHS.
Ilpumep. 24.2. PemiuM ypaBHEHHUE:
1+x°)y"+y?+1=0.
BeneM HOBYIO (DYyHKIIMIO
y'=1z.
Tornma
y'=17'
U ypaBHEHHUE NPUMET BUJ
(1+x*)z2'+2* +1=0.
[Tonmy4yeHHOE ypaBHEHHE PEUIAeTCsl METOIOM pa3/ielieHus NepeMeHHbIX. Mrak, nmeeMm
dz dx C,—x

=— = arctg(z) + arctg(x) = arctgC, => z = .
1+z%2 1+x? 9(2) 93) tae 1+C,x

Taxum 0Opa3oM, MOTydIHIH

' Cl_X
Yy = .
1+C,x

Otcrona

C,— X C X C 1 1 1
= dx = L _dx- dx = Lodx+| - ——dx—| —dx= 1+ = |InQA+C,x
Y -[1+Clx -[1+C1x J.1+Clx J.1+C1x J.C1(1+Clx) J.Cl [ Clzj (1+Cx)

—ix+CZ.
Cl

3. PaccmoTpuMm ypaBHEHUE BHIA

fly,y,y"...y"™)=0

PaCCMOTpI/IM YaCTHBIN CJ'Iy‘IElfI TaKOr'o YpaBHCHUS, a UMCHHO YPaBHCHUC

f(y,y,y")=0.
BBeneM HOBYIO HEM3BECTHYIO (DYHKIIHIO
y'=p
Torma
, d . d dy dp
y _&(y)_d_y(p)&_d_y
" YpaBHCHHUC IPUMCT BUJ
f(y.p,p") =0,

dp

rne p'=d—y.



Ilpumep 24.3. Pemium ypaBHEHUE:

yyrr+ y!2 —
BBCI[GM HOBYIO HCHU3BCCTHYIO (bYHKI_[I/IIO
y'=p.

Torna

, d d d
V=)= —(p) Y_Py
X dx y

" YpaBHCHHUC IPUMCT BUJ

d
ypd—p+ p*=1.
y
Paspgenss nepeMeHHble, OJIy4UM
pdpz :ﬂ um 1— p® =0.
1-p y

Hraxk:
pdp dy 1 2
— =—2=_—""In(1-
1—p2 5 (1-p°)

2 _ 2 _
Takum o6pazom, y° = V' =Ci y' = /y C, % —+|Y 2C1 .
y y* dx y

WHTerpupys nojrydeHHble ypaBHEHUS, [T0JIy4acM

i%:dx:i,/yz—cl =x+C,.
y -C,

C apyroii cropons! u3 pasencTea 1— p° =0 umeeM y'=+1=y=+x+C.

=Iny+C, = In(l- pz):lnc—;:>1— p® =
y

Taxum 00pa3oM, MONYUMIIM PELIeHNs 3aJaHHOTO YPaBHEHMS
i\/rcl: Xx+C, n y=+tx+C.
Ilpumep 24.4. Pemiim ypaBHEHHE:
y'? +2yy’' =0.
BBenem HOBYIO HEM3BECTHYIO (PYHKIIHIO
y'=p.

Torna

V== =P

U YpaBHEHHE MTPUMET BH]L
p’+2 py@ =0
dy

Paszpenss nepemeHnHsle, TOITy4UM

p+2y3—5=0 wm p=0.

HUraxk:



@:ﬂ:_zlnp=|ny+C:>Ini2:InCy:i2=Cy:> p== i-
-p p P cy

Taxum 0Opa3oM, MOTYdnIH:

dy 1 2 3
— =1 |[— = /Cydy =+dx= —(Cy)2 =£x+C
- ‘/Cy J/Cydy 5©) 2

C npyroii cropoHsl U3 paBeHcTBa p =0 nmeeM y'=0=y=_C.

Takxum 0Opa3om, OTYUMITH PEIICHUS 3aIaHHOTO YPaBHCHHUS

%(Cy)% =tx+C,u y=C.

25. JIuHeliHasi 3aBUCHMOCTb M HE3aBUCUMOCTh (PyHKIMIA.

Onpeoenenue. Ilycts ¢ynxunu Y, (X),Y,(X),...,Y,(X) ompenenensl Ha orpeske [a,b].
CkaxeM, 4T0 (DYHKIIMH JHHEWHO 3aBUCHMBI Ha OTpe3ke [a,b], ecam cymiecTBYOT MOCTOSIHHBIE
a,,a,,...,0, — He BCe PaBHBIC HYIIIO, TAKUE, YTO BBITIOIHSIETCS] PABEHCTBO

a Y, (X)+a,Y,(X)+...+a,y,(X) =0,Vx €[a,b] (25.1)

Ecin paBencTBo (7) BBINONHSETCS TONBKO HpH ) =, =...=, =0, T0o QyHKIUH
Y, (X), ¥, (X),..., ¥, (X) Ha3bIBaroTCS TMHEHHO HE3aBHCHMBIMH Ha oTpe3ke [a, b].

3ameuanue. Boipaxenune a,Y,(X)+a,Y,(X)+...+a,Y,(X) Oyzem Ha3pIBaTh JHHEHHON
xkombuHanuen pyukuuit Y, (X),Y,(X),...,y,(X).

Ipumep 25.1. Oyuxuun 1, X, x2,..., X" nMHENHO HE3aBUCHMBI Ha orpeske [a,b]c R.

JleHCTBUTENBHO, TyCTh (DYHKLUU JTMHEHHO 3aBUCUMBI. DTO 3HAYUT, YTO 304, Ay,..., 0, —

HE BCE PAaBHbIE HYJIIO TAKKE, YTO BHINOJIHAETCS PABEHCTBO
aol+ax+a, X’ +...+a,x" =0,vx e[a,b].
[TocneqHee PaBEHCTBO NMPOTHBOPEYUT OCHOBHOM TeopeMe anrebpul. CliemoBaresbHo,
(GYHKIMHU TMHENHO HE3aBHCHMBI.
Ipumep 25.2. Oyuxunn 4,6, .., " k = ki1, ] =12,...,n nuHeiiHO HE3aBHCUMBI Ha
ar000M oTpeske [a,b].

JleficTBUTENBHO, MycTh (GYHKIUM JUHENHHO 3aBucuMmsble. Torna Jay,a,,...,0, — HE Bce

n
PpaBHBIC HYJIIO0, TAKUEC, YTO UMECT MCCTO PAaBCHCTBO

e + a0 +.. .+ e =0,vx e[a,b].

[ycts «, # 0. Pasnenus nocieaHee paBeHCTBO Ha €4, momyuum:
a, + o,V g etV g et TOX =0,
[pomu¢depeHnpoBaB Noay4eHHOE PABEHCTBO, MOTYUM:
a, (K, —k)E™ ™% 4 o (k, —k)e™ ™ 4+ (k, —k)e® 5% = 0,vx e [a,b].
Pa3nenus nonydennoe paseHcTso Ha e momyunm:
a, (K, k) +ay (K — ke ™ ™ 1 1o (k, —k)e% % = 0,vx [a,b].
Iocse nudepeHInpoBanHys TOCIETHETO PABEHCTBA, TIOTYUHM:
a, (kg — k) (Ky — K, )™ 1y (k, —k,)(K, —k,)e% ™ =0, vx e [a,b].



[Iponoikas 3TOT mpornecc, MOaAyIrM:
a,(k, —k)(k, —k,)...(k, —k, ,)e® " ¥ =0,vx e[a,b]
T.k.
k, —k, #0,k, —k, #0,....,k, —k,_, #0,e% ™" 2 0,vx [a,b]

TO U3 IMOCJICOHEr0 paBEHCTBA CIICAYECT, YTO

4TO NpPOTHBOpeYuT mpexnonoxkenutro o, #0. CrenoBatenbHo, (QYHKIUM — JTHHEHHO

HC3aBUCHUMBIC.

26. Onpeneauresab BpoHckoro.
Onpeoenenue. Iycts dyukimu Y, (X), Y, (X),..., Y, (X) onpenenens! Ha oTpeske [a,b].

Ormpenenurenem Bpouckoro dpyukuuit Y, (X), Y, (X),..., Y, (X) Ha3bBaeTCs onpeaeanTens

A Yo o Ya
Y1 Yo o o Yn

W) =WIy;, Y, 0een, Yol=| ?
oy Ly

Ipumep 26.1. Iycts 3anaunsr hysxuu Y, (X) =1 Y, (X) =X, x €[a,b]. Torza

1
W(x):‘o )1( —1+0vxe[a,b].

IIpumep 26.2. Iycre 3amans Gyaxuun Y, (X) =1, Y, (X) = X, Y, (X) = x*,x € [a,b]. Torna

1 x x?
W(x)=0 1 2x/=2=0Vxe[a,b].
0 0 2

HMpumep 26.3. Tycts 3anans dyaxman Y, (X) = X, Y, (X) = X*, x € [a,b] =[-L1] . Torma

x X,

W(x) = =X".

3ameruM, yto W(X) =0 mpu X = 0.
Teopema. Tlyctb pynkunn Y, (X),Y,(X),...,Y,(X) nuneiHO 3aBHCHMBI Ha OoTpe3ke [a,b].
Torma ux onpenenuTens BpOHCKOTO TOXIECTBEHHO paBeH HyNm0 Ha orpeske [a,b], T.e

W(x) =W[y,,¥,,...,¥,] =0Vx €[a,b].

Hokazamenvcmeo. T.K. QyHKUUU JIUHEWHO 3aBUCHMBI, TO &y, Q,,...,0, — HE BCE

paBHLIe Hy.J'IIO TaKuE, 4TO
a Y, (X)+a,y,(X)+...+a,y,(x) =0,vx e[a,b].
[Tycts a, #0. Torna

o

Yo 00 ==Ly, (00— 22y, () —... - 2Ly ().
o o

n n al’]

CnengoBarenbHO,



Y1 Yo o Ya

yl y! . yl
W (X) — 1 2 n —
(n-1) (n-1) (n-1)
Y1 Y, - Ya
(4] a, x4
Y1 Y, [__yl__yz_"'__ynl
aﬂ an an
a 2 4
/B (—— T Y e yalJ _0
n n n !
(n-1) (n-1) a oy % (e Ony (n-1)
Y1 Y, (__yl -—— Y, .- Yna
n an n

T.K. TIOCJICAHUHN CTOJIOCI] €CTh JTMHEHHAs! KOMOMHAIUS TIPEAbITYIIHX.
Teopema ooka3zana.

27. JInneiinbie nu¢gepeHunaIbHbIe YPABHeHUs1 N — ro nopsiaka. Teopema
CyLIeCTBOBAHUSA M ¢IMHCTBEHHOCTH pPelIeHHUs.
Onpedenenue. YpaBHEHHE BUa

a,()Yy™ +a,(x)y" +...+a,(x)y = f(x), (27.1)
rae Y = y(X), Oyznem Ha3bIBaTh TMHEHHBIM AU (epeHIMATEHBIM YPaBHEHUEM N—TO MOPSIKa.
Onpeodenenue. YpaBHEHHE BUAA
a,(X)y™ +a,(x)y"? +...+a,(x)y =0, (27.2)
Oy/JeM Ha3bIBaTh OJHOPOIHBIM JIMHERHBIM AU (PEPEHIIHATBHBIM YPaBHEHHEM N—TO MOPSIKA.
Bynem mnpenmonarats, uro a,(X)#0,Vxe[a,b]. Torma ypaBmenue (27.2) MOXHO
nepenurcarb B BUJC
y® +a (x)y" P +...+a, (x)y=0 (27.3)

Teopema (cywjecmeoganus u eOUHCMEEHHOCHMU PEUIeHUA TIUHENHO020 00HOPOOHOZ0
ougepenyuanvrozo ypasnenus N — 20 nopaoka).
ITycth nano oHOpOoHOE JIMHEHHOE MU depeHaIbHOe YpaBHEHUE N-T0 MopsaKa

y® +a,(x)y" P +...+a, (x)y=0 (27.3)
ITycte dyaxuun a,(X),a,(X),...,a, (X) HenpepsIiBHBI Ha oTpe3ke [a,b].
Torma VX, [a,b] u Vy,, Yo,-.., yo(n_l) J pemienue ypaBHeHus y = Y(X) Takoe, 4To:
Y(Xo) = Yo
y'(X) = Yo (27.4)
YO (%) =y, "

Y TAKOE PEIICHUE EUHCTBEHHO.
VYcnosust (27.4) Oynem Ha3bIBaTh Ha4aJIbHBIMH YCIOBHSMHU.
3ameuanue. @DyHkuus y(X)=0 ABIAETCA PEIIEHUEM OAHOPOJHOTO JIMHEHHOIO

UG depeHIMaTBEHOTO YpaBHEHHUSI, YIOBIETBOPSIONIAs HYJIEBBIM Ha4aJbHBIM YCIOBHUSIM.



28. OgHoponnblie JuHelHbIe Tu((epeHINATbHbIC YPABHEHHS N — IO MOPSAAKA.
CaoiicTBa.
Oébosnauenua: L[y]=y™ +a,(x)y"™ +...+a, (X)y

Ceoinicmea:

1. L[Cy]=CL]y]

Cneocmeue. Ecnu L[y]=0= L[Cy]=0

2. L[y, + Y, 1= LIyi]1+ LIy, ]

Cnedcmeue. Ecu L[y, ]=0,L[y,]=0= L[y, +V,]=0

3. L|:iciyij| = Zn:Ci L[y;]

Cneocmeue. Ilycts L[y, ]=0,i =12,...,n. Toraa L{Zci yi} =0.
=)

4. Ilyctp LIU(X)+iV(X)]=0, rme U(x) u V(X) nxelcTBurenbHble (QyHKINH
MIEPEMEHHOM X.

Torma L[U(X)]=0u L[V (x)]=0.

JlerCTBUTEIBHO,

LU +iV]=LU]+iLV]=0= L[U]=0u L[V]=0.

5.Teopema. 1lycte Gyukimu Y, (X),Y,(X),..., Y, (X) sBistorcs IMHEHHO HE3aBUCHMBIMU
pELICHUSIMH  OJIHOPOIHOTO JIMHEHHOrO A QEepEeHIIHATBLHOTO0 ypaBHEHUSI N-TO MMOpSIKa Ha
otpeske [a,b]. Toraa onpenenurens Bponckoro dyukuuii Y, (X),Y,(X),...,Y,(X) He paBeH Hy0
HH B OJIHOM TOuKe oTpe3ka [a,b].

Hoxazamenvcmeo. 1lycts onpenenurens Bponckoro ¢yskumii Y, (X),Y,(X),..., Y, (X)

PaBEH HYJIO B HEKOTOPOH TOUKeE X, , T.€.

Vi) V2 (%) Ya(X)
(x > (X L (X
W(x,) = yi0%6) V2 (%) %) | _ g
) Y)Y ()
PaccMoTpuM OTHOPOJIHYIO CUCTEMY JINHEWHBIX YPABHEHH:
oY, (X)) +a, ¥, (X)) +...+ Y, (X,) =0
o Y (X)) + Y, (X)) +...+a, Y, (%) =0
lyl( 0) 2y2( 0) y ( O) (281)
alyl(nil) (Xo) +a, yz(nil) (X)) +..-+a, yn(nil) (%)=0
T.€. OJHOPOJHYIO CUCTEMY OJHOPOJHBIX JMHEWHBIX YPaBHEHUN OTHOCHTEIBHO HEU3BECTHBIX

0, xy,...,a,. OnpeaenuTenb 3TOH CUCTEMBI SBIAETCS onpenenureneM BpoHckoro (yHkimii

Y, (%), ¥, (X),..., Y, (X) B TOUKE X, T.€. ONPEACTUTEND



Vi) Yo%) e Ya(%o)
H(x » (X L (x
yl( 0) y2( O) yn( O) :W(XO):O.

(n-1) (n-1) (n-1)
Yoo 06) Yo (%) e Ve T (%)

CrnenoBarenbHO, pPAcCMOTpPEHHAss CHCTEMa HWMEET HEHyJIeBOe  pelleHHe, T.e.
da,,a,,...,a, He BCE paBHbIE HYIIIO, SBIIIOIUECS PELICHUEM cUcTeMbI (28.1).

Paccmotpum QyHKIMIO

y(X) =y, (X)) +a, Y, () +...+ 2, ¥, (X).

C oanoit croponsl, GpyHkius Y(X) peurenue ypaBHeHus (27.3), a ¢ Apyroii CTOPOHBI
GyHkms Y(X) yaoBieTBOpsieT B CHiy cUCTeMbl (28.1) HyJeBbIM Ha4ajdbHBIM YCIOBHSM H
CII/IOBATENILHO B CHUIIY TEOPEMbI €IMHCTBEHHOCTH QyHKIHs Y(X) =0 Ha oTpeske [a,b] T.e.

oY, (X)+a,Y,(X)+...+a,y,(X) =0,Vx e[a,b].

T.x. He Bce ¢y, Q,,...,&, pPaBHbI HYIIIO, TO OC/IEAHEE PABEHCTBO O3HAYAET, YTO (DYHKIUH

Y, (X), ¥, (X),..., ¥, (X) nTuHEHHO 3aBUCHMBI, 4TO IPOTHBOPEYHUT YCIOBHIO TEOPEMBL.

Teopema ooka3zana.

29. CTpyKTypa 0011ero pemeHus 0AHOPOAHOI0 JHHEHHOro 1u(pdepeHnaIbLHOro
yPaBHeHHs N—T0 MOPSI/IKA.
Teopema. Ilyctb naHO OAHOpPOIHOE JHHEWHOE MU(epeHaTbHOe ypaBHEHHE N-TO
HopsiIKa
y® +a, (x)y" P +...+a,(x)y=0 (27.3)
[Tycte dyukuun a,(X),a,(X),...,a,(x) € C[a,b].
ITycte dyuakimu Y, (X), Y, (X),..., Y, (X) — AuHEi#HO HE3aBHCHUMBIC PEIICHHUS ypaBHCHUS
(27.3). Torga pyskuus
y(x) = Clyl(x)+c2y2 (X)+"'+Cn Ya (X) (29.1)
ABJsAETC OOIWMM pelneHueM ypasuenus (27.3), t.e. VX, €[a,b] u VY, Yq...., v, eR"

1C,.Cy,...,C,,  Takme, uTO dynkumst  Y(X) =C Y, (X) +Ch ¥, (X) +...+C oY, (X)

YAOBJICTBOPACT HAYAJIbHBIM YCJIOBHUAM:
_ ' —\! (n-1) _
ylx:xo_yO’y |x:x0_y0""’y |x:x0_y0

Hokazamenvcmeo. T.x. ¢yukuun Y, (X),Y,(X),...,Y,(X) - nuHeitHO He3aBHCHMBIC

(n-1)

petieHus ypaBHeHus (27.3), To ux TUHEHass KOMOWHAIS TOXe pelieHne ypaBHenus (27.3), 1.e.
byHKIISA

y(x) = Clyl(x) +C,Y, (X)+...+ Co¥a (X)
pelnieHue ypaBHeHus (27.3).

Ocranoch gokazath, uto VX, €[a,b] u VY, Yg,..., y," ™ eR" 3C,,Cp--,Ch
nocrosHHbIe, Takue, uto GyHKImsa Y(X) =C, Y, (X) +C, Y, (X) +...+C Yy, (X) ynosnerBopser

YCIIOBHSIM



ClOyl(XO)+CZOy2(XO)+"'+Cn0yn(xo) =Y

Cio¥1(Xo) +Cao¥2 (Xg) +... 4+ Cro ¥r (%) = Yo (29.2)

(n-1)

Coo¥s "™ (%) +Co V5" (Xo) e+ Cro ¥, " (%) = Vg

Ornpeaenuresns TON CUCTEMbI

Yi(Xo) Yo(Xo) o Ya(Xp)
Vi(%) Ya(Xo) o Ya(Xp)
vy v " (%)

ABJISICTCA  ONpenenuresieM  BpoOHCKOro s JUMHEMHO ~ HE3aBUCHMBIX  PELICHHM
Y, (%), ¥, (X),..., Y, (X) ypaBuenus (27.3). T.x. onpenenuren> BpoHCKOro HUr/ie HE paBeH HYIIIO,
TO cucteMa (29.2) nmeer equncrenHoe pemenue C,;,C,y,...,C..

Teopema ooka3zana.

Onpeodenenue. Jluneiino uesaucumsie pemenus Y, (X),Y,(X),..., Y, (X) Oyaem Ha3piBaTh

dbyHIaMeHTalIbHOM cUcTeMOi pelieHuid ypaBHeHus (27.3).
Cneocmeue. Y ypaBHeHus (27.3) MakCUMaJbHOE YHCIIO JMHEHHO HE3aBUCUMBIX
pelIeHu paBHO N.

Teopema. I1ycte nano nuaeiHOE MU depeHImaIbHOe YpaBHCHHE N-TO MOpsIIKa

y® +a,(x)y"? +...+a, (x)y=0, (27.3)
rae a,(x),a,(x),...,a,(x) eCla,b].
Ilycts
y® +b, (x)y" +...+b (X)y=0, (29.3)

nuHelHoe muddepeHImatpHoe ypaBHeHne N-ro nopsiaka, rae b, (x),b, (x),...,b, (x) € C[a,b].

[ycte dyuxuun Y, (X),Y,(X),..., Y, (X) obpasyor QyHraMeHTaNbHYIO CHCTEMY pelICHHI
Ju1st ypaBHenuit (27.3) u (29.3).

Toraa & (X) =b,(X),a,(x) =b,(X),...,a,(x) =b,(X)Vx €[a,b]
Jlokazamenvcmeo. Berutem u3 ypaBuenus (27.3) ypasaenue (29.3). [Tonyuum:
(@,(x) =b,(x))y " + (8, (x) = b, (X)) y " +...+ (a,(x) =b, (x))y = 0 (29.4)

T.x. dyakuuu Y, (X),Y,(X),..., Y, (X) SBISIOTCS NTHHEHHO HE3aBUCHMBIMH PEIICHUSIMH
ypaBHeHu# (27.3) u (29.3) TO OHU SIBASIOTCS JIMHEWHO HE3aBUCUMBIMU PEIICHUSIMU U YPaBHEHUS
29.4).
D Iycte  3X, a8, (X,) #b,(X,), T.e.a(X,)—b(X,)#0. Tak xak ¢ynkumu a(x) u b(x)
HEMIPEPBIBHBI, TO  CYIIECTBYET  OKPECTHOCTh Toukum X, —  O(X,)Takas, dro
a, (X) = b, (x) = 0Vx € O(X,).

CrnenoBatenpHO, ypaBHeHHE (29.4) mopsigka N—1 wMeeT N JUHEHHO HE3aBUCHMBIX
pELIeHUH, UTO MPOTUBOPEUHUT ciaeAcTBUI0. Clie10BaTENbHO,

,(x) =1, (%), 8,(0) =, (x),....,a,(x) =b, (¥).

Teopema ooxazana.



30. ®opmyaa JluwBmwiist — OcTporpaackoro.
[Tycth nano ypaBHeHue

y® +a,(x)y" P+, +a,(x)y=0 (27.3)
Iycte Y, (X),Y,(X),...,Y,(X) — dynnamenranbHas cucrema pemenuid. Ilycts Y(X)

npou3BoibHOE pemieHne ypaBHenus (27.3). Torma dynkumu Y(X),Y,(X),Y,(X),...,y¥,(X) —
JIMHEWHO 3aBUCHMBL. JTO 3HAYHT, YTO ONPEIETUTENb BPOHCKOT0 STHX ()YHKI[HI

Y Yo oo Yo y
Y1 Yo - Ya y'
WYL Yoo Yo YI=| oo =0. (30.1)
y "y, oy
v "oy Ly y®

A Yo oo Ya
Yoo Ve Y Wy ys Ly 1+ 0V e[a, bl
(n-1) (n-1) (n-1)
Vi Y Y,
T.k.
yl y2 yn yl y2 yn
y(n) yl’ yé Y,ﬁ _y(nfl) y1’ yé yr’1 +..l=0
Ty, AR AL A
TO ITOCJICAHEC paBeHCTBO
MOXHO 3aIIiucaTh B BUJIC:
Y: Y, Ya
Y1 Yo o e Yn
(n-2) (n-2) (n-2)
Vi Ty, Ly,
(n) (n-1) (n)
y™ Y Y, e Yy yoh 4 =0
WILY;, Yoreaas Yol

®Oyukuun Y, (X),Y,(X),..., Y, (X) sBustorcs pemenusiMu ypaBHeHuid (27.3) To coriacHo
HpeIbIAyIIei TeOpeMe ClIeIyeT, YTO

Y1 Y oY,
A Yo o e Yn
2SN AT A
(n) (n-1) (n)
_ Y1 Y> Ya :al(x) (302)
WY Yo Yol



Y1 Y2 e Yy
Y1 Yo o Yn
Wy, Y- Y l=] - :
yl(n—Z) yz(n—Z) N yn(n—2)
yl(n) y2(n) o yn(n)
TO paBeHCTBO (30.2) mpuHUMAET BUT
- VL' = (X)
W
17001
dWW =—a, (x)dx.
WuTerpupys noaydyeHHOE ypaBHEHUE, TTOTYIUM
InW = —jal(x)dx+ C
WIn
W =W (x,)e 120

[TonydyenHnoe paBeHCTBO Ha3bIBaeTCs hopmMynoil JIntoBuiis — OcTporpaickoro.

3ameuanue. Ecin nana GpyHnaMeHTalbHas CHCTEMa PEIICHUH OJXHOPOJHOTO JIMHEHHOTO
mudepeHnaIbHOr0 ypaBHeHus N-To mopsiaka, To paBeHCTBO (30.1) maer BO3MOXKHOCTB
BOCCTaHOBHUTH 3TO YpaBHEHHE.

IIpumep 30.1. Tlycte N=2,y,(X) =e™*,y,(X) =e”. Torna umeem

X

et e’y
—e e' y|=y"2-y"-0+y-(-2)=0,
efx eX yn

WIH
y'—=y=0

ypaBHeHne, s Koroporo ¢yHkmun Y, (X)=e ", y,(X)=e" obOpasyoT ¢yHIaMECHTAIBHYIO
CHCTEMY.

C mnomompio Gopmynsl JluoBumiss — OCTpOrpajckoro MOXHO HOHU3HUTEH TOPSIOK
b epeHIaT-HOTO YPaBHEHHSI, €CIIH H3BECTHO €r0 PelieHHE.

Ilpumep 30.2. ITycTb 3a1aHO ypaBHEHHE

y'+a (x)y'+a,(x)y=0.
I[TycTh U3BECTHO, 4TO PyHKIMSA Y = Y1(X) pElIeHHEe 3aJaHHOTO YPaBHEHHUSI.
Torna, ecrut yHKIws Y = Y(X) — peleHne 3a1laHHOTO YpaBHEHUS, TO

W= e "%
T.x.
VW@=$ = vy -y,
TO l
vy — iy = C,e 120,

nJIn



!

"\ —_[31(X)dx —J.al(x)dx
Wy 2y1y :Cizzeijal()()dX :[yJ =C, ° 2 31=C1 +C2Ie
Y1 Y1 Y1 Y1 Yi Y1

OTKYZla IIOJy4aeM, 4To

dx

2

—Ial(x)dx
5]
y= Clyl +C2 J.de Y
1

oO11ee pelieHre 3aJaHHOTO YPaBHEHHUS.
Ilpumep 30.3. IlycTb 3a1aHO ypaBHEHHE
y"—3y'+2y=0.
Jlerko npoBeputs, uto GyHKIHMs Y, (X) =€” sABJIseTCsA peuIeHHEM 3a1aHHOTO YPaBHEHHSL.

ITycts pynkuus y = y(X) pelieHue 3a1aHHoOro ypaBHeHus. Toraa, T.k.

y

X !

X

W(X):e =e'y' —e'y,

TO, cortacHo hopmyie JlutoBmwisa — OcTporpaickoro
—| -3dx
e'y'—e*'y=C,e J

NI

!

ey’ —e*y e y . Y ) »
Tzczezxj(e_xj :CZE :>e—X:Cl+C2J.e dX:Cl+C2e .

Taxum 0Opa3oM, moyuninm ol1ee perieHne 3a1aHHOr0 ypaBHEHHUS
_ X 2x
y=Ce  +Ce”.
Ilpumep 30.4. [lycTth 3a1aHO ypaBHEHHE
y"+y=0.

Jlerko mpoBeputs, uro ¢yHKIms Y, (X) =COSX SBISETCS pEIICHHEM 3aJaHHOTO
ypaBHEHUSL.

[Mycth Gyukus y = y(X) pelieHne 3a1aHHoro ypaBuenus. Toraa, T.K.
COSX Y

W (x) = |=Yy'cosx+ysinx,

—sin x

TO, corytacHo opmyie JlutoBmwisa — OcTporpaackoro
y'cosx—y(-sinx)  C,

cos” X ~ cos? X

NI

( y j: Ci - =C,+C,tgx= y=C,cosx+C,sinx.
COSX) C€OS°X  COSX

Takum O6pa30M, R(0210%0701051 0611_166 PCHICHUC 3aIaHHOTO YPAaBHCHUS
y =C, cosx+C,sinx

31. JIuneiinbie OTHOPOIHBbIE YPABHEHHS N — IO MOPSAAKA C MOCTOSIHHBIMU
K03 (ppuunenramu.
PaccmoTpuM ogHOpOIHOE TMHEWHOE YpaBHEHUE N—TO MOPSIAKA:



vy +a,y™ +a,y"? + . +ay=0, (27.3)
e a,,4,,...,a, —const
bynem uckartp pemenue ypaBHeHus (27.3) B Buze:
y — ekx
Torz[a y/ — kekx1 y” — kzekx“. ., y(n—l) — k(n—l)ekx’ y(n) — knekx.

Hoxacrapnsas GyHkuuio Y = e u ee mpousBoHbIe B ypaBHeHue (27.3), HOIydHM:

ke +a ke +a,k" %™ +...+a,e” =0.

Tak kak e = Qs moboro 3HaueHMs X, TO, COKpallas IOcIeNHee PaBeHCTBO Ha e,
HOJIyYUM:
k" +a k" +a,k"*+...+a, =0 (31.1)
VpaBuenne (31.1) Oymem Ha3pIBaTh XapaKTEPUCTHUECKUM YPaBHEHHUEM YpaBHEHUS
(27.3). Kopuu xapakTepHUCTHUECKOTO YypaBHEHHUs OyleM Ha3blBaTh XapaKTepUCTHUYECKUMHU
yrciamMu ypaBHeHus (27.3).

[Ipu pemennu xapakrepuctTuueckoro ypaBHeHus (31.1) BOZMOXKHBI ClTydau:

1. Bce KOpHUM XapaKTEpUCTUYECKOTO YPaBHEHHUS JEHCTBUTEIbHBI U PA3IUYHBIL.

2. Cpenu JAEWCTBUTENbHBIX KOPHEH XapaKTepUCTUYECKOTO YpPaBHEHHsSI HEKOTOpbIE
KOpHU KpaTHBIE.

3. Cpenu KopHEl XapaKTepUCTHUECKOTO ypaBHEHUS €CTh KOMIUIEKCHbIE KOPHH.

PaccMOTpuM KaX bl U3 3THUX CIIy4aeB B OTAEIBHOCTH.

1. Bce KOpHH XapaKTECPUCTHYICCKOI'O0 YPABHCHUA JEUCTBUTEIILHBI U Pa3JIMYHLI.

HNmeem, uTo KOpHU
K Kyseon k€ Rk 2k i# j=12,...n.
Torna pynkuuu
y, =e"y, =e |y =e
SIBJISIFOTCSL JIMHEWHO HE3aBUCUMBIMH pelieHus My ypaBHeHus (27.3). CnegoBaTesbHO, COTJIACHO
TEOpeMe O CTPYKType PpeIIeHUs OJHOPOIHOTO JIMHEHHOTO an((epeHInalIbHOr0 ypaBHEHHUS,
UMeeM, UTO (QYHKIIHS
y=Ce"* +C,e" +...+C e""

rae C,C,,...,C Ipou3BOIbHBIE IOCTOSHHBIE, O0LIEE pelIeHUe ypaBHEeHUs (27.3).

Ilpumep 31.1. Petium ypaBHEHUE
y"—3y'+2y=0.
XapakTepUCTUUECKOE YpaBHEHHE 3aJJAHHOTO YPaBHEHHS UMEET BUJ
k? -3k +2=0,
KOPHHU KOTOPOT'O COOTBETCTBEHHO PABHBI
k, =1k, =2.
CrenoBarenbHO, o011iee pelIeHne 3a1aHHOTO YPaBHEHUSI UMEET BUJL
y=C,e* +C,e*
Ilpumep 31.2. PetuuM ypaBHEHUE
y" -y’ =0.
XapakTepucTUYECKOE YpaBHEHHE 3aJaHHOTO YPaBHEHUS UMEET BU]I



k®-k=0,
KOpHH KOTOPOI'0 COOTBECTCTBCHHO PAaBHLIL
k,=-1k =0,k =1.
CJIGI[OB&TGJIBHO, O6IJ_I€€ PEIICHUC 3aJaHHOT'O YPABHCHHUA UMCCT BUJ
y=Ce “+C,+C,e"

2. Cpeau neMCTBUTENBHBIX KOPHEM XapaKTEpUCTHUECKOTO YPAaBHEHMSI HEKOTOpPBIE
KOPHU KpaTHBIE.

ITycts KOpeHb K, HMeeT KpaTHOCTh ¢ ; .
Ecnu k=0, To XapakTepucTHuecKoe ypaBHEHHE MOXKHO 3aIHCaTh B BUJIC:
k* (k" +a k"™ +...+a,,)=0
T.€. ypaBHeHue (27.3) umeeT BU:

-1 (-
y® +ay™+.+a,,y" =0

a;i-1

2
Jlerko mpoBeputh, uto QyHkmmm 1, X,X°,...,X SIBJISIFOTCS  PELIEHUSMM  3TOTO
YpaBHECHUS.

CremoBatenpio, mpu kKopue K,=0 ¢ KpaTHOCTBIO «; WMeEeM, YTO (YHKIHH

2 a; -

1, X, X?,...,X“ " pemenus ypasuenus (27.3).
Ilpumep 31.3. Peium ypaBHEeHUE
1\ "
y ' —-y"=0
XapaKkTepruCTUIECKOe ypaBHEHUE 3aJaAHHOTO YPAaBHEHUS UMEET BH/I
k*—k?=0,
KOPHH KOTOPOT'O COOTBETCTBEHHO PaBHBI
k,=-1k, =0,k; =0,k, =1
CrnenoBaTenbHO, 0011I€€ PEIICHHE 3aJaHHOTO YPaBHEHUSI HIMEET BUJ]
y=Ce “+C,+C,x+C,e"
B ciyuae, xorma k #0 — To ¢ mOMOIIBIO 3aMeHBI
y =e"z
MPUXOJIUM TOJBKO YTO PACCMOTPEHHOMY CITyYaro.
Ilpumep 31.4. Petium ypaBHEHUE
y"-3y"+3y'—y=0.
XapakTeprucTUIeCKoe ypaBHEHUE 3aJJaHHOTO YPABHEHHUSI UMEET BUJI
k®—-3k?+3k-1=0

5010%0
(k-1°=0,
KOpPHH KOTOPOI'0 COOTBETCTBECHHO PaBHBI
k, =k, =k, =1.
BBCI[CM HOBYIO (I)yHKI_II/IIO Z C TOMOIIBIO MOJACTaAaHOBKHA
y=e"z.

Torma



y'=e*z+e7' =e"(z+2),

y'=e*(z+27'+17"),

y
[Toncrapinsist B ypaBHEHUE, TOJTYYUM

e*(z+32'+32"+2"-32-62'-32"+32+32'-2) =0

"

=e"(z+32'+32"+2").

nJIn
2" =0.
XapaKTepHCTqucxoe YpaBHCHHUEC 3aJaHHOI'0 YpaBHCHHUA HMECT BU/]
*=0
KOpPHH KOTOPOI'0 COOTBECTCTBCHHO PAaBHLIL
l,=1,=1,=0

CrnenoBaTenbHO, QYHKIIMH

z,=12,=%,2, =%°

SIBJIIOTCS JIMHENHO HE3aBUCUMBIMU PCIICHUAMHA YPABHCHUA
2" =0.
Torna pynakunm
y, =e*,y, = xe*,y, = x%e*
SIBJIIOTCS JIMHENHO HE3aBUCUMBIMH PCIICHUAMUA YPABHCHUA
y"-3y"+3y'—y=0
u 061uee PCHICHUC 3aIAHHOTO YPAaBHCHUS UMCCT BUJL
y =C,e* +C,xe* +C,x%",

Takum oOpasoM, ecnu K, sBIsleTcss KOpPHEM XapaKTEPUCTHYECKOTO YpPaBHEHHS

KPaTHOCTU ¢; , TO (DYHKITHH

a; -1, kx

k. k
e xe ... X% e
SBJISIIOTCS TMHEWHO HE3aBUCUMBIMH pelleHUsIMU ypaBHeHus (27.3).

Ilpumep 31.5. Peium ypaBHEHUE

yIV _3ym +3y” _ yr — O

XapakTepucTUYECKOE YPAaBHEHHE 3aJJaHHOTO YPABHEHHS UMEET BUJ]
k*-3k®+3k*-k=0

nJIn



k(k-1)° =0,
KOPHHU KOTOPOIro COOTBETCTBCHHO pPAaBHBI
k =0k, =k, =k, =1.
CremoBarenbHO, QYHKIIHS
y=C, +C,e* +C,xe* +C, x%e*
SABJIACTCA pCHICHUCM 3aIaHHOI'O YPABHCHUS.

3. Cpenu KopHeli XapaKTepPUCTHIECKOTO YPABHEHHS €CTh KOMILIEKCHBIE KOPHH.
Tak kak KOpHU - KOA(PPHUIMEHTHl XapaKTEPUCTHUECKOTO YPABHEHUS IPEINOIararTCs

JENCTBUTENbHBIMU, TO KOMITJIEKCHBIE KOPHHU XapaKTEPUCTUUYECKOIO YPAaBHEHHUS MOTYT MOSBUTHCS
TOJIBKO CONpsDKEHHbIMM napamu. T.e. ecnm K=a+if - KOpeHb XapaKTEpUCTHYECKOIO

ypaBHeHUA, TO K = o — i - TOKe KOpEeHb XapaKTePUCTUUECKOTO YPaBHEHHSI.

ITape xommuekcHbIX KopHe K=a+iff U K=a—if COOTBETCTBYIOT KOMIUIEKCHBIE

pPCUICHUA

el X — e® cos X +ie™ sin X

el —e* cos X —ie™ sin X .

Takum 00pa3oM, mape KOMIUIEKCHBIX CONPSDKEHHBIX KOPHSM COOTBETCTBYIOT JIBa
JeCTBUTENbHBIE pelieHus € COS /X u e Sin X, KOTopbIe SBISAIOTCS TMHERHO HE3aBUCHMBIMH

peleHus MU ypaBHeHus (27.3).

Ecnu xommuiekcHble KOpHH K = +if U K=a —if XapakTepuCTHUYECKOTO ypaBHEHMs

KpaTHbIE, KpATHOCTH M, TO (PYHKIIUH
e” cos Ax, xe™ cos X, x?e™ cos/X,..., X" '™ cos /X,
e”sin Ax, xe™sin Ak, x*e“sin px,...,x" e sin X
00pa3yroT CUCTEMY JIMHEHHO HE3aBUCUMBIX PEIICHUM U3 2 M-perieHui.
Ilpumep 31.6. Petium ypaBHEHHE
y"+y=0.
XapakTepucTUUeCKOe YpaBHEHHE 3aJaHHOTO YPaBHEHUS IMEET BH]L
k?+1=0

KOPpHH KOTOPOT'0 COOTBETCTBCHHO PAaBHLIL



k, =—1,k, =1.
T.K. 0=0 u =1
CrnenoBartenbHO, (PyHKIHS
y =C, cosx+C, sin x
ABIISIETCS pEUICHUEM 3a/1aHHOTO YPaBHEHHS.
Ilpumep 31.7. Pemium ypaBHEHUE
y"—4y'+8=0.
XapaKkTepuCcTUIECKOE YpaBHEHHE 33 JaHHOTO YPaBHEHUS UMEET BUJ
k? -4k +8=0,
KOPHHU KOTOPOTO COOTBETCTBEHHO PABHBI
k=2+2i,
T.K. =2 u =2
CnenoBarenbHO, GyHKIUS
y =C,e”* cos2x +C,e* sin 2x

ABJIACTCA PCHICHUCM 3aIaHHOI'O YPABHCHUSI.

32. HeonHopoaHbIe JTHHEHbIC YPABHEHHUsI N — I'0 MOPSAAKA.
Memoo sapuayuu npou3éonbH020 ROCMOAHHOZO.

Paccmorpum ypaBHeHME
v +a, ()" +a,(x)y" )+ +a, (X)y = F(x), (32.1)
x € a;b]

VYpaBuenue (32.1) Oynem Ha3bpIBaTh HEOJHOPOJHBIM JIMHEHHBIM YypaBHEHHEM N — ToO
HOpsAJKA.

3neck & (X),a,(X),...,a,(X), f(X) dynxmmuu onpenenennsie Ha otpeske [a,b].
Bsenem o6o3HaueHue:

LIyl=y®™ +a,(Qy"™ +a,(x)y"? +...+a,(X)y.



Teopema 1. Tlycts L[y,]1=0 u L[y ]= f(X). Torna L[y, +y 1= f(x).
Teopema 2. Ilycts L[y, ]= f,(X),L[y,]= f,(X). Torma L[y, +Vy,]= f,(X)+ f,(x).
Teopema 3. Ilycts L[u]=U, L[v]=V. Torma L[u+v]=U +V .

Teopema (0 cmpykmype oougeco peuwienus HeOOHOPOOHO20 TUHEUHO20 YPAsHeHUA N-20
nopsaoka).

[lycTh 1aHO HEOTHOPOAHOE JINHEHHOE YpaBHEHUE N-TO MOpsIKa

y® +a, (x)y " +a,(x)y"? +...+a, (X)y = f(X). (32.1)
[Tycts dynkuuu a,(X),a,(X),...,a,(x) € C[a,b].

[ycte Gynkuun Y, (X), Y, (X),..., Y, (X) — quHeliHO He3aBUCHMBIC PEIICHUS OAHOPOTHOTO

ypaBuenus L[y]=0, a dyukuus Y (X) HekoTopoe uacTHOe pemenme ypasHenus L[y] = f(x).

Torma obuiee perienue ypaBHeHus (27.3) umeet B
y(X) =C.y; () +C,y, () +...+Cy, () + Y (X).

OTa Teopema J0Ka3bIBACTCS aHAJOTUYHO TEOPEMBI O CTPYKTYPE OOILIETO PelICHUsI
OJTHOPOAHOTO Au(PEepPEeHIINATHFHOTO YPaBHEHUS N-TO MOPSIKA.

I[JI?I HaxXOXJACHUS YaCTHOTO pPCIICHHA HCOAHOPOIAHOIO JIMHEHMHOT O YpaBHEHHUs N-TO
opsiika UCIOJb3YIOT MCTOA BapHallu IPOU3BOJILHOI'O ITIOCTOSHHOTIO.

[Tycth nano ypaBHeHue

vy +a, () y" P +a,(X)y"? +.+a, (x)y = f(X). (32.1)
Iycts  Y,(X),Y,(X),...,¥,(X) — /HHEHHO HE3aBHCHMbIC pPEIICHHUS OJHOPOIHOTO
ypaBHEHHS
y® +a,(x)y" P +a,(x)y"? +...+a,(x)y=0. (27.3)
Torna dynkus

y(x) =Cry1 +C,y, +...+Cyy,

— obuee pernienue ypaBHeHus (27.3)

Pemenue ypaBuenus (32.1) 6yaem uckarb B BUIE

Y(¥) =C, (0¥, +C, (Y, ..+ Cy (0¥, = 3.C, (9,

i=1

Torna



Y00 = Y Cl09Y,+ 3G, 00!

[ToTpebyem, 9TOOBI

Zci’(x) yi =0,
i-1
Toraa
y'() =>.Ci(x)y
i=1
Hamee
y'(x) =2 Ci()y + 2. C(x)y .
i1 i1
[TotpebyeM, 4TOOBI
>.Ci(Ny; =0,
i-1
Toraa

EORAOE

n
ITpoosKast BRIYUCIATH IPOU3BOAHBIE PYHKIMK Y(X) = ZCi (X)y; mo mopsika n—1
i1

n
BKJIIOUUTENBHO, U TPeOys KaX/blil pa3 00OpalleHus B HYJIb CyMMBbI ZC{(X) y®

i=1
i)y =0 (k=0,1,2,...,n-2),
i=1

MOJIYYUM



Y00 = 3C,(9Y,
V() = > C00/,

V(0= >C00y,"

y" o (x) = zci )y,
i

YO0 = Y CIY ™ 3 (Y.
= =
Hoxacrasmss snaverns Y(X), y'(X),..., Y (), y™ (X) B ypasuenue (32.1), nomyanm:
Zn:Ci'(x)yi(”‘l) + zn:ci })y; " +a, (0> C )y, " +...+a, (x)zn: C.(0)y, = f(x)
= = =
win

S Ci0y" = ().

Takum obOpazom, st onpeaenenus pyakuuii Ci(X), Co(X),..., Co(X), monyunim cucremy

ici’(x)yi =0,
_Zn:Ci’(X)y; =0,

>0y = £,

T.k. onpenenurens MONYYEHHOM CHUCTEMBI SBISETCS ompenenurenemM BpoHckoro st n
JMHENHO HE3aBUCUMBIX PELIEHWH OJHOPOJHOIO JIMHEHHOIO YpaBHEHHsA N — ro IMOpsIKa, TO

cucrema pasperruma otHocutenbHo C;(X),C;(X),...,C/ (X). HTerpupys MoaydeHHbIC 3HAUYCHUS

MMPONU3BOJAHBIX, HAXOAUM:

C.(x) =@, (X) +Cy,
C, (%) =9p,(x)+C,,

C.(¥) =0,(x)+C,,

WK ITOCJIC TOACTAaHOBKHU



Y00 = 20,009, 09+ XCY (M =Y+,

Ilpumep 32.1. Pemium ypaBHEHUE
y"+Yy=COSX.

JInHEeNHO HE3aBUCUMBIE PELICHUS COOTBETCTBYIOIIETO OJHOPOJHOTO YPABHEHUS UMEIOT
BHL:

Yy, (X) =cosX, Y, (x) =sin X.
Pemenue HCOAHOPOAHOI'O YpaBHCHU UIIEM B BUJC
y(x) =C,(x)cosx+C,(x)sin X.
Tornma
y'(x) =C, cosx +C; sin x—C, sin x+C, cosx.
TpebyeM, 4ToObI
C/cosx+C,sinx=0.
Tornma
y'(x) =—C, sin x+C, cosX .
CrnenoBaTenbHO
y"(x) =—C;sinx+C, cosx—C, cosx—C, sin x.
HOI{CT&BJ’IHH B YpaBHCHUH, ITOJTYyIUM
—C,sinx+C, cosx—C, cosx—C, sin x+C, cosx+C, sin X = CoSX,
5010%0
—C/sinx+C, cosx =C0oSX.
Takum o6pazom, otHocuTeabHO C1(X) 1 Co(X) UMEeM CHCTEMY:
C/cosx+C,sinx=0,
{— C,sin x+C, COSX = COSX.
N3 cuctemsl nonyyaem

C} =cos’ X,
C, =—sin xcosx,

WM UHTETPUPYS NMOJTYyYEHHBIE YPABHEHUS



cos® X 1 1

C,(x)=C, +;X+sm 2X.

Taxum o6pa30M, PEIICHUE 3aJaHHOTI'O YPAaBHCHUSA UMCCT BU:

: 1 1 1 . 1. :
y =C,cosx+C,sin x+Zcosx+Zc052xcosx+§xsm X+ =sin 2xsin X.

33. JIuneiiHble HEOJHOPOJHbIE YPAaBHEHMS N — I0 MOPSAKA C
NOCTOSTHHBIMHU KO3 PUIHEHTAMU.

PaccmoTpuMm nuHEIHBIE HEOJMHOPOIHBIC YPAaBHEHHS N — TO MOPSJIKA C MOCTOSHHBIMU
KO3 UIMEeHTaAMH

y® +ay™ . +ay=f(x). (32.1)
Ilpumep 33.1. Peuium ypaBHEeHUE
y" =y’ =x.
Nmeem
Yoo = Yoo T Yuaem -
Pemmm cooTBeTCTBYIOIIEE OAHOPOTHOE YPABHEHUE
y"—y'=0.
XapakTeprucTUIecKoe ypaBHEHHE 3aJJaHHOTO YPaBHEHUSI UMEET BU/T
k®-k=0,
KOPHH KOTOPOTO COOTBETCTBEHHO PaBHbI
k, =-1k, =0,k; =1.
CnenoBartenbHO, QYHKIIHUS
Y. =Cie*+C, +C,e”
SIBIIICTCS] PEIICHUEM OJHOPOIHOTO YPABHECHHS.
Pemmenrie HeOMHOPOIHOTO ypaBHEHUsI OYZeM UCKATh B BUJIC

y=C,(x)e”* +C,(x) +C,(x)e*.



Torna
y'=Cle*+C,+Cie*-Ce " +Cze”.
[ToTpebyem, 9TOOBI
Cle*+C,;+Cle*=0
Tornma
y'=-Ce ™ +Cse”.

CieqoBarTeabHO

14

y'=-Cle* +Cle* +Cie " +C.e”
[TotpebyeM, 4TOOBI
—-Cle"+Ce* =0.
Torna
y"=Ce ™ +C,e”

Hanee
y"=Cle*+Cie* —Ce " +Ce* = x+Y'
Takum o6paszom, otHocuTeabHO C1(X) 1 C2(X) u C3(X) iMeeM cucTemy:

C, = 1 xe™*
2

Ce"+C,+Cie* =0
- 1
-Ce"+Ce* =0 = Cl’:zxex
IA—X A X
Cle™ +Cie” =X C) =—x

WHuTerpupys nony4eHHble ypaBHEHUS, TOTYUYUM

C,(x) = ;xeX —;ex +C,,
2

X
C,(x) :_7"‘(:2’

C,(x)= —;xeX + ;ex +C..

[MoncraBnss nonydennbie 3HaueHust GyHKud Ci(X) u C2(X) u C3(X) B BBIpOKCHHUU IS
dynkumn y(X)
y=C;(x)e” +C,(x) + C4(x)e”

MOJIyYUM



2
y:(lxex—lex+clje‘x+ —X—+C2 +(—1xe‘x+c3+le‘xjexz
2 2 2 2 2

2 2
:;x—;+cle‘X —)(2+CZ—;X+C3eX+;:C1e‘X +CZ+C3eX—X2.

Takum 06pa3om, MOTyINIIH:
-X X
Y., =Ce7 +C, +C.e’,

yqac - '

2
[Ipu pemieHUN NTUHEHHBIX OAHOPOIHBIX YPaBHEHHUU C MOCTOSHHBIMH KO3()(UIIMECHTaMU
BO MHOTHX cCilydasix 0e3 TpyAa ynaercs moaoO0paTh YacTHbIE PELICHHMS U TEM CaMbIM CBECTH
3a7jauy K PEeLICHUIO COOTBETCTBYIOIUX OJHOPOIHBIX YPAaBHEHHH.
1. PaccmoTpuMm ypaBHEHUE
vy +ay®P+. . +ay=P.(x), (33.1)

rae P, (X) - MHOTOWICH cTemeHn M, T.¢.
P.(X)=AX"+AxX" " +...+A.
0-
3ameuanue. P, (x)=e""- P (X)

ITycts kK = 0 sBiIseTCS KOPHEM XapaKTEPUCTUUECKOTO YpaBHEHMs KpaTHOCTH o. Toraa
cymiectByet Muorowien Q. (X), Takoi, uTo QyHKIUs

Yuae = X" Qu(X),
SIBISIETCSI YACTHBIM petreHneM ypaBrenus (33.1), roe Q, (X) — MHOrouseH crenexu m.
Ilpumep 33.2. Pemium ypaBHEeHUE
y"—y' =X.
Nmeem
Yooy = Yoou T Yuacm -

PemmMm COOTBETCTBYROIICC OJTHOPOAHOC YPABHCHUC

m ’
y"—y"'=0.
XapaKTepUCTUUECKOE YPABHEHHE 3aJTAaHHOTO YPABHEHHS UMEET BUJ]
k®—-k=0,

KOPHHU KOTOPOT'0 COOTBETCTBEHHO PaBHBI
k, =-1k, =0,k; =1.
CrnenoBarenbHO, QyHKIMS
Yoou =Cie " +C, +Coe”
SBJISIETCSI PELIEHUEM OJJHOPOIHOTO YPaBHEHHSI.
YacTHoe pelieHne 3aJaHHOT0 YpaBHEHUs Oy1eM UCKaTh B BUJIE
V... = X(ax+b) = ax® +bx.

Torna

"
uac

y, =2ax+b,y

uac

=2auny =0.
[ToncraBnss B ypaBHEHUE, MOTYy4YUM
0—(2ax+b) =x.

[IpupaBHuBast K03(PUIHEHTHI IPU OJUHAKOBBIX CTEMEHSX, MOJIYUNM:



—-2a=1,
b=0,

WA a:—l,bzo.
2

CJ'IG,I[OBaTeJ'IBHO, YaCTHOC pCUHICHUEC

1.
=—=x%
y‘{HL 2

CrnenoBarenbHO, 001Iee pelIeHre 331aHHOTO YPaBHEHUS €CTh (DYHKIIHA

y=Ce*+C, +C,e* —%xz.

2. PaccMmoTpuMm ypaBHEHHE

yW +ay®P 4 +ay=e™P (x), (33.2)
rae P, (X) - MHOTOWIEH cTemeHn M.

[Tyctb K = p KOpEeHb XapaKTEPUCTUYECKOTO YPAaBHEHHUSI KPaTHOCTH 0. Toraa cymiecTByeT

muorowren Q. (X), Takoit, uTo QyHKIUS
Yuae = X“€"Qp (%),
SIBISIETCS YACTHBIM perreHneM ypasrenus (33.2), rae Q, (X) - MHOrouseH CererneHu m.
Ilpumep 33.3. Peium ypaBHeHUE
y" -y =xe*.
HNmeem
Yoour = Yoou T Yuacm -

Pemmum COOTBETCTBYROIICC OJHOPOAHOC YPABHCHHUC

L4 ’
y"-y =0.
XapakTepucTUYECKOE YPAaBHEHHE 3aJaHHOTO YPAaBHEHHS UMEET BUJ]
k®-k=0,

KOPHH KOTOPOTO COOTBETCTBEHHO PAaBHBI
k, =-1k, =0,k; =1.
CrnenoBarenbHO, QyHKIMS
=X X
Yoou =Ci€7 +C, +Cge
ABJIACTCA pCHICHUEM OJHOPOAHOI'O YPAaBHCHUSA.
YacTHoe perieHne 3aJaHHOTO YpaBHEHUs OyJ1eM UCKaTh B BUJIE
V... = Xe*(ax+b) = (ax® +bx)e*.
Torna
y! . = (ax® + 2ax+bx +b)e*,

y" = (ax®+4ax+bx+2a+2b)e,

uac

"

y" = (ax®+6ax+bx+6a+3b)e*.
HO,Z[CTaBJBI}I B YPpaBHCHUC, TOJTYUUM
y" —y' = (4ax+6a+ 2b)e* = xe*
NI
dax+6a+2b=x.



[IpupaBHuBast K03(hPUIUEHTHI IPU OJUHAKOBBIX CTETICHAX, MTOTYYHM:
4a =1,
{Ga +2b=0.
Pemas nony4deHHyIo cuctemMy ABYX JIMHEHHBIX ypPaBHEHUH C IBYMsI IEPEMEHHBIMU,

[IOJIY4YUM a—l b——E
7 4’ 4

CrnenoBatenbHO, YaCTHOE PELLIEHUE

y —(Exz —§xjeX
yac 4 4 '

CrenoBarenbHO, 001Iee pelIeHre 33JaHHOTO YPaBHEHHS €CTh (PYHKITUS
_ 1 3
y=Ce*+C,+Ce* +| =x*->xle*.
4 4
3. PaccmoTpum ypaBHeHHe

y"W +ay® . +ay=e™(P, (x)cosgx +Q,(x)singx),
(33.3)
rae P, (X) - maorounen crenern m, Q, (X) MmHorownen cremnens .
IIycts P +i0 — KOpPEHb XapaKTEPUCTUUECKOTO YPABHEHHMs KPaTHOCTH 0. Toraa 4acTHoe
pelieHre ypaBHeHus (4) MOXKHO UCKAaTh B BUJE
y... = x“e™ (P, (x)cos qx + Q, (x)sin gx),
rae S= max{m, I}.
Ilpumep 33.4. Peium ypaBHEeHUE
y"+4y'+4y =cos2X.
HNmeem
Yoo = Yoo T Yuaem -
PemmM cOOTBETCTBYIOIIEE OJJHOPOIHOE YPABHEHHE
y'+4y'+4y =0
XapakTeprCTHYECKOE YPaBHEHHE 3aJaHHOIO YPABHEHHS MMEET BU]I
k?+4k+4=0,,

KOPpHH KOTOPOT'0 COOTBETCTBECHHO PAaBHLI

CrnenoBarenbHO, QyHKIMS
Yoou = (Cl +C, X)eizx-
ABJIACTCA pCHICHUEM OJHOPOAHOI'O YPaBHCHUS.
HNmeem
cos2x =e% -1-cos2X, .
HOBTOMy JaCTHOC PCIICHUC 3aJaHHOT'0 YPABHCHUA 6YI[CM HUCKaThb B BUJIC
Y.e =AC0S2X+Bsin2x.
Torna
Y. .. =—2Asin 2x + 2B cos2x,
y! =—-4Acos2x—4Bsin 2x.

uac



IloncraBnss B ypaBHEHUE, TOITYYUM
—8Asin 2x +8B cos2x = cos2X..
Hcnonb3ys TMHEHHYIO0 HE3aBUCUMOCTh QyHKIMiA SIN 2X 1 COS2X , MOJIyuMM CHCTEMY
-8A=0,
{88 =1
Pemas nony4eHHyro cucTeMy ABYX JIMHEHHBIX YPAaBHEHUH C IBYMsI IEPEMEHHBIMU,

nonyunm A=0,B = ;

CrnenoBatenbHO, YaCTHOE PELLIEHUE
1.
Yiue = gsm 2X..
CrnenoBarenbHO, 001Iee pelIeHre 331aHHOTO YPaBHEHUS €CTh (DYHKIIHA

y =(C, +C,x)e” +%sin 2X.

Cucrembl 1 depeHIuaIBLHBIX YPABHEHUIA.

34. Cucremsl auddepenunanbHbix ypaBHeHuil. OOmme mnonsaTus. Teopema
CylIeCTBOBAHUS U €INHCTBEHHOCTH.

Onpeodenenue. Cuctemoil nuddepeHanbHbBIX ypaBHEHUH OyneM Ha3bIBaTh CHCTEMY

BUJIA!
Yo = Fi 06 Y Ya0een¥i)
v, = L, Y, Yoo Y,
Yo = To(% Y1, Y500 ¥0) (34.1)
Yo = Fa (X Y1 Yarees ¥i)
rje
Yi = Y1(¥)s- Yo = ¥a (%),
L Oy dy,
y, = o s ¥y = o
Teopema (cywiecmeosanusn u eOUHCMEEHHOCMU PeUIEHUA).
[lycts nana cucrema nuddepenunanbabix ypasHenuit (34.1) x e[a,b].
Iycts ¢ynxmum  f, f,,...,f — HempepbiBHBIE (YHKIMH B OKPECTHOCTH TOYKH
(XO’ Y101 Yoo 100 ynO)’ rae X, €[a,b].
Iycte  ¢yskmmu  —-,i, j=12,...,N  HempepsIBHBI B  OKPECTHOCTH  TOYKH

j
(XO’ Y101 Ya01:e0s ynO)’ rae X, €[a,b].
Torma Vylo, Yog1ee1 Yno CYIIECTBYET PEUICHUEC CUCTEMBI

y() = (10, Y2 (%), ¥, (X))

Takoe, 4YTO

yl(XO) = Yao» yz(xo) = Yogree yn(Xo) = Yno-



35. Cucrembl  JauHeliHbIX Ju(pdepeHIUAIBHBIX  ypaBHenuil. Teopema
CYLIECTBOBAHUSA M €[IMHCTBEHHOCTH.
Paccmorpum cucremy
Vi =2, ()Y +a, (XY, +...+a,(X)y, + f,(X)
Y2 =8, (X)Y; +ay, (X)Y, +...+a,, ()Y, + f,(X) (35.1)

Yn = anl(x)yl +an2(x)y2 +...F ann (X)yn + fn(x)

Ilycts
all (X) a12 (X) s aln (X)
A= aZl(X) a'22 (X) a2n (X)
anl (X) anZ (X) v ann (X)
y1(X) f, ()
v | 0] p_| Lo
Yo (X) f.(x)
Toraa cuctemy (35.1) MoXxHO 3anucath B BUIE:
Y=AY+F.
[Iycth
L[Y]=Y — AY,
torna cucrema (35.1) umeer Bua
L[Y]=F.

Teopema (cywiecmeoganuna u eOUHCHIEEHHOCMU DPEUIEHUA JUHEHHOI CUCMeMbl
oughghepenyuanvuvix ypasnenuit).
Ilycth nana cucrema JIMHENHBIX AU depeHInanbHbIX ypaBHeHu# (35.1).

Iycrs f;(x), q; (X) — HempepHIBHBIE GYHKIMK B OKPECTHOCTH TOUKH X, , TJe X, €[a,0].
Torma VY5, Ys,--- Yoo € R" cylecTByer penienue

y(x) = (¥2(%), ¥ (%), -, ¥ (X))
cuctemsl (35.1) Takoe, 4TO
yl(XO) = Y10 yz(xo) = Y0141 Yn (Xo) = Yno-
Ilpumep 35.1. PaccMOTpUM cUCTEMY
Yi=-Y,
Yo=Y
Nmeem
Vi==Y, =V ="Y,=-Y;.
WIH
yi+y, =0.
OO11ee pelieHne NOJIY4eHHOTO ypaBHEHUS UMEET BUJL
y, =C, cosx+C,sin x.



CrnenoBaTeibHO
y, ==Yy, =C,sinx—C, cosx.
Takum oOpa3om, perieHue 3aJaHHON CHCTEMbI UMEET BUJT
y, =C,cosx+C,sinx,
y, =C,sinx—C, cos x.

36. CpoiicTBa cucTeMbl JJMHEHHBIX AU (PepeHHaIbHBIX YPABHEHHUH.
1. L[CY]=CL[Y].
2. L[Y; +Y,]1=L[Y,]+ L[Y,], T.e. L — nuneiinsIit oneparop.

3. L[iCiYi] = iCiL[Yi]'
4.1[U +iV]=LU]+iL[V].

DTH CBOWCTBA SBJISIOTCS CIIEACTBUSIMU COOTBETCTBYIOIIMX CBOWCTB IPOU3BOTHOM.
Teopema 1. Ilycte L[Y]=0. Torma L[CY]=0.

Hoxazamenvcmeo. L[CY]=CL[Y]=C-0=0,rne 0=
0

Teopema 2. Ilycrs L[Y,]=0,L[Y,]=0.Torma L[Y, +Y,]=0.
Hokazamenvcmeo. L[Y, +Y,] = L[Y,]+L[Y,]=0+0=0.

Teopema 3. ycts L[Y,]=0, rne i=1,2...m. Torna L[ZCiYi] =0.

i=1

Hokazamenscmeo. L[z CYl= ZCi L[Y,1= ZCi -0=0.
i=1 i=1 i=1

Teopema 4. Ilycts L[U +iV]=0. Torma L[U]=0,L[V]=0.
Hokazamenvcmeo. L[U +iV]=L[U]+iL[V]=0= L[U]=0AL[V]=0.

37. JInneliHas 3aBUCHMOCTb M HE3aBHCHMOCTb CHCTeMbl GpyHknuid. Onpeneanress

Bponckoro.
Onpeoenenue. I1yctb nanel GyHKIUN
Yu (X) Y1z (%) Yin (X)
Ya(X) Y22 (X) Yan (X)
Y, ()= LY, 0 = ALY ()= T
ynl (X) ynZ (X) ynn (X)

Crkaxem, uto ¢pyukuun Y, (X),Y,(X),...,Y,(X) muneiiHo 3aBucumMsl Ha otpeske [a,b], ecru

cymectBytoT nocrosiaasie C;,C,,...,C, He Bce paBHbIC HYIIO TaKHe, 9TO

CY,(X)+GCY,(X)+...+C.Y,(X)=0,Vx €[a,b]. (37.1)



T.€. QYHKUINU JTUHEHHO 3aBUCHMBI, €CIM CYIIECTBYET HEHYJIeBas JIMHEWHAas KOMOMHALINS
3TUX (PYHKIUI TOKIAECTBEHHO paBHAs HYIIIO.

Ckaxem, uyro ¢ynkuuu Y;(X),Y,(X),...,Y,(X) nuHEHHO HE3aBHCHMBI, €CII PABEHCTBO
(37.1) Bemomnnsercs toneko pu C; =C, =...=C, =0.

PaBencTBo (37.1) MOXHO TIepenucaTh B BUJIE.
CrYy () +Coy, (X)) +...+C Ly, (X) =0
CiYu(X)+C,Y,n(X)+...+CY,,(X) =0

Clynl(x) + CZ yn2 (X) +...f Cn ynn (X) =0
Onpeoenenue. 1lycts nausl pynkunn Y, (X),Y,(X),...,Y,(X) . Onpenenurenem Bporckoro

6yz[eM Ha3bIBaThb OIIPECACIINTD

Yiu Yo oo Y
W (x) = Yoo Yo oo Yoo
ynl yn2 M ynn

Teopema 1. Eciu dynxumu Y, (X),Y,(X),...,Y, (X) nuHeiino 3aBucuMbl Ha oTpeske [a,b]

TO UX ONpeAeTUTeIh BPOHCKOT0O TOX/ISCTBEHHO PaBeH HYIIO Ha [a,b].

Jlokazamenvcmeo. T.K. GyHKIUU TUHEHHO 3aBHCUMBI, TO XOTSI Obl OJIMH M3 HHUX €CTh
JIUHEHass KOMOMHAIMS OCTalbHBIX. B ompenenurene BpoHCKOro cooTBeTCTBYIOLIUI cTONOCIT
€CTh JIMHEeHHas KoMOuHaIus ocTanbHbIX. Clie0BaTeIbHO, ONPEACTUTENb PABEH HYIIIO.

Teopema ooxazana.

3ameuanue. Ilycts L[Y] = 0 — omHOpoaHas cucTeMa JIMHEWHBIX AuddepeHIInaTbHBIX
ypaBHeHuid. Torma ¢yakmus Y(x) = 0 sBIseTCSs pEIICHUEM JTOH CHUCTEMBI C HYJICBBIMHU
HAYaJIbHBIMH YCIIOBUSIMHU.

Teopema 2. TIycts dynkiun Y, (X),Y,(X),...,Y,(X) SABISIOTCS pemICHHSIMH OJHOPOIHOM
CHCTeMbI THHEHHBIX auddepenunansupix ypaBaenuii L[Y] =0, x e[a,b].
ITycte 3, €[a,b]:W(X,) =0.Toraa dyuxuun Y,(X),Y,(X),...,Y, (X) nuHeitHO 3aBHCHMBI
Ha oTpe3ke [a,b].
Hokazamenvcmeo. imeem
yll(XO) ylZ (XO) yln (XO)

Ya(Xo) Yoo (Xo) - Yan(Xo)| _

W (x,) =0=> 0

ynl (XO) yn2 (XO) s ynn (XO)
PaccmoTpum cuctemy JIMHEWHBIX YpaBHEHUN

Clyll(xo) +C2y12 (Xo) +"'+Cn Yin (Xo) =0

Cly21(x0)+C2y22(x0)+...+Cny2n(x0):0 (37.2)

Clynl(xo) + Czynz(xo) +"‘+Cn Yo (Xo) =0



T.k. onpenenuTeNb 3TOM CUCTEMBI PaBEH HYIIIO, TO Y CUCTEMbI €CTh HEHYJIEBOE PEIlIeHNE,
T.e. cymectBytor C,,C,,...,C, He Bce paBHbBIE HYIIO, ylnoBieTBopstomue cucreme (37.1).
PaccmoTpum dyHKIHIO

Y(X)=CY,(X)+C,Y,(X)+...+C,Y,(X).

C onHOW CTOpPOHBI (PyHKITUS Y(X) sABIAETCS PEIIEHUEM CHUCTEMbl JIMHEHHBIX
OJIHOPOJHBIX YpaBHEHHH, a ¢ Apyroit croponsl Tak kak Y (X,) =0, to Y (X) =0 Ha orpeske [a,b].

CrnenoBarenbHO

CY,(X)+GCY,(X)+...+C.Y,(X)=0,vx €[a,b].

T.e. dyukuuu Y,(X),Y,(X),...,Y, (X) muHeiiHO 3aBUCHMBI.

Teopema ooka3zana.

Cneocmeue. Eciu dynxumn Y, (X),Y,(X),...,Y,(X) nuHeliHO He3aBHCHMBIC PEIICHHS

OJTHOPOJHOW CHUCTEMBbI JIMHEHHBIX IH((PEepeHIMANbHBIX YpaBHEHHH, TO HX ONpEICIUTENh
Bponckoro otnuueH ot Hyns VX €[a,b].

38. Teopema 0 cTpyKType 00111er0 pelieHnsl OAHOPOIHOI CHCTEeMbI JIMHEHHbIX
Au(ppepeHuInaTbHbIX YPABHECHUI.
[Tycth nana ogHOpOHAS cHCTEMa JIMHEWHBIX quddepeHIInaIbHbIX YPaBHEHHMA

Vi =au(X)Y; +a,(X)Y, +...+a,()Y,

Yo =au(X)Y; +a,(X)Y, +...+ 8, (X)Y,

(38.1)
yn = anl (X) yl + anz(x)yz +...F ann (X)yn
[Iycth
a,(x) a,(®) ... a,(x) y1(X)
A— ay(X) an(x) ... a,(X) Y = y2(X)
a‘nl (X) a‘n2 (X) o ann (X) yn (X)
IIycts
L[Y]=Y — AY,

torna cucreMma (38.1) umeer Bua
L[Y]=0.
Teopema. Ilycth naHa oIHOpOAHAs cucTeMa nuHEHHBIX ypaBHeHHi (38.1). Ilycth
dyukumnn a;(x),i, j =1,2,...,n — HenpepbiBHbIE QyHKIMU Ha OTpeske [a,b] IlycTts dhyHnkuuun

Y11 (X) Y12 (X) Yin (X)
Yl(X) _ y21(X) ’YZ (X) _ Yo (X) 1~--,Yn (X) _ Yon (X)
Yo (X) Yn2 (X) Y (X)

JMHEHHO He3aBHCHMBI U sBIsIOTCs pemneHusmu cuctemsl (38.1). Torma VX, €[a,b] wu
Y101 Yoor---1 Yoo CymiectByroT C,Cy,...,C,, Takue, 94To HyHKIUSL
Y (X) = CpY1 (X) + CopY, (X) +...+ C Y, (X)



OyIeT yAOBIETBOPAThH YCIOBUIO:

Y(X) =Y,
TIe
Yio
v, =| V=
ynO

T.e. obmiee permenue cuctemsr (38.1) umeet BUA:
Y(X)=CY,(X)+CY,(X)+...+C,Y,(X)
Jokazamenvcmeo. B CUILY JIMHENHOCTHU CUCTEMBI (38.1) byHKums

Y(X)=CY,(X)+C,Y,(X)+...+C.Y,(X) sBusercs periennem cuctembl (38.1). BpimonHenue

yenosust Y (X,) =Y, 03Ha4aer, 4To cHcTeMa

CiYu (X)) +Co Yo (%) +... + C i, (Xo) = Vi
CiVau (X)) +Co Y0 (Xg) +-..+Cp Yo (X0) = Yoo
(38.1)
Clynl(XO) +C, Y0, (Xo) +...+CLy, (Xo) = Yno
uMeeT eAMHCTBeHHoe peuieHue. Omnpexpenurtens cuctemsl (38.1) sBisieTcss ompenenuTenem
BpoHckoro g JMHEMHO HE3aBUCUMBIX PEIIEHUNH OJHOPOJHOM CHCTEMBI JIMHEHMHBIX
muddepeHanbHbIX  ypaBHeHUi. CriemoBarenbHo, OH oTimdyeH oT Hyis. Cucrema (38.1)
COBMECTHMA M UMeeT efMHCTBeHHoe pemenue. T.e. cymectByloT Cyo,Cy,...,C, o MOCTOAHHEIE,
TaKue, 4To, (PyHKIH
Y(X) = CppY, (X) + CppY, (X) +... 4+ C,p Y, (X)
YJIOBJIETBOPSIET YCIOBUIO
Y(X)=Y,.
Teopema ooka3zana.
Onpeoenenue. Oynxumu Y,(X),Y,(X),...,Y,(X) Oymem Ha3piBaTh (GyHIaMEHTAIBHON

CHUCTEMOM PELICHUN.
Ilpumep 38.1. Peuium cucremy

Y1 =Y,
yz ==Y

A :( 0 1J,Yl(x) _ (sin XJ,YZ(X) _ (— ?os x}
-1 0 COS X sin X

CrnenoBaTenpHO, 0011I€€ PEIICHUE HMEET BU/:
sin X —COS X
e C, +C,| .
Y, COS X sin x
Y,(X) =C,sin x—C, cosx
y,(X) =C,cosx+C,sinx

HNmeem

nin

3ameuanue.



Yi=Y
{_1_ ? =2¥%h=Y=-%=>%+%=0=
Y=V

k?+1=0,k = +i
y, =C,cosx+C,sin x
y, =C,sin x—C, cosx

39. HeonHopoaHble cMCTeMbl JIMHEHHBIX AU (epeHInaJIbHbIX YPABHEHUH.
[TycTs nana HEOTHOPOIHAS CUCTEMA JIMHEHHBIX JU(QepeHInaTbHbIX YPaBHEHUH.

LY]1=F,
i = all(x)yl +a;, (X)yz ...t a, (X)yn + fl(X)

YZ = a21()() yl + a22 (X) y2 +...t a2n (X)yn + fZ(X)
nJIn

Yn = anl(x)yl + anz(x)yz t+...+ ann (X)yn + fn (X)
(35.1)
Teopema 1. Tlyctb nana L[Y]=F .Ilycts L[Y , ]=0, L[Y*] =F.

Torna L[Y,, +Y]=F.

00H

Jokazamenvcmeo. L[Y,, +Y ]1=L[Y ]+L[Y ]=0+F=F.

oon oon

Teopema ooxa3zana.

Teopema 2 (0 cmpykmype odwiezo peuieHus HeOOHOPOOHOU CUCHEMbl JTUHEIIHbIX
YpasHeHuil).

[Tycth nana HEOMHOpPOAHASI CMCTeMa JTMHEHHBIX nuddepeHmanbHbIX ypaBHeHuit (35.1).
[Tycth hyHKIMN {aij (X)}n , f.(x) e C[a,b].

i,j=1

[Tycth
Y11 (X) Y12 (X) Yin (X)
Yl(X) _ y21(x) ’YZ (X) _ Y2 (X) 1~--,Yn (X) _ Yon (X)
Yo (X) Yn2 (X) Y (X)

00pa3ytoT (QyHIAMEHTAIbHYIO CHCTEMY peIIeHUW OJHOPOJHOW CHUCTEMBI JIMHEHHBIX
maddepenmanbHex ypaBaenuit L[Y]=0.

Y, (X)

. "(x y
[Tycte ¢ynkmus Y (X) = Y2 ‘() SIBJISICTCSL PELICHHEM HEOIHOPOIHON CHCTEMbI

Yo (X)
muneitabIx auddepennuansubix ypasrennii L[Y '] = F . Toraa o6lee peleHne Heo HOPOIHOI
CHCTEMBI JINHEWHBIX TU()PEepPEHINATbHBIX YPABHEHHH HMEET BH/L:
Y(X)=CY,(X)+CY,(X)+...+C. Y, (X)+Y (X).
Hoxazamenvcmeo. 1. L[Y]=F.
2. VX, €[a,b] u Wy,,Ys0,-- Yo CymectBytorT Cyy,Cl,y,...,C,, MOCTOSHHBIC, TAKHE, YTO

byHKIIAS



Y (X) = CppY, (X) + CooY, (X) + ...+ C. oY, (X) +Y 7 (X)
OyzeT yIOBIETBOPSTH YCIOBHIO:
Yio
Y (%) =Y,,Y, = yf" :

Yo
JleicTBUTEIIBHO,
L[Y]=L[CY #CY, +...+CY +Y 1=CL[Y,]+C,L[Y,]+...+C L[Y, ]+ L[Y]
=0+0+...+0+F =F.
Y (X)) =Yy = C Y, (%) + CY, (X)) +... +CY, (X)) +Y (X)) =Y, =
CiY11 (%) +C, Vi (Xo) +.-. +C Ly, (Xo) + yl*(xo) = Yo
C1Ya1(Xo) +C3 Vo (Xo) +.--+Co¥on (X6) + Y5 (Xo) = Yo (39.1)

Ci¥m () +Co ¥ (Xg) +...+Cyp (%) + yn*(XO) = Yo

T.k. onpenenuTesb CUCTEMBI €CTh ONPEAEIUTENb BPOHCKOrO ISl INHEHHO HE3aBUCUMBIX
pelIeHUH OJJHOPOIHOM CUCTEMBI JIMHENHBIX NU(PPepeHInanbHbIX YpaBHEHUI, TO OH OTJIMYEH OT
Hyns. CnenoBarenbHo, cuctema (39.1) coBMecTuMa UM UMEET €IMHCTBEHHOE pelIeHHe. IJTO
3HAYUT, YTO QYHKIHUS

Y (X) = Cpp Y, (X) + CooY, (X) +...+ C. oY, (X) +Y 7 (X)
ynosuerBopser yeiosuio Y (X,) =Y.

Teopema ooka3zana.
Teopema 3. Ilyctb

L[y]:iFi'L[Yi]: Fi'

Torna

Teopema 4. Ilyctb
LU +iV]=U +iV .
Torpa
LU]=U,LV]=V.
Memoo séapuayuu npou3e01bH020 NOCHOAHHOZO.
ITycts nana cucrema L[Y]=F . Ilycts Y,(X),Y,(X),...,Y,(X) dynnamenTansHas cucrema

pelieHuit 0THOPOAHOM cucTeMbl TuddepeHanbHbIX ypaBHeHuil L[Y]=0.

Pemenue HeoqHOPOAHOM CHCTEMBI OY/IEM UCKATh B BUJIE:
n
Y(x) =D C,(0Y; (%)
i-1
[ToncraBnss B cucremy, OyeM UMETh:

LIYT=LEYC, (00, 091= 3 €, 0OLIY, 001+ CI0Y, (0} = F ) = SC00Y, 00 = F(



[onyunm cucremy mst onpenenenus C,(x),C,(X),...,C,(X).

Ilpumep 39.1. Peuium cucremy

i =Y,

OI[HOpO,I[HaH CUCTEMA UMCCT PCUICHUC
y,(X) =C,sin x—C, cosx
y,(X) =C,cosx+C,sinx
Perrenne HEOIHOPOIHOM CHCTEMBI OyIeM HCKAaTh B BUIE
Yy, (x) =C,(x)sin x —C, (x) cos x
Y, (X) = C,(x)cosx+C,(x)sin x
[Toncrapmnsisi B cuCTEMY, MOIYYUM
C, sinx+C,cosx —C, cosx + C,sin x = C, cosx + C, sin x

- : » . 1 -
C, cosx—-C;sinx+C, sinx+C,cosx =-C,;sinx+C,cosx + —
COSX

HIJIN

C, sinx-C, cosx =0

- . 1 -
C, cosx+C, sinXx=——-

COS X
W3 nnocnenueii cucteMbl UMEEM

C, =1
sinx

C, =——
COS X

1507051
C,(x)=x+C;

C,(x) =—In[cosX +C,
CrnenoBaTenbHO, 00111€€ PEIICHHE 3aJaHHON CHCTEMBbI UMEET BU/T
y;(X) = (C, + x)sin x— (C, — In|cos x) cos x

Y,(X) = (C, +x)cosx +(C, —Injcos x|) sin x

40. Cuctembl JUHEHHBIX U] PepeHIIHATBHBIX YPABHEHUH € MOCTOSTHHBIMHU
KO3 PpuureHTaMu.
Onpeoenenue. CucteMy JTMHEHHBIX YPAaBHCHHI
Yi=anYitapy, +...+a,y, + fi(X)
Y, =a,Y, +a,Yy, +...+a, Y, + f,(X)
2 2171 2272 2nJn 2 , (351)

yn = anlyl +an2y2 +"'+annyn + fn(x)



rae {aij }inj—l’ — HEKOTOphIe TIOCTOSHHBIE, OyaeM Ha3blBaTh CUCTEMOHM JIMHEHHBIX

Qg depeHIMaIbHbIX YPAaBHEHUH C TOCTOSHHBIME KOA(PPHUIIMEHTaMHU.

[Tycth
Y f,
A=laf . Y= y2 . F= ff
Yn o
Torna cucremy (35.1) MOXHO TIepenucaTh B BUJIE
Y =AY +F.

Ecmu F =0, To umeem Y = AY wm
Yi=ayytayy, +...+a,Y,

Y, =8,y tayy, +...+a,Y, ' (38.1)

Yn = anlyl + anZyZ +...t annyn
CormacHo TeopemMe O CTPYKType OOIIero pemeHus JWHEHHOTO OIHOPOIHOTO
muddepeHIaTLHOTO YPaBHEHUS, YTOOBI HalTH o0iee perieHue cuctemsl (38.1) Hamo HaWTH

Q)YHHaMeHTaHLHYI-O CUCTEMY peHleHI/Iﬁ. I[J'ISI 9TOro pCuICHUC 6y;[eM HNCKAaTh B BUJIC:
kx

Yy, =a,€
Y = aye” (40.1)
yn — anekx
[ToncraBnss pemenus (40.1) B cuctemy (38.1), momyunm:
ake® = aa,e" +a,a," +...+a,a,e"
a,ke® = a,a,,e" + a,a,,e" +... + o, a, e
a ke =aa e +a,a,6"+...+aa, e”
IMocne cokpammenus Ha GyHKIMIO e momydnm:
ak=aa,+a,a,+...+a,a,
a,K=a,8, +@,8,, +...+a,8,,
ak=aa,+a,a,+...+a,a,
1781131
a,(a, -K)+a,a,+...+a,a, =0
a,a, +a,(@,, —K)+...+a,a,, =0 (40.2)

a,a, +a,a,+...+a,(@,, —k)=0
MBI TONYYMIM OJHOPOAHYIO JHMHEHHYI cucTeMy. UTOOBI OHa HMella HEHYJICBOE
peleHue, ee ONpeeIUTeNb T0/DKEH ObITh PaBeH HYIIIO.



=0 (40.3)

a, a, ... a,—k
VYpauenue (40.3) sBisercs ypaBHEHHEM N — Oif CTENEHH OTHOCUTENIBHO K. YpaBHeHHE
(40.3) Oynmem  Ha3pIBaTh  XapaKTEPUCTHUUYECKUM  ypAaBHEHHUEM  CHUCTEMbl  JIMHEWHBIX
TuddepeHInaIbHbIX YPaBHEHUH C MOCTOSIHHBIMU K03 puiineHTamu.
[Tpu pemennn ypaBaeHus (40.3) BO3MOXKHBI TPH CITydast:
1. Bce KOpHM XapaKTepUCTHYECKOTO YPAaBHEHHUS JCHCTBUTEIBHBI M  Pa3TUYHBI
KpKysooo Ky e Rk =K i# 0, j=12,...,n.

2. Cpenu KOpHEH XapaKTEPUCTHIECKOTO YPaBHEHUS €CTh KOMILJICKCHBIC KOPHH.

3. Bce KOpHM XapaKTepUCTUYECKOIO ypaBHEHMs IEHCTBHUTENbHBI, HO CPEJU HHUX €CTb
KpaTHBIE.

1. Bce KOpHM XapaKTEpUCTUYECKOIO ypaBHEHUS JIEUCTBUTENBbHBI U  Pa3JIUYHbBI
kKiKysoonky € Rk =Kk, i 0, j=12,...,n.

Torna, moacrasisis K, K,,...,K, B (40.2), Haxomaum pemreHuns

ayy Qp a,
a a a
21 2 2n
k, — K, > e Ky =
o o (o
CrieoBarenbHo, QyHKIUHT
a, a, ay,
a a a
21 | kyx 22 | k,x 2n |k x
Y, = : e™"Y, = : e, Y, = DT
2 o 2

00pa3yroT pyHIaMEHTaIbHYIO CUCTEMY peieHuid. Torna GyHKius

ay Q) @y,

a
e +...+C, | " g

anl anz ann
ecTh ob1ee pemenne cuctemsl (38.1).
Ilpumep 40.1. Peuinm cuctemy
X=2X—-Yy+1Z
y=X+2y-z

1=X-Yy+2z

HNmeewm:
2 -1 1
A=l1 2 -1
1 -1 2

XapaKTepI/ICTI/I‘leCKOC YpaBHCHHUEC UMCCT BU
|A-kE|=0



NI

2-k -1 1
1 2-k -1(=0
1 -1 2-Kk
PackpbiBast onpenenurens, HoIydnM
(2—k)2_k -1 ‘4_‘1 -1 +1 2—k‘:
-1 2-k [ 2-kl 1 -1
VIIH
(2-Kk)(k* -4k +3) =0.
[TomyyenHoe ypaBHEHHE UMEET KOPHU
k, =Lk, =2k, =3.
a) Mycrs k, =1.
Torna u3 ypasaenus (A—KE)a =0 wm
1 -1 1)\ 0
1 1 -1|e,|=|0
1 -1 1 )\a, 0
nMeeM
o, —a,+0;=0
o, +a,—a; =0
o, —a,+0;=0
HenyneBoe penienue nocieHeil CHCTEMbI IMEET BHT
o, =00, =L, =1.
Taxum o6pazom
0
k,=1-]1
1
b) Mycrs k, =2.
Torna u3 ypasuenus (A—KE)a =0 wm
0 -1 1Yo 0
1 0 -1|e,|=|0
1 -1 0 fe; 0
MeeM
-a,+0;=0
a,—a; =0
o, —a,=0

HenyneBoe penienue nociuegHeil CHCTEMBI IMEET BH/T
o, =la,=La,=1.

Taxum o6pazom



1
k,=1->|1
1

C) Iycts k, =3.
Torna u3 ypaBaenus (A—KE)a =0 i

-1 -1 1Ya) (0
1 -1 -1)a, |=]0
1 -1 -1)a,) (0

uMeeM
- —a,+a;=0
o, —a,—a;=0
o —oa,—o;=0
HenyneBoe pemieHue nocaejHeil CHCTEMbI HIMEET BH/T
o, =la,=00,=1.

Takum o6pazom

1
k,=1—]0].
1
CrnenoBarenbHO, O0IIee PelIeHUE 3aJaHHON CHCTEMbI IMEET BT
X 0 1 1
y|=C,|1'+C,|1]e* +C, 0e*
z 1 1 1

5010%0
x=C,e” +C,e”

t 2t
y=Ce +C,e
z=Ce' +C,e* +C,e*

Ilpumep 40.2. Peuium cuctemy

X=3X—-y+2
y=—X+5y-z.
2=X-Yy+3z
Nmeewm:
3 -1 1
A=|-1 5 -1|.
1 -1 3

XapakTepucTUYECKOE YPAaBHEHUE UMEET BU]

|A-KE|=0

501041



3-k -1 1
-1 5-k -1]=0.
1 -1 3-k
PackpsbiBas ornpenenuTens, NOIyIUM
(3—k)5_k -1 +—1 -1 +—1 5—k:
-1 3-k |1 3-k |1 -1

nJIn
(3-K)(k® -8k +12) =0.

[TonydyeHHOE ypaBHEHHE UMEET KOPHU

a) Ilycrs k, =2.
Torna u3 ypasaenus (A—KE)a =0 wm
1 -1 1\« 0
-1 3 -1|ea,|=|0
1 -1 1 )e, 0
1MeeM
o —a,+0a;=0
{—al +3a, —a; =0
HenyneBoe penienue nocnegHeil CHCTEMbI UIMEET BHT
o, =la,=00a,=-1.

Takum o6pazom

1
k,=2—>| 0 |.
-1
b) Iycrs k, =3.
Torna u3 ypasaenus (A—KE)a =0 wm
0 -1 1Yo 0
1 2 -1|e,|=|0
1 -1 0 fe; 0
YT
—a,+0a,=0
-y +20,—0,=0
a,—a,=0
MeeM

o, =la,=La,=1.

Taxum o6pazom

k,=3—>|1].



c) Ilycts k, =6.
Torna u3 ypasaenus (A—KE)a =0 wm
-3 -1 1\ 0
-1 -1 -1|¢a,|=|0
1 -1 -3\ 0
VIIH
-3a,—a,+0,=0
—a,—a,—a,=0
o, —o,—30,=0

nMeeM
o =lLa,=-2,a;, =1.

Takum o6pazom
1
k=6—>|-2
1
CrnenoBatenbHO, 0011I€€ PEIICHNUE 3aJaHHON CUCTEMbl UMEET BU/T
X 1 1 1
y|=C,J| 0 [e* +C,|1]e* +C,| -2 [*
z -1 1 1
WIn
x=Ce* +C,e* +C,e™
y=C,e* -2C.e™
z=-Cpe” +C,e* +C,e™

2. Cpeayt KOpHEH XapaKTepUCTUYECKOTO YPaBHEHHS €CTh KOMIUIEKCHBIE KOPHH.
[ycte k =a+if — KOpeHb xapakTepuctuueckoro ypasaenus. Torma K = a—if —

TOXE KOPCHb XapaKTCPUCTUUCCKOI'0 YPAaBHCHUA
ITycTh cOOCTBEHHOMY 3Ha4eHUIO K = o + i3 COOTBETCTBYET pPELICHUE

oy iy,
) o, +ip.
a+if— a : 2
ay +iBy
cuctemsl (40.2)
Torna
oy +ipy

Oy +10y o (@ip)

ay +if,

— pelIeHHe CUCTEMBbI OTHOPOJHBIX JIMHEHHBIX nuddepenimanbubix ypaBHenuil. Torna

byHKIUA



oy, +i1B),

Oy +10y o (@)

=y, ulm
Ay 105y
SIBJISIOTCS JIMHEMHO HEe3aBUCUMBIMU PCHICHUSAMMU.
Ilpumep 40.3. Peminim cucremy
X=X-3y
y=3X+Yy

nJIn

NMECM

NI

Nmeewm:

oy +ipy
Oy +1[y o (@)

Oy +if,

S

XapaKTepI/ICTI/I‘leCKoe YpaBHCHHUC UMCCT BU
|A—KE| =0

1-k -3
3 1-k

PackpeiBast onpenenurens, NOJIy4ruM

k? -2k +10=0.

HOJ'Iy‘lCHHOC YpaBHCHHUEC UMCCT KOPHU

k=1+3 n k,=1-3i.

a) [ycre  k,=1+3i.

Torna u3 ypasaenus (A—KE)a =0 wm
-3 -3
3 -3i

-3, -3, =
3a, —3ia, =0

il

0

i, +a,=0
a,—ia, =0’

HenyneBoe penienue nocneaHel CHCTEMbI UME
o, =1, a,=

Taxum o6pazom
k,=1+3i > [

6) Iycts k,=1-3i.

Torna u3 ypaBuenus (A—KE)a =0 i

€T BUJ
1.

|

0
0

:y2



R

3ia, —3a, =0
3a, +3iax, =0

NMECM

WIH
{I o, —o,=0
o +ia,=0

HenyneBoe pemienue nocieHeil CHCTEMbl IMEET BH]

o =—, a, =1

k2=1—3i—>£_lj
1

[ a1 —sin 3t +icos3t
[ je(“s')t :£1J(C053t +isin3t)e! :( j e'.

Takum o6pazom

HNmeem

1 cos3t +isin 3t

HeﬁCTBHTeHLHLIC U MHHUMBIC 4aCTHU COOTBCTCTBCHHO paBHLI
—-sin3t) | cos3t) ,
Re= e ulm=| e .
cos3t sin 3t
—sin 3te'
X = t
cos3te
cos3te'
y=1| . .
sin 3te
Taxum O6p8.30M, 0611_[66 pemeHHe 3aIlaHHOI71 CUCTEMbBI UMCCT BU:

x =(—c,sin3t+c, cos3t)e',

CiieqoBarTeabHO

y =(c, cos3t +¢,sin3t)e".

Ilpumep 40.4. Pemum cucremy

X=- 2y+2z
y=t—y+z
1= y-z
HMmeewm:
0 -2 2
A=|1 -1 1
0o 1 -1
XapakTepucTUYECKOE YPAaBHEHUE UMEET BU]
|A—KE|=0

nin



-k -2 2
1 -1-k 1 |=0.
0 1 -1-k

PaCKpBIBaH OIIpPEACINTECIIb, ITOJTYYUM

—k(k®+2k+1-1)+2(-1-k)+2=0

WITH
—k®-2k*-2-2k+2=0
VIIH
—k(k®+2k+2)=0.
[TomyyenHoe ypaBHEHUE UMEET KOPHU:
k, =0, k, ==1+i, k; =-1-1i.
a) Ilycts k, =0.
Torna u3 ypasaenus (A—KE)a =0 wm
0 -2 2)\( 0
1 -1 1]}|e,|=0
0 1 -1)le; 0
1MeeM

-2a,+20,=0
o, —a,+a,=0.
a,—o;=0

HGHYJ'IGBOG PCUICHHUC HOCHCHHCﬁ CHUCTEMBI UMCCT BU/

a, =1, azzl, a3:1.
2 2
Takum o6pazom
1
1
k, =02 |.
1
2
0) Iycte Kk, =—-1+i.
Torna u3 ypaBaenus (A—KE)a =0 i
1-i -2 2)\(e« 0
1 -1 1||e,|=0
0 1 —i)la, 0

nMEEM

a,(1-i)- 20, + 20, =0
a,—la,+a; =0
a,—la, =0

Henynesoe pemnienne nocienHen CHCTEMbl UMEET BU/T



o, =-2,0,=1, a,=1.

Takum o6pazom

-2
k, =—1+i—|Ii
1
Nmeewm:
-2 -2 —2cost —i2sint
et = | (cost+isintle*= |-sint +icost |e
1 1 cost +isint
—2cost —2sint 1
y,= Re=|-sint |e", y,=Im=|cost |e", y,=|1/2|e"
cost sint 1/2
Taxum 0Opas3omM, ob1ee pereHre 3aJaHHOH CUCTEMbI UMEET BU/I:
X 1 —2cost —2sint
y|=CJ|1/2|+C,| —sint |e"+C,| cost [,
z 1/2 cost sint

3. Cpenu KOpHEH XapaKTepUCTUUIECKOTO YPAaBHEHUS €CTh KPaTHBIE KOPHHU.
Ilpumep 40.5. Peuium cucremy

X=4x — y—z2
9:x+2y—z
2 =X—-Yy+22
Nmeem:
4 -1 -1
A=l1 2 -1]|.
1 -1 2
XapakTepucTUYECKOE YPAaBHEHUE UMEET BUJ]
|A—KE| =0

niIn

PaccKpbiBast OMPEIETUTEND, TTOTYIUM:
—k®+8k*—-21k +18=0
KopHH XapaKTepHCTUYECKOTO YPABHEHUS COOTBETCTBEHHO PABHEI
k, =2, k, =k; =3.
a) [ycts  k, =2.

Torna u3 ypasaenus (A—KE)a =0 wm



-1 -1\ 0
0 -1||a,|=|0
-1 0 )la; 0
uMeeM
20, —a,—a;=0
o, —o,=0
a,—a,=0
Henynepoe pelieHue nociueaHei CUCTEMbI UIMEET BHL
o =1 a,=1, a,=1.
Takum o6pazom
1
k,=2—>|1|.
1
0) Iycte Kk, =k, =3.
Torna u3 ypasaenus (A—KE)a =0 wm
1 -1 -1\ (g 0
1 -1 -1||e, |=|0
1 -1 -1)\a, 0
uMeeM
o, —a,—a;=0
o, —a,—o,=0,
o —a,—a; =0
B nmonyaennoit cucreme N=3, r=1 u (N-r)=2 u clieJ0BaTEeILHO Y MOTYICHHONH CHCTEMBI
JIBa IMHEHHO HE3aBUCUMBIX HEHYJIEBBIX PEIICHUN
=1 a,=1a,=0una =1, a,=0, a; =1.

Takum ob6pazom:

1 1 1
k, >{1|, k, >|1]|, k;—>]0].
1 0 1
Takum O6p8.30M, 06mee peuIeHuce 3aﬂaHHOI>i CHUCTEMBI UMCCT BHU .
X 1 1 1
y|=C,|1*+C,|1[*+C,|0l".
z 1 0 1

Ilpumep 40.6. Pemiim cuctemy

)o(:x—Zy

§/:—x—y—22

Z=y+12



Nmeem:

1 -2 0
A=|-1 -1 -2
0 1 1
XapaKkTepuCcTUIEeCKOe YpaBHEHHE UMEET BUJ
|A—KE| =0
WIIN
1-k -2 0
-1 -1-k -2|=—(k-1)2(k+1).
0 1 1-k
KopHu xapakTepucTH4eckoro ypaBHEHHsS COOTBETCTBEHHO PaBHEI
k,=-1, k, =k, =1.
a) IIycts  k, =-1.
Torna u3 ypaBuenus (A—KE)a =0 uiu
2 -2 0\ 0
-1 0 -2||lea,|=|0
0 1 2 )\a, 0
uMeeM
20, —2a, =0
-, —20,=0
a,+2a,=0
HenyneBoe pemenue nocneaneil CHCTEMBI HIMEET BHT
a,=2,0,=2, a;=-1.
Takum o6pazom
k,=-1->h =|2
-1
0) IIycts  k, =k, =1.
Torna u3 ypaBaenus (A—KE)a =0 i
0 -2 0)\( 0
-1 -2 -2||a,|=|0
0 1 0)lag
uMeeM
-2a, =0

-a, —2a,-2a, =0.
a,=0

B nonydennoit cucreme N=3, r=2 u (N-r)=1 u creaoBaTeabHO y MOTYYCHHON CHCTEMBbI
OJIHO JINHEHHO HE3aBHCUMOE HEHYJIEBOE PELIeHUE



Takum o6pazom

Haiiem BeKTOp, NPHCOETMHEHHBIH K BekTopy N, =| 0
-1
JIJ1s1 3TOro HaJl0 peluTh CUCTEMY
(A=k,E) hy= h,.
Nmeem
0 -2 0)\(o 2
-1 -2 -2||a,|=0
0 1 0 )la, -1
WIn
—20,=2
—a, —2a,— 20, =0.
a,=-1
Henynepoe pelienue nociueiHei CUCTEMbI UIMEET BHL
a,=2,0,=-1,a,=0.

Takum o6pazom

2
h,=|-1
0
Taxkum O6p830M, O6H.[CC peuieHuce 3aﬂaHHOﬁ CUCTEMbBI UMECT BU.
X 2 2 2

y|=C,| 2 [e"+C,| 0 |¢' +C,| —1te".
z -1 -1 0



